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ON THE SYMBOLIC REPRESENTATION OF QUOTIENTIAL COEFFI- 
CIENTS OF THE SECOND ORDER.* 


By ROBERT E. MORITZ, Ph. D., University of Washington. 


The quotiential coefficient of a function of x, y=f(x), has been defined 
by the expressiony 


li k 
p=] loge Ae. (1) 


If we denote this limit by gy/qx, it may be shown that 


yi dy (2) 


qe = — yy AX’ 


and, for our present purpose, we may look upon (2) as the defining equation 
of the quotiential coefficient? of a function of «x. 

With the aid of this equation we derive immediately the following 
table of quotientation formulae: 


*Read before the San Francisco Section of the American Mathematical Society. 

+American Journal of Mathematics, Vol. XXIV, p. 265. 

{+The term quotiential coefficient originates from the expression (1) which defines it as the limit of the loga- 
rithm of a quotient just as the differential coefficient is defined as the limit of a quotient of differences. 
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If y is a function of m dependent variables, y=F'(uwi, Ue, ...), where 
U,=%1(%), Ua=b2 (x), ete. 


Ce : (QU) den 5 (1) ds 5 ete., (4) 
qu Qu,/ Qu QU2? Qu 


the brackets being used in the Eulerian sense to denote partial variation of 
‘the dependent variables, 7. e., 


(4 )= U, 9y 


= a , ete. 
qu, Y U7: 


*<+ is used for the multiplication sign, <, with dot in each of the vertical angles. 


The proof of (4) is as follows: 


dy oy du, , % due 
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de du, du du, dx? “% 
hence, 
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gy/gx is called the total quotiential coefficient of y with respect to w, and 
(qgy/qu,) the partial quotiential coefficient of y with respect to x. 

Of course, all the preceding formulae may also be derived without a 
knowledge of differentiation by applying equation (1). 

A partial quotiential coefficient of a partial quotiential coefficient we 
call a second partial quotiential coefficient, in symbols 


( f gy 
al Quiy}_ ay 
quy QUu2qQuy,- 


But unlike differentiation, partial quotientiation is not commutative, so that 
the order of the variables must be carefully attended to. We shall follow 
the order observed by American writers on differentiation, namely, 


[ (ay \| 
( q’y )= Cou) 
Quy qui Quy °° 
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THEOREM. If y is a function of two variables, u and v, then 
qy\( ay \_ (ay\(_a’y \ 
( Mar i) Cale qul* (5) 
Proof. By definition, 
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whence, 


2 2 F F 
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which states the theorem to be proved in the form of a proportion. 
Let us next quotientiate, with respect to x, according to our rules 
(3,)—(8,), each side of the expression 


mw (Wa , (ay.)ar 


qe \qu/qx  \qu/qnu’ 


After clearing of fractions there results 
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By applying (5) the expression within the brackets reduces to 2(@)/ 14 ) 
qu / \qu qu 


The resulting expression bears a striking resemblance to the corresponding 
expression for the differential quotient of the second order. 
The first three terms on the right are now 


qy\( ay) qm? , of ay\(_a’y \awav , (WY \(a*¥) qv 
(mn ( a) Qu T a2 es "en Qu r (% )( ve) gu’ 
which, by dropping the partial quotiential coefficients of the first order and 


replacing at the same time q’y by qy*, assumes the form of a perfect square, 
namely, 


* qu 2 ny 2 
(i) ne + 2a) Gea ge * ow) ga [ (aes (NEY, 


so that (6) may be written symbolically, 


q?y gy _T(a\aqu , fay\av)™, fay \qu gu, (ay \av ary 
2 ~~ + a 2 2 (7) 
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where the exponent in parenthesis signifies, that the expression to which it 


2 
is attached is to be squared, and after squaring, (mH) is to be replaced by 


(™)(-£4), ()(M) wy (MH )(te), ana (BE) by (Or) (iat): 


D 


When u=ae™, v=b«", formula (7) reduces to a remarkably simple 


2 2 
from. For in that case q" —m, Dn, d “=0, d "=0, hence all terms on 
Qu qu qx qr” 
the right of (7) outside of the bracket vanish, and we have 
ay a_| (wy qy im 
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Formulas (6), (7), and (8) may be at once extended to functions of any num- 
ber of dependent variables. Let the the dependent variables be wi, we, .. 
Un, then from (4), 


*) 


qe i=i' Quit qué 


Quotientiating again and remembering that generally 
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Qui QU Qui QU QU, QU 
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or in symbolic representation, 


siya [5 a) au}, (me) an 


qe? qx s=1\ Qui’ Qu qui? qu gx 

If, moreover, each of the functions is of the form wui=aw™, the sec- 
ond sum in expression (10) vanishes, qui/gx=m:, and the expression 
reduces to 


iat ge LE (gue) a) 


4a 
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SEVERAL HISTORIC PROBLEMS WHICH HAVE NOT YET BEEN 
SOLVED. 


By DR. G. A. MILLER. 


Goldbach’s theorem affirms that every even number is the sum of two 
primes, unity being regarded as a prime number. For instance, 2=1-rl, 
A=14+3--24+2, 6=1+5=84+8, 8=1+7=34+5, 10=—3+7=5+5, 12=1+11= 
5-+7, ete. Although this theorem has been known for more than one hun- 
dred and sixty years* yet no one has succeeded in either proving or disprov- 
ing it. Many attempts have been made, especially in recent years, but these 
have only served to make it more probable that the theorem is universally 
true. In two of the recent papers} an attempt is made to find some approx- 
mate laws of increase of the number of ways in which an even number can 
be resolved into the sum of two primes when this even number becomes 
large. In the latter of these, the author reaches the conclusion that every 
even number which exceeds 50,000 is the sum of at least 330 different pairs 
of primes. It should, however, be emphasized that this result is not proved 
and that it still appears possible that some even number may be found which 
is not the sum of two primes. 

Another theorem which remains unproved and has a still more exten- 
sive history than the one noted in the preceding paragraph is due to Fermat 
and is known under various names. Two of these are, the last theorem of 
Fermat and the great theorem of Fermat. It affirms that the equation 


on” +- y” =n 


is not satisfied by any integral value of x, y, 2 whenever n>2; and it is 
equivalent to the theorem that the difference of the nth power of two 
rational fractions is never unity whenever n>2. The Greeks studied this 
equation for n=2 in connection with the rational right triangle. In his edi- 
tion of Diophantus, Fermat states on the margin of a page that he has found 
a wonderful proof for the assertion that «”+y"=2”" is not satisfied for integ- 
ral values of x, y, zg when n>2 but that the margin is too small to contain 
the proof. A large number of attempts have since been made but no one 
has been entirely successful although Kummer succeeded in proving it for an 
infinite number of special values of n. While it is very likely that the the- 
orem is universally true yet it has not been proved impossible to find three 
integral values which satisfy the given equation for large values of n. 

In Ball’s History of Mathematics, third edition, page 806, the state- 
ment is made that it is not known whether there are any values of 7 to 


“It is contained in letters written by Goldbach and Euler in 1742. 
+Haussner, Jahresbericht der Deutschen Mathematiker-Vereinigung, Vol. 5 (1896), p. 62; Ripert, L’ Inter- 
media ire des Mathematiciens, Vol. 10 (1903), p. 78. 
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which Kummer’s proof does not apply. This is incorrect as such values are 
not only known but it is also known that the number of such values increases 
as ” increases* so that an infinite number of values of 7 do not come under 
Kummer’s proof. Unfortunately Ball’s History contains a large number of 
other inaccurate statements. + 

As a third unsolved problem with a long history we may mention that 
no one has yet either proved or disproved the existence of an odd perfect 
number. A perfect number is one which like 6=1+2+3 or 28=1+2+4+7 
+14 is equal to the sum of its divisors. Euclid observed that 2?-!(2°—1) is 
a perfect number whenever 2’?—1 is a prime, and it has since been proved 
that every even perfect number is of this form. Nine such numbers are 
known. They increase so rapidly with p that their determination for large 
values of p is very laborious. Descartes thought it possible that odd perfect 
numbers exist yet none have been found although the subject has received a 
great deal of attention. 

The questions mentioned above relate to properties of natural num- 
bers that are easily understood. A similar problem which has a less exten- 
sive history is, whether there is an infinite number of pairs of primes such 
that the difference of the numbers which constitute a pair is 2. In other 
words, whether there is no largest prime such that this prime increased by 
2is again a prime. Many similar questions present themselves in number 
theory, where the very simple and the very difficult theorems seem to lie 
side by side without exhibiting any external evidence in regard to the class 
to which they belong. 

A problem which has a much less extensive history than the preced- 
ing and which can probably be solved more readily is the determination of 
a six times transitive function which is neither symmetric nor alternating. 
This is equivalent to the determination of a six-fold transitive group which 
is neither alternating nor symmetric. In 1861, Mathien publishedt a five- 
fold transitive function on twelve letters and announced a similar function 
on twenty-four letters, which he afterwards explained more fully. Although 
more than forty years have passed since these discoveries no one has 
extended these results so that we are still ignorant of any six- or seven-fold 
transitive functions that are neither alternating nor symmetric. The more 
general question of determining a limit of transitivity for non-alternating 
and non-symmetric functions of a given degree has received considerable 


attention during this period and much progress has been made along this 
ine. 


One of the most beautiful theorems due to Lagrange affirms that 
every algebraic number of the second degree may be written in the form of 
a periodic continued fraction and that every periodic continued fraction is 
equal to an algebraic number of the second degree. The great importance 


*Cf. Kronecker, Vorlesungen ueber Zahlentheorie, 1901, p. 23. 
+Cf. On Ball’s History of Mathematics, THE AMERICAN MATHEMATICAL MONTHLY, Vol. 9 (1902), p. 280. 
tMathien, Journal de Mathematiques, Vol. 6 (1861), p. 241. 
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of this result led men like Jacobi and Hermite to make efforts to prove a 
similar theorem with respect to algebraic numbers of the third degree but 
their efforts were not crowned with success. Comparatively little progress 
has been made towards useful criteria to determine the degree of algebraic 
numbers, or even towards determining whether a given number is algebraic 
or transcendental. One of the problems suggested by Hilbert at the Inter- 
national Congress of Mathematicians held at Paris in 1900 is to determine 
whether a’, the base being algebraic and the exponent an irrational algebraic 
number, always represents a transcendental or at least an irrational number. 

It should not be inferred that the preceding problems are suggested 
as very suitable fields for the young investigator. The main object in stat- 
ing them is to point out to those who may not have good library facilities 
that some problems relating to very elementary matters still remain 
unsolved, and, if possible, to encourage some one to acquaint himself with 
congeniel fields of study where much remains to be done. A clear under- 
standing of the real nature of unsolved historic problems is of great import- 
ance to the stvdent since results bearing on such problems are of especial 
interest. Many problems of this kind are noted from time to time in 
L’ Intermediaire des Mathématiciens published by Gauthier-Villars, and a 
set of about twenty very fundamental ones were given by Hilbert at the 
Congress mentioned in the preceding paragraph. These have been 
published in the Bulletin of the American Mathematical Society, Vol. 8 
(1902), p. 487. 


NOTE ON A RECENT PROBLEM IN THE AMERICAN MATHEMAT- 
ICAL MONTHLY. 


By R. D. CARMICHAEL, Anniston, Alabama. 


The object of this note is to state in a somewhat more general form a 
proposition in number theory demonstrated on pages 155-156 of Volume XIII 
of the MONTHLY. 

Gwen that P**— R* is divisible by 54, the necessary and sufficient con- 


ditions that the expression POR) shall be integral are: (1) « must be div- 


sible by e, the least integer such that P’—R? is divisible by «x, where for 2x is 
taken in turn the various prime factors of « not dividing P—R; (2) > ts any 
divisor of (P* — R* )/a4(P—R). 

The proof is practically identical with that given in the MoNTHLY 
(l. c.), except in showing that © and J —R have no common factor. If °, is 
such a prime factor, it becomes necessary in the present case to modify the 
proof that ©, must be a factor of «. This is shown as follows: 
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If °, is contained in P—R, then P=R+°,n/4, where + i some integer 
and 1. Hence, 


Pr=Ri+6 22+... =R5 (mod. 6,"*). 
Hence, P* —R®* is divisible by °,”*1. But P* — R* is divisible by 0,77}. 


Now P*:—R* ig the lowest number of this form which is divisible by °,”*1. 
Hence °, is a factor of «. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


273. Proposed by THEODORE L. DE LAND, Treasury Department, Washington, D. C. 


Three ingots of the precious metals were received at the Mint for 
assay, where it was found as follows: That in 3 grains of the first ingot and 
2 grains of the second the gold was 8 times the silver; that in 2 grains of 
the first and 6 grains of the third the gold was 8 times the copper; that in 2 
grains of the second and 8 grains of the third the silver was 5 times the cop- 
per; that in 1 grain of the first, 2 grains of the second, and 3 grains of the 
third the gold was 2 times the silver; that in 1 grain each of the first and 
second ingots there were 11 parts of gold to 5 parts of silver; and that 6 
grains of the first, 5 grains of the second, and 2 grains of the third on being 
assayed proved to be 17 carats gold fine. There was no trace of any other 
metal in the ingots. 

Required: The theoretical analysis of each of three ingots. 


Solution by the PROPOSER. 


Let «=the fraction of gold in a grain of the first ingot; 
y=the fraction of silver in a grain of the first ingot; 
1—(x+y)=the fraction of copper in a grain of the first ingot; and 
z=the fraction of gold in a grain of the second ingot; 
u=the fraction of silver in a grain of the second ingot; 
1—(z+w) =the fraction of copper in a grain of the second ingot; and 
v =the fraction of gold in a grain of the third ingot; 
w= the fraction of silver in a grain of the third ingot; 
1—(v+w)=the fraction of copper in a grain of the third ingot. 
There are six unknown quantities and six conditions in the solution 
and problem which may be equated as follows: 
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First, 3x +22—3[8y+2u]... (1); 

Second, 2x-+ 6v=8{2[1— (a+ y) ] +6[1—(v+w)]}... (2); 
Third, 2u + 8w=5{2[1— (z+u)]+8[1-—(v+w)]}... (8); 
Fourth, e+ 22+ 8v=2(y+2u+3w)... (4); 

Fifth, ete: ytu i: 11: 5...(5); and 

Sixth, 6%+5¢+2v : 18 :: 17: 24... (6). 


By elimination, we have x=1, y=-0, 1—(a+y)=0, ze=2, u=3, 
1—(z+u)=0, v=3, w=s%, and 1— (v+w)=}. 

We interpret these results as follows: That the first ingot was pure 
gold; that the second ingot was 9-carat gold, and 15-carat silver; and that 
the third ingot was 16-carat gold, 5-carat silver, and 3-carat copper. 


Also solved in the same manner by G. B. M. Zerr, S. A. Corey, L. E. Newcomb, and G. W. Greenwood. 


274. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


. oe 3° +1 5° +1 7?+1 11?+1 
Find the limit of a ce oy Ce Ge where the squared num- 


bers are the natural odd primes in order. 


Solution by G. B. M. ZERR, Ph. D., Parsons, W. Va., and J. SCHEFFER, A. M., Kee Mar College, Hagers- 
town, Md. 


Putting the expression in the form 


(1+1/3?) (1+1/5*) (1+1/7?)... 8 


(1-1/3?) (1—1/5") (1-1/7)... 


and remembering that (141/2%)s=”, and (1—1/2?)s,;= 6 (pp. 183-134, 


m2? 
Vol. V, No. 5), we have s/s, =14. 


C. N. Schmall gives the following arithmetical solution of 269. When the boats first 
meet, combined distance traveled is equal to width of river; when they meet for the sec- 
ond time the distance traveled is equal to three times the width of river and that each boat 
has gone three times as far as when they first met. Hence one has gone 3720 yards=:= 
2160 yards and has made one trip and 400 yards of the return trip’ Hence, width of river 
=2160 yards—400 yards=1760 yards=1 mile. 


GEOMETRY. 


302. Proposed by F. H. SAFFORD, Ph. D., University of Pennsylvania. 


Through a given point within a circle draw any two chords, also a 
radius and a secant perpendicular to the radius. Let the extremities of the 
chords be taken as the vertices of a quadrilateral. Show that the sides of 
the quadrilateral, produced when necessary, cut the secant in points equi- 
distant, in pairs, from the given point. [A proof by Euclidean geometry is 
preferred, as the problem was originally given to a high school class.] Must 
the given points be within the circle? 
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Solution by the PROPOSER. 
The problem holds for the complete quadrilateral and for the given 
point taken inside or outside of the circle. Of the three pairs of intercepts 
on the secant, one is null, corresponding to the 
given point. The following proof is for the case of 
the given point outside of the circle and the inter- 
cepts by the diagonals upon the secant. The 
method is applicable to all cases. 
In the diagram, O is the given point, A, B, 
C, D are the vertices of the quadrilateral, and H, 
F, G, H are the projections of the respective ver- 
tices upon the diameter determined by O and the 
center of the circle at S. Let a be the radius of 
the circle and let SO be 6. To prove that the 
diagonals AC and BD, produced, cut off equal dis- 
tances OV and OW on the perpendicular to SO at 
O. From the similar triangles OAC and OBD, 


sOAC _ OA*_ OC* 4) 
AOBD OB? OD?" ”' 


Since AOAC=AOAV—AOCV, AOBD=A OBW-— AODW, and using OV 
and OW as bases, it follows that 


AOAC _ OV(OE-OG) 
AOBD  OW(OF—OH)“”" 


From (1) and (2), 
OV_ 0A? OF-OH 
OW OB? OE- OG” 


Noticing that OH and OG are the projections of OA and OC, the triangles 
SOA and SOC give, a?=b? + OA? -2b.0EH, a?=b?+0OC? —20.0G. 


oe , OAt—OC? 
».0B-0G="5 5 oe | 


Similarly, OF-OH==0? 5 0?” | 


] 
From (3) and (4), using also the latter part of (1), 


. (4). 


OV_ OA? OB’ —OD? _ OA®.OB*® —OA?.OD* _ 


OW OB?: OA®—OC* OB?.0A? — OB?.0@ 


Also solved by C. N. Schmall, A H. Holmes, and L. E. Newcomb. Mr. Newcomb’s demonstration was ex- 
haustive, covering the cases when the point is within and without the circle. Our space is too limited to publish 
his demonstration. 
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CALCULUS. 


230. Proposed by C. N. SCHMALL, College of the City of New York. 


The greatest rectangle is inscribed in an ellipse, and the greatest 
ellipse in that rectangle, again the greatest rectangle in that (second) ellipse, 
and the greatest ellipse in that (second) rectangle, and so on ad infinitum; 
show that the sum of all the inscribed rectangles is equal to the area of the 
rectangle circumscribed about the given ellipse. 


Solution by J. E. SANDERS, Reinersville, Ohio, and A. H. HOLMES, Brunswick, Maine. 


Let25+ x 3 =I, be the equation of the ellipse. Let 2x, be the length 


of its maximum inscribed rectangle. Then 2y,—2)/ (a?b? —b2x 2) =its width, 
and the area of the rectangle is 47, y;=4ba,V (a?—22)/a=maximum. 


2 
“Ab (d2—x 7) ____ 40". tyom whichx,—s)2a=a,. Hence, 
V (a?—a’) 
Y1=—sV 2 b=b,. Hence its area =—4q,b,=2ab. The equation of the ellipse 
inscribed in this rectangle is @ 4 i= s=1. Hence, the length of the maxi- 


mum rectangle inscribed in this ellipse is 2(4)/2 a,)==2a,, its width ig 
2(sv 2 b,)=2b,, and its area is 4a.b,—2a,b,—ab. By induction, the area of 
thenth rectangle of the area of the (n—1)th rectangle, or dnba=4dn—10n—1. 
Hence, the sum of all the rectangles is S=2ab+ab+4ab+iab+tab+... ad 
nfinittum=4ab, which is the area of the rectangle circumscribing the orig- 
inal ellipse. 


Also solved by G. B. M. Zerr, J. Scheffer, and G. W. Greenwood. 


MECHANICS. 


193. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


Three light smoothly jointed rods stand like a tripod—the three edges 
of a regular tetrahedron. A rectangular board, weight w, stands on this like 
an easel. , Find the thrust on the rod which does not touch the easel. 


Solution by G. B. M. ZERR, Ph. D., Parsons, W. Va. 


Let AB=a be one of the equal rods jointed at 
A; H the center of gravity of the board, weight w; 
HL the direction of the weight w. Resolve HZ into 
the components HF along the median AE, and HI par- 
allel to AB. Then AT is the thrust required. Now AE 
=BE=3a/3. Draw AF perpendicular to BE. Then 
BF=3BE=taV3. HF =tay3. 

cos BAH'=cos THE =31/38, sin [HE-=11/6. 
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sin JHL=3)/3, cos JHL=1/6. 

sin HHL=3}, cos HHL=3y 2. 

HI: HL=sin ILH: sin HIL=sin EHL: sin IHE. -. HI: w=3: 36 
or Hl=w///6=wy 6/6; HE: w=sin JHL: sin HIL; HH: w=3V/3: 376, or 
HE=w///2=wy 2/2. 

Also solved by G. W. Greenwood. 


AVERAGE AND PROBABILITY. 


168. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


In a regular n-gon a triangle is formed by taking three vertices at 
random. What is the mean value of the triangle? 


Solution by G. B. M. ZERR, Ph. D., Parsons, W. Va. 


Whether x be even or odd, there can be formed, at any vertex, as B, 
or C, or D, etc., by joining it with A and any other vertex, (n—2) triangles. 
Since there are 7 vertices, the total number of triangles=n(n—2). 

I. meven. For A the sum of the areas is the area of the polygon 
=tnr* sin(27/n); for B and J combined nr’sin(27/n)=sum of areas; for C 
and J, the sum is 2nr’ sin (27/n) —4(n—2)r2sin (z/n) sin (7/1) sin (27/n) ; for D 
and H, 3nr*sin(27/n) —4nr’sin(«/n)sin(z/n) sin (27/n) —4(n—4) r’ sin (7/7) 
x sin (27/n)sin(37/n). For the next pair of vertices the sum is 


n even. n odd. 


An? sin (27/n) —4(n+2)r’sin (*/n) sin (z/n) sin (27/n) 
—4(n—2)r* sin (z/n) sin (27 /n) sin (37/n) 
—4(n—6)r? sin («/n) sin (87/n) sin (47/n). 


The sum of the areas of the triangles for noe th, the <3 th and the ne th 


vertices are equal, and their combined sum for the three vertices is 
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302) 72 sin (2x/n) —6 (2n—8)r°sin (#/n)sin (=/n)sin (2e/n) 


—6(2n—12) r? sin («/n) sin (27/n) sin (37/n) 
—6(2n—16)r’ sin (*/n) sin (87/n) sin (47/n) 
n—-4 .n- 2. 

2n 2n 


The total sum for all is 
tnt+n(1+2+3-+.. +e 5) Mn e 2) 1-2 2sin (27/n) 


—[4r? (n—24+ n+n+24+nt+4+...+2n—8) 
+r? (2n—8) ]sin(*/n) sin (z/n) sin (27/n) 
—[4r? (n—44+n—-2+n+n4+24...+2n—12) 
+2r? (2n—12) |sin(z/n) sin (27/n) sin (87/n) — etce., 
=A? gin (27/n) —3r?sin(z/n) [(n—2) (n—4) sin(z/n) sin (27/1) 
+ (n--4) (n—6)sin (27/n) sin (87/n) + (n—6) (n—8)sin (37/n) sin (47/n) +... 


—4 n— 72 
2n 2n 


—1n3 7? gin (27/n) —24r? [cos (x/n) cos (27/n) + 8c0s (27/n) cos (37/7) 
+ 6cos (37/n) cos (47/1) + 10cos (47/n) cos (57/n) +... 


+8 sin” 


4 n— 2) (n—A) m-4 | N-2 7 
-e cos 97, 7 C8 9, *{sin( /n) 


(n—2) (n~4), 
8 


—}y3r? gin (27/n) —12r?sin(*/n)cos(*/n) (1+3+6+10+... + 
--12r? sin(=/n) [cos (37/n) +8c0s(57/n) +6c0s(77/n) +... 


as (n= 2) (n—4) cos! Px] —=1n3 72 gin (27/n) —3n (n— 2) (n—-4) r? sin (27/n) 


, 3 [ (n—2) cos (27/n) — (n—4) |r’? sin (27/n) 
8[sin(z/n) |? 


_? 2n{ (8n—2) [sin(x/n) ]?—1}cos(*/n) 
2sin (z/n) 


.. Average area 1S 5 in eee ’)(3n—2] [sin(z/n)]*?—1}. 
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II. nodd. By a similar process we easily get for the total sum 


[snr?2-+nr? (14+2+38+4+...+ nH) Jsin (27/n) 


—Ar? (n—24+ntn+2+n+4+...+2n—7) sin (z/n)sin(*/n) sin (27/7) 
—Ar? (n—44+n—-2+n+n4+ 2+...+2n—11)sin(/n) sin (27/n) sin (87/n) — ete., 


_ 1 +8N 
8 


+ (n—8) (n—5) sin (27/n) sin (82/7) + (n—5) (n—7) sin (87/n) sin(57/n) +... 


—8 n-1_ 
+8 sin —* on 7 sin “5 | 


—" ets sin(2z/n) — —24r’ sin (x/n) [cos («/2n) cos (87/n) 


+8eo0s (37/n) cos (57/2) +6c0s (57/7) cos “ a/n) +... 


sin (27/n) —38r’ sin(z/n) [ (n—1) (n—8) sin (</n) sin (27/n) 


—12r* sin (x/n) cos (z/n) [1+84+6+10-+...+ D169) 


—12r’sin(z/n) [cos (27/n) +8c0s (47/n) +6eo0s (67/n-+... 


n MD 2-8) os 0o (n—- (n= 3) _ 13 + 87 nae 2sin (Qr/n) 


Br? 
2sin (z/n) 
_ (rn? —2n—3)sin (27/n) —3 (n* —1)sin (2x /n) cos (27 /n) |r® 
8[sin(z/n) |? 


—2(n+1) (n—1) (n—3)r’ sin(27/n) + 


___ r” __f 2 ___ Pn, 2 in(z 2 T t 
= Fsin(@/n) {(4n+8 3n*) [sin ( /n) | cos(z/n) +6+6 (+1) cos(z/n) }. 
The average area is 
ee ae = /m) — (222 —Am _ a 
dn(n—2) sin(=/n) {6+6(n+1) cos (z/n) — (8n2 —4n—8) cos («/n) [sin(=/n)]?}. 
For the foregoing solutions the following explanation is necessary. 


asin P=)" gin (p—q-r1)* =cos(z/n) +cos (2p—2q +1)= 
N N n 
2c0s P=)" cos (pat 2)? 60g (x/n) +cos (p—q+1)= 
an Or n 
Let C=cos3?+3c0s59-+ 6cos79-+-...-F ne) nA) cos(n—3) 0, 
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S=isin30 + 3isind0+6ésin70-+... + {n= 2) (n—4) 


isin (n—8) 9, 
where 9=7/n, t= —1. 
“. C+S=cos3 + 1sin89+ 38 (cos59 +isind9) +6 (cos76+isin79) +... 


a7 (2-2) (n—4) Leos (m—3)9+7isin(w—8) 0] = (cos?+isin?) * + 3(cosé + ising) ® 


+6(cos?+7sin?) 7+... + {a—2)a— (cos9 +7sin?) "3 = 63 +. 3659 + GeM+.., 


+ Geen! oD =y3 [1-4 By? +6yt+10y° +... + 22) 9) ps 
__ ¥' __ (n=) m—4)y* + 0(n—2) yr —2n (n—A) yr 
(1—y*)* 8(1—y*)? 


Putting y=e” = cos? +isin?, and equating C=the rational part, we get 


C _2n(n—4) sin (27/n) —n(n—2) sin (47/n) 
— 64[sin(z/n) ]? 


MISCELLANEOUS. 


164. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


Find the number of real roots of the equation 100sinv=z, and show 
the largest root is approximately 96.10. Find tan39° to three places of deci- 
mals. How many real roots of tanv=1/xz? lie between 0 and 27? 


Solution by HENRY HEATON, Belfield, N. D. 


(1). The equation may be written «/sinvx=100, As x varies from 0 to 
37, «/sinw takes the successive values between 1 and $=. Hence the equa- 
tion has no real root in the first quadrant. As x varies from 47 to 7, x/sinx 
takes all the successive values from 47 to ~. Hence the equation has one 
real root in the second quadrant. In the third and fourth quadrants «/sinx 
is negative. Hence there can be no real root. At every round as x ‘passes 
through the first and second quadrant x/sinx varies from o to a minimum 
value then back to ©. This minimum value is in the first quadrant when 
e=tanx. After the first round as long as x<100 there are two real positive 
roots to every round. Hence there can be no real positive root when «> 81z, 
and the whole number of real positive roots is 31. The number of real neg- 
otive roots is evidently the same with the same numerical values. Hence 
the whole number of real roots is 62. The largest real root evidently occurs 
between «==3087 and 317. Putw=y-+3087. Then sin (y+38087) -=z35 (y + 3047). 

. cosy =.958185 +7435 oY. 

If cosy=.95818, y=16° 38'=.2903, a first approximate value of y. If 
cosy=. 95818 + .002903=.96108, y=16° 2'=.27983™, a second approximation. 
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If cosy=.95818 --.002798 =.96098, y=16° 34’ =.28027™, a third approx- 
imation. If cosy=.95818+.00281—.96099, y=16° 33’=.28023”, a fourth 
approximation. Whence 796.098, nearly. 

(2). From the well known length of the side of the inscribed decagon 
we have sinl8°=cos72°=4(1)/5-1). 


1t-41(,/R_ 1) 
Hence cos36” =) tvs 1) =, (6+2/5), 


—1(,/R_1) 
and sin 36° = JRO SD ay a0-2v 5). 
6+275 


. ° ° a 2,/F 
Hence cot36°=tanb4 10-25 /(1+2/98), 
> 1-—cos380°_ 4 


. IQ? __ O_ 4roy VY (1+eV5)—-24+ 738 
. tan389°=tan (564-15 \=TE (8-13) 7 Aaa 5) 


_ Vv (5+2p 5) -21/5+y/15 
— 5+ 2)/ (5+ V5) — 1 (15+6)5) 
This can be readily computed to any desired degree of accuracy. 

(3). As x varies from 0 to $7, x?tanx passes through all successive 
values from 0 to ». Hence, it has one value at which «*tanr=1. The 
same is true as x varies from < to 87/2. But in the second and fourth quad- 
rants all values of x*tanz are negative. Hence the equation has no real 
roots in those quadrants. Hence the number of real roots between 0 and 27 
is 2. 

Also solved by G. B. M. Zerr and A. H. Holmes. Dr. Zerr finds tan39°=.809785 by means of tan80° and tan9°. 
In (8), he finds «=51° 17%4' and 185° 27' 10’. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


279. Proposed by THEODORE L. DE LAND, Treasury Department, Washington, D. C. 


The United States Panama Canal Bonds were issued, to date August 
1, 1906, and will mature on August 1, 1936; and they bear interest at the 
rate of 2% per annum, payable quarterly, on the first day of November, 1906, 
and the first day of February, May, and August, 1907, and so on for each 
succeeding quarter, until the bonds mature, when the principal will be paid 
at par with the last quarter’s interest. The coupon bonds of this loan were 
quoted on the New York Stock Exchange, at 10.30 a. m., on December 17, 
1906, at 1032 bid and 104% asked. 

Required: The rate of interest per annum, payable quarterly, an in- 
vestor would realize if he purchased the Panama bonds on December 17, 1906, 
and could reinvest his interest income, quarterly, at the realized rate. 
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GEOMETRY. 


311. Proposed by J. OWEN MAHONEY, B. E., M. Sc., Dallas High School, Dallas, Texas. 
Triangle ABC is obtuse-angled at C; x, y, zg are squares on the sides 
AC, CB, BA; MN and QR are lines joining adjacent sides of x, z and y, 2 
The common chord of the circles on MN and QR as diameters passes through 
Cand the mid-point of NR. 


312. Proposed by F. H. SAFFORD, Ph. D., The University of Pennsylvania, Philadelphia, Pa. 
A variable circle passes through a fixed point and is tangent toa given 
circle. Ifa diameter of the first circle passes through the fixed point find 
the locus of its other extremity. 


eed 


CALCULUS. 


235. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


The latitude of a place and two circles parallel to the horizon being 
given, to determine the declination of a heavenly body whose apparent time 
of passage from one circle to the other shall be a minimum. 


236. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


Ive th | diff Ort yy Oh 
Solve the partial differential equation, «=—;- au? + Ya iy “Ge 


eed 


MECHANICS. | 


199. Proposed by G. B. M. ZERR, Ph. D., Parsons, W. Va. 


A sphere of water, radius 75, the earth’s radius, is brought together 
by mutual attractions of particles from a state of infinite diffusion. Find its 
temperature owing to the amount of work done by these forces. 


AVERAGE ANY) PROBABILITY. 


186. Proposed by G. B. M. ZERR, Ph. D., Parsons, W. Va. 


An urn contains 7=100 balls; a=25 balls are stamped, at random, 

bla the letter A; b=30 balls are stamped, at random, with the letter B; 

==40 balls are stamped, at random, with the letter C; d=50 balls are 

stamped, at random, with the letter D. One ball is drawn at random; find 

the chance it has on it no letter, the letter A, or B, or C, or D, or the letters 
AB, AC, AD, BC, BD, CD, ABC, ABD, ACD, BCD, or ABCD. 


THE 
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ON A SET OF FOUR LINEAR ASSOCIATIVE ALGEBRAIC UNITS. 


By S. A. COREY, Hiteman, Iowa. 


Dr. Dickson has called attention in the November MONTHLY to a very 
remarkable set of non-associative algebraic units, and notes that among the 
many other similar (though usually associative) units, the best known are 
Hamilton’s famous unit vectors. 7, 7, k, which on account of being perfectly 
isotropic when applied to Euclidean space, have been of much use to scien- 
tists in simplifying the language of analysis as applied to the physical 
sciences. In this connection it may be of interest to notice very briefly 
another somewhat remarkable setof “‘units,’’ in terms of which, when inter- 
preted in a certain manner, scalars, vectors, and quaternions may all alike 
be written. 

We shall begin, as we may, by defining these “‘units’’ by a “‘multipli- 
eation table.’’ This is virtually what Hamilton did when he defined his 
‘units’? in such a way as to admit of their bearing the interpretation 
he desired to place on them as unit vectors. Let, then, H, J, J, K, be these 
four ‘‘units’’ of which the following is the “‘multiplication table:’’ 


H I J K 
H| H I H-I 
I| H I-H I 
J| J-K J K 


K\|-J K J K 


Further assume that multiplication of these “‘units’’ with +1 is always 
commutative, e. g. H(—J)=—HZJ. 

Then will multiplication always be associative; for, taking these 
‘“‘units’’ in sets of three, thus, 


H.IJ=—-HH=—-H, HAlJ=IlJ=—-H, J.HK=—JI=k, JH.K=JK=K, 


and so on until all possible permutations of the four “‘units’’ taken three at 
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a time have been enumerated. In every case multiplication will be found to 
be associative. Similarly taking the four “‘units’’ four at a time, thus, 


HIJK=H.IJK=HIJ K=#H. I JSK=H. I K= AL JK =TkK= I, 
HJIK=H.JIK=HJ1,. K=H. J. [IK=H.JS1. K=HS. Tk = AI=I, 


and so on, until all possible permutations of the four “‘units’’ taken four at 
a time have been enumerated. In every case multiplication will be found to 
be associative. Butas any and all permutations or combinations of the four 
‘‘units’’ taken five or more at a time can readily be reduced to some of the 
foregoing permutations of four letters, it follows that multiplication 
is always associative. 

After thus defining our “‘units’’ we may impose further restrictions, 
provided only these restrictions in no way conflict with the restrictions im- 
posed by our “‘multiplication table.’’ By so doing we simply exclude from 
consideration all interpretations of these “‘units’’ which do not admit 
of these added restrictions. Let these added restrictions be as follows: 

First. Our ‘‘units’’ may be added (and subtracted). 

Seeond. Addition (and subtraction) must be associative, {[H +1 +J/ 
+K]=[H+ U+J)+K], and so on}. 

Third. Addition (and subtraction) must be commutative, [(H+J+J 
+K)=(J+H+K +I), and so on]. 

Fourth. Multiplication must be distributive over addition, [H(H+J/ 
+K+J)=(HH+HI+HK+HJ/), and so on]. 

Fifth. Multiplication, addition (and subtraction) of our “‘units’’ with 
ordinary scalars (rational and irrational) must be associative, commutative, 
and distributive, exactly as if these “‘units’’ were ordinary scalars. 

It should be particularly noticed that no assumption has been made 
that division is always possible, nor that the law of indices holds. For this 
reason no operation on our “‘units’’ involving either division or the law of 
indices is permissible, until, in any particular case, these operations have 
been proven permissible. 

We may now seek to interpret the meaning of these “‘units’’ in such 
a way as to satisfy all the imposed conditions or restrictions. With this pur- 
pose in view it may be noted that all the restrictions imposed, except those 
imposed by the ‘““‘multiplication table’’ are the same as those that apply to 
algebraic numbers (scalars) and vectors. We know that vector multiplica- 
tion is non-commutative. In view of these facts it may be worth while to 
try to so combine algebraic numbers and vectors as to form combinations 
the multiplication of which is in accordance with the above “‘multiplication 
table.’’ For, should we succeed in forming such combinations, they must 
fulfill all the requirements imposed on our “‘units,’’ and, therefore, may be 
treated as particular values of these “‘units.’’ No great difficulty is involved 
in finding a number of combinations which do not change in value when 
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squared (none of our “‘units’’ change in value when squared), and but little 
ingenuity is required to combine a set of four of them in such a way as to 
fulfill all the stated requirements. One such set is 


H=4[1—7-—60(7+4) |] 
I=3[1+7+4(i-k) ] 
J=$[1+j—9(t—-k)] 
k=$[1—7+9(4+k)] whence 

1=4(H+iJ+J+K) 
<p (H—-I+J—K) 
j=b(-H4+I+J-K) 


k= (H+I-J-K) 


(A) 


where $=; —1, and 1, 7, ank k are Hamilton’s unit vectors. Other similar 
combinations can readily be obtained from this set by a cyclical permutation 
of the unit vectors, i, 7, k, or by substituting for these vectors other rectan- 
gular unit vectors. All such combinations must, however, be considered as 
mere variations of (A). We know that in ordinary algebra we may substi- 
tute such operators as d/dx, d/dy, d/dz, ete., for ordinary algebraic num- 
bers because their laws of combination are identical. Whether, likewise, 
such distinct values of H, [, J, and K exist is a matter of speculation, but 
seems not impossible. 

It might have been a more logical and simple process to have com- 
menced by assuming (A) and then deducing the ‘“‘multiplication table’’ there- 
from. Such a method of procedure would have led up to the same results, 
but would not have made it so evident that the values of the fundamental 
“‘units’’ given in (A) are mere particular values. 

By closely examining (A) we learn that this interpretation of our 
‘units’? implies the following: 

First. Each “‘unit’’ is a Cayleyan nullitat (quaternion with zero 
norm). . 
Second. All quaternions, including scalars and vectors, can be writ- 
ten in terms of H, f, J, and K, and vice versa. 

Third. These “‘units’’ may be algebraically combined in accordance 
with the same laws that govern the combination of quaternions. (If divis- 
ion and the law of indices be excepted, there seems to be no reason why the 
laws of quaternions should not govern in the combination of other entirely 
distinct interpretations of these “‘units,’’ should such interpretations be 
found. ) 

Let Q=(aH+bl+cJ+dkK), R=(eH+fl+oJ+hK), W=(rH-+sI+tJ 
+uK), a,b,c, d,¢f, 9, h, rv, s, t, and u, being numbers in the algebraic 
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field, operators, such as d/dx, d/dy, d/dz, etc., or a combination of such 
numbers and operators. Then, if Q.R=W, 


r=e(a+c)+f(a—c), s=e(b—d) +f(b+d), 
t=g(c+a)+h(e—a), and u=g(d—b)+h(d+ 5). 


Using ordinary quaternion methods and Hamilton’s notation, 


SQ =4(a+b+c+d), 

VQ =(Q-SQ)=(a—w) H+ (b—w)I+ (c—w) J + (d-w) K, 
[w=2z(a+b+e+d)], 

TQ=Vv [2(ad+bc)], and 

UQ-= (2ad + 2bc)—* (aH +b] +cJ+dk). 


Similar expressions can readily be found for SUQ, VUQ, TVQ, 
TVUQ, etc. It would, indeed, be possible to construct an entire system of 
quaternions in which H, J, J, K would be the “‘units’’ used to replace unity 
and the i, 7, k of Hamilton. Such a system would necessitate the use of 
irrational numbers in expressions involving ordinary vectors, and would, 
therefore, not be well suited for use in problems which concern the physi- 
cist; it would, however, have the remarkable characteristic that scalars, vec- 
tors, and vector products could all alike be expressed in terms of the same 
linear, homogeneous units, although such expressions would be cumbersome 
and of little practical value to the physicist. It is a matter of historic inter- 
est that Hamilton was much concerned about the heterogeneous character 
of his vector products, and tried to find an ““evtra-spacial’”’ unit which would 
render such products homogeneous.* The }“—1 of algebra may, perhaps, 
not be considered such an ‘‘extra-spacial’’ unit, but may evidently be used 
to obtain the result Hamilton sought to obtain by the use of such a unit. 
Inasmuch as the heterogeneity of vector multiplication disappears when );/ —1 
is introduced by the linear substitutions involved in these “‘units,’’ we may, 
perhaps, better conclude that the heterogeneity which Hamilton sought to 
remove was, after all, only a seeming heterogeneity resulting from the point 
of view afforded by his particular system of fundamental unit vectors, 
whereas quaternion analysis as a system is, of course, independent of any 
particular set of fundamental unit vectors. 

But, in conclusion, we may observe that the algebraic properties of 
these “‘units’’ had been defined and proven consistent before any attempt 
was made to give them an interpretation. Had we, indeed, entirely failed 
to find an interpretation, these ‘‘units’’ would, nevertheless, have been real- 
ities, in an abstract sense, to the pure algebraist. The fact that they hap- 
pen to be isomorphic to a certain set of four imaginary quaternions is, of 
course, not without interest to him, but should be looked upon by him as a 
mere coincidence. 


*See article on Quaternions by Professor Tait in Encyclopedia Brittannica. 
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CONDITION IN TERMS OF THE INVARIANTS OF THE QUARTIC 
THAT ITS FOUR DISTINCT ROOT-POINTS BE CONCYCLIC. 


By DR. T. E. McKINNEY, Wesleyan University, Middletown, Conn. 


The necessary and sufficient condition that the root-points of the 
quartic 


i==4 
(1) a: 24-4, a; complex, 


4=0 


be concyclic is that an anharmonic ratio of the roots of the quartic be real. 
The equation giving the six anharmonic ratios of these four roots is 


3 3 3 

(2) t%-8t°+ (6 = (7 #2") 4 6 ye —3t+1=0, 
A A A 

where do l=a2 —80102 +12a904; 


ay 1, =27 (a 2A, +dods) —90, A203 — 120 A204 + 202°, 
27a,° A =642° —T,’. 
The discriminant D of equation (2) is 


D=IT(t:-t;)’, i=1, 2, ..., 557=74+1, ..., 6, 


_f? PP | 
= (4--—27)*. 


Every root of equation (2) is a rational function with real coefficients of 
every other, so that the roots are either all real or all complex. When the 
roots are all real J*/A igs real. When the roots are not only real but also 
distinct, D>0. When [?/A is real, and D>0, equation (2) has an even 
number of pairs of conjugate roots. Hence two and, therefore, all roots 
are real. This result may be expressed as follows: 

THEOREM. The necessary and sufficient condition that the four distinct 
root-points of the quartic 


q=4 
3 a z*-* a; complex, 


Y 


3 
be concyclic is that at 24 >0, where I and A are the invariants of the 


quartic. 
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SUMMATION OF CERTAIN INFINITE SERIES. 


By W. J. GREENSTREET, M. A., F. R. A. S., Editor of The Mathematical Gazette, Stroud, England. 


I note with some surprise that no solution of Problem 221 has yet 
(November, 1906) reached the MontTHLY. I therefore take the liberty of 
pointing out the method usually adopted in questions of this type, and 
embody in my remarks solutions of many similar questions taken from 
Todhunter and Hogeg’s Trigonometry, Hobson’s Trigonometry (our best 
English work on the subject), and from various Cambridge Scholarship and 
other papers of recent years. The whole will, I hope, form a useful sum- 
mary for those to whom the methods are unfamiliar. 


1. To save space, we write the series - + 53 ar +... to o in the 


mo] 1,1 ,1 : ne 
ro co x 5 5. 
form = me? LP TR 5: +... to o, in the form =. (2n—1)? 


The sign = is used for ‘‘identical with.’’ We know that 


sind 02 4 6 n=% Gn? 


“goal 37 a (ai (—1)” (2n--1)! 
(A). 
2 2 2 n=. 2 
and also =(1--S) (l-ge-y ow) e Ht (l- 


Taking logarithms of the two right hand expressions, and expanding 
in powers of 6, we may equate the coefficients of the respective powers of # 
in the system (A). 

Thus equating coefficients of 6? we have 


Pps? vis 
(a) a= 7? ("s 7 -), whence e % ae 
Hence, if a, b, c, ... denote all the prime numbers except unity, 
(b) (1-a~)7 (1-6-4) 7 (1-e°) oh. 


=(1+a?+a-*+...) (1+b-7?+-b++...) L+e7-+e4+...)... 
=1+4+ (a? +b? +e-2+...) +... + (a7...) RP. 


an 2 


jt iyiist nfinitum —<—_ 
=I+5: T 3 Tp ... ad infintum = 6 


We also have at once i (l-a~?’) =— 6 , 


Again equating coefficients of 94 in (A), we have 


1 1 1 =" 1 
pt 2 (gh) =~ gna 3 ae 
and it follows that 
(c) "y 42 1) __*" 
noi n* 12° ° 90 ° 


Then, if a, 6, c, ... are the prime numbers we have 
(d) (1—a-4)—-1(1—b-4) -1(1—e 4) —-1.. 
=(1+a-4+a-8+...)(1+b-4+0- 84+...) (1+¢-4+e8+...) 
=(1+a-4+b-4+... + (a” be ch.) A+... 
= 99 by (ec). 


Thus dividing (d) by (b) we have 


(e) it (1+ a~*)="?, which is in No. 221, p. 190. And 
r; 27 =3? 7 
IT —2)-1 — = 
9 (l+a ) ~~ 92 +1°3° +1 eee 15° 


We can connect up the series 3 wi with > > any as follows: 


Let S= ~ s+ Jit Gite. 


1 1 
Sy= Tat et iat Tan Pe 
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_1 1 _ i 
Then S it aa Bat oe op at oat ate. )= Si + On 
(f) “Sy a On Iy So that if S be known, S; is known. For instance, 


if n=2, S=57" by (a), 
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(9) and S,= 3 = = gr SH Gay. 
ra) m2 
It n=4, S= 96 by (ce), 


n—o 4_ ah srt 
(h) andS,='>-~— 2t—ly. = 


v1 (2n—-1)* 2 90 96° 
, 7 Ss mtv 1 
(i) Consider % (—1)”! 3 =5 
n=1 n=1 1 
1 1 1 1 
Here 27 eet ge pt 
—~i,il_,il 1 1,1 
i 2 30 Bat gi (1 tps t ait ) 
nr? qe at 
=o — 34 by (g) and (a) =: 
(j) Now consider the identity "=" : |= "st tess. where p 
n=l nN” —_ n-1N* p* q”’ 
and qg are any of the numbers 1, 2, 8, ..., o. 


x2\2 x4 1 
Here (=) —~+2 3 2g” by (a) and (d). 


~~ 90 
hen, 3+ <4 Hence th 3 
Then, pq? 180 + 7 Jay Hence the sum of the series formed by 
multiplying together every two of the terms of the series of $i = ..., 18 
a4 
120 ° 
Now consider the identity, 
kn.(m+1) _ | 1 1 
(2n+1)* "| (2n4+1)? (24+1)4]' 
n=o dn(n+1) 4|"3. 1 "= ay 
Here = Qn+1)* "lav Q@ntl)®? m1 @n+l)# 


a? m4 72 rhe 
=3|5- 3a| bY (g) and (h) = 1 -ja/- 


[ To be continued. ] 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


275. Proposed by R. D. CARMICHAEL, Anniston, Ala. 

Given the simultaneous equations #”—y’=0 and y--% =a(a+1)™¢; find 

a solution which is real when a>-—1. 
Solution by A. H. HOLMES, Brunswick, Maine, and L. E. NEWCOMB, Los Gatos, California. 

ov==y"...(1); y-ax=a(a+l1)!.. (2). Put y==«*. Then in (1) vw’ =x. 
“oe =z0. From (2), x(a?-!—-1)=a(a+1), or «(z—1) =a(at+1)". Take 
(g-1)=a. Then «=(a+1)%, z=at+1, y=er=(a+1)@')/, Putting for 
y and x these values in (1), 


(a +1) “/@ (at1)(atN/a —=(a+ 1) atn/ala+1 4 


at+1 
ah) log (a+-1) =. (a+1)!4log(a+1); and 
at+1l atl 
a a’ 


“¢==(a+1)”4 and y=(a+1)@t)/4, which are real when a> ~—1. 


Also solved by G. B. M. Zerr and J. Scheffer. 
No solution of 276 has yet been received. 


GEOMETRY. 


303. Proposed by FRANCIS RUST, C. E., Allegheny, Pa. 


Prove that the pedal line of any point on a triangle’s circum-circle 
bisects the distance from this point to the triangle’s ortho-center. 


Solution by G. B. M. ZERR, Ph. D., Parsons, W. Va., and J. SCHEFFER, A. M., Kee Mar College, Hagers- 
town, Md. ‘ 


Let H be the ortho-center, P the given 
point, HF the pedal line intersecting PH in O. 
Produce the perpendicular BR to meet the cir- 
cumference in M, and produce PE to meet the 
circumference in L, also take HQ=PE. 

Quadrilateral PEF is inscriptible; 7 PCF’ 
==gupplement of angle PLB, both measured by 
4 arc PAB. 

.. ZPEF, the supplement of ZPCF= 
LPLB. -.EF is parallel to LB. 

Now RM=RH, PD=EQ, hence the trape- 


28 


zoid PQHM is isosceles. ..PM=QH, but PM=LB. -.LB=QH and is par- 
allel to it since 72PLB=ZPQH=ZPEF. -.EF is parallel to QH. 
Now Fis the midpoint of PQ, hence O is the midpoint of PH. 


Also solved by the Proposer. 


304. Proposed by G. W. GREENWOOD, M. A., Dunbar, Pa. 


Find the tangent at the points (a, 0) and (0, a) to the locus a? +y? =a, 
and show that these points are points of inflexion. 


I. Solution by A. H. HOLMES, Brunswick, Maine. 


2 


e?-+ye=a>. B= ~ (ai — a3) ® which is 0 for «=0, and o for x=a. 


d?y 2x (a®— #*)%—2a4 


, whichis 0Ofor « =0, and o forxv=a. Take x>a, 


dac® a> —x3 
and a is seen to be minus. Take x<a (a little) and va is plus. 
-. (a, 0) and (0, a) are points of inflexion. 
II. Solution by BENJ. F. FINKEL, Ph. D., Drury College, Springfield, Mo. 
We have for the slope of the curve at any point, cu = 7a YY 


_ ay 

Yi 
of the curve. For (0, a), the equation of the tangent is y—a=0. For 
(a, 0), the equation of the tangent isv—a=0. From the equation of the 


(x—x;) is the equation of the tangent at any arbitrary point (x,, y,) 


2 
tangent we have y=y, — 2 (e—2,). In this equation, find y, for x—x,—h 


J 

and «=«,+h; also find the corresponding values of y from the equation of 
the curve, y=’ (a°—2?*). If the differences of these corresponding values 
of y change signs, the point is a point of inflection; if they do not, the point 
is an ordinary point of tangency. From the equation of the tangent, the 
values of y for the point (0, a) are y’=a, y’=a, and from the curve 
'y=V (a+h*), "y= (a? — h®); 'y—-y' = (a +h?) —a>0, y-y'= 
(a? —h?)—a<0. Hence, (0, a) is a point of inflection. 

Similarly for the point (a, 0), y=o, y’=— 0. 
‘y=Vy (8a? h—3ah? +h*), "y=" (—8a?h—8ah? —h’), 
'y—Y =P (8a°h—-B8ah? +h?)— 0 <0, "y—y"=P (—38a°h—-B8ah? —h?) +o >0. 

Hence, the point (a, 0) is a point of inflection. 

Also solved by G. B. M. Zerr, J. Scheffer, and the Proposer. 
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305. Proposed by JOHN J. QUINN, Ph. D., Scottdale, Pa. 


1. Suppose two radii R and R, revolve uniformly in the ratio 2: 3. 
Find the equation of the locus of the intersection of R with the chord drawn 
from the end of the diameter to the extremity of R,. 2. If the chord be 
drawn to the extremity of R, what is the locus of the intersection with f,? 
3. Show how an angle can be trisected by means of this curve. 


Solution by G. B. M. ZERR; Ph. D., Parsons, W. Va., and A. H. HOLMES, Brunswick, Maine. 


Let CD=R, CE=R,. Then /DCB=2!, 2HCB=39, and O is the 
intersection of BE with R, while Q is the intersection of BD with R;. 
1. Let CO=p, CB=a. Then CO: CB=sin CBE: sin COB, or p:@ 


=gsin($7—$30) : sin(47—4). — .. p=a cosz9/cosy9 
==a(1--4 sin’ $0) =a(2 cos 9—1), for locus of O. 
2. Let CQ=p’. --e' : a=sin($7—29) : sin 


($z—2/), and p’=a cos?/cos2”, for locus of Q. 

3. Through any point O, on the curve, 
draw BO and produce it to meet the circumfer- 
encein #. Then 7HCO=42ZECB. 

Through any point Q, on the curve, draw 
QB intersecting the circumference in D. Then 
ZL QCD =4 Z QCB. 


CALCULUS. 


231. Froposed by PROF. EVA S. MAGLOTT, Ada, Ohio. 


If a right circular cone stand on an ellipse, prove that the convex sur- 
face of the cone is $7(OA +OA’)(OA.OA’)? sin 4, where O is the vertex of 
the cone, A and A’ the extremities of the major axis of the ellipse, and @ is 
the semi-angle of the cone at the vertex, using the formula ds =4p// (e? +p”) d4, 
where p is the perpendicular from the vertex to the base of the cone, ¢ the 
distance from the foot of the perpendicular to any point in the perimeter of 
the base, and # the angle between the major axis and p. 


Solution by BENJ. F. FINKEL, Ph. D., Drury College, Springfield, Mo. 


The problem as proposed assumes that the secant of theangle between 
an element of the convex surface and its projection on the base is 
V (p?+e?)/e. This assumption is incorrect, and therefore the convex sur- 
face cannot be found by means of the given formula. The correct formula 
is ds=3p* dé? secy, where is the angle between an element of the convex 
surface and its projection on the base of the cone. The solution is as 
follows: | 

Let O— APA’ be the cone, axis OO’, and OK the perpendicular from 
the vertex to the base. Let «=ZA’'OO'=2ZAOO’; = ZOOK; §9=ZAKP; 
KO=p; KP=p; OPP’=an element of the convex surface; and KPP its pro- 
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jection on the base of the cone. 

Area of KPP’=3?d!; «area OPP = 
402d0 secy. From the triangles O’OP and 
O'KP, we have ‘O'O?+OP? —20'0.0P cos¢= 
O'K? + KP? +20'K.KP cos?; whence, substi- 
tuting and reducing, we have 


p sin’ cos9==p cos’ —V/ (p? +p?) cos... (1). 


Tangent of angle, ¢, between ¢ and the tan- 
gent PP’ is a Let KN be the perpendicu- 
larfrom Kon PN. Then angle PKN=¢-—90°. 


-. KN=p cos(¢¥—90°) =e sing 


ede p> Qo 
7 (de? +p2de®) 1 (de® + p?dé?)" 


AON | (dd Pv 
SeCy *=Fay = p+ (Fates 1)! Vy (de? +0* do?) 


= Ted 02 (Se) +98 (p? +0"), 


This must be taken with a negative sign, since secy diminishes as ¢ increases. 


AS= 4p' dd seer = — 4] (LY 08 (pt +02) dd,, (2). 


; eV (p? +p?) sin’ sind 
From (1), a P COS4é+1// (p? +p?) sin’ cose * 


Substituting in (2) and reducing, we have dS= 


pap 


—4 sine] 5 ——-—, te TT 
2p V [2pV/ (p* +0”) cos« cos#—p? (cos? «—sin?/’) —p? (costaF eos] | 


Let p?-+e?=«?. Substituting and reducing, we have 


——Apsinaf ————_____ ae 
dS=— spsin Ly [ —cos(4—/) cos (4+) x? + 2px cose coat" 


The limits of ¢ are AK and A’K. Hence, the limits of « are \/ (p?+AK?) 
=AO and y (p*+ A’K?)=A’'O. Hence, the convex surface of the cone is 


dl 


m2, fap sine [pete 
Ao” V [—cos(¢—F) cos (4+ 4) xu? +2px cose cosk—p] | 


sina [v [| —cos(4—/) cos (4 + 2)a* + 2px cose cos? —p? | 
P —cos(«—/) cos (4+) 


COS cos? ( 1 
eos(«—/) cos(4+3) \V [eos(4—/) cos (4+) | 


x. sin -1(c08(4—F) cos(«+/)a—~p cose cosy Te” 
» sine sin? AO 
_ p* sin cos4 cos? [in —in] 
cos(«—) cos(4+8) 1 [eos(4—)eos(4+4)]>*  * 


_ p” sin cos cos = __A'0.A0 = sin« cose cosé 
~ eos (4—/) cos (4+) vy’ [eos(4--£)eos(4+%)] Vv [eos(¢—f)cos(4+8)] ° 


Since A’O cos(4+/) =AO cos(4—8), a s= ee 


AO +AO_ 2 cos cos’ 
AO cos (4+/3) ° 


A'O+ AO __ 2 cos# cos 
A'O cos (4—f)* 


Also 


. (A'O+A0)? 4 c08*4 cos" or cos% cos? 
A'0.AO ——cos(4—8) cos(4+/9)’ ~~ YY Leos(4—) cos (4+) ] 


_, A'O+AO 
*\/ (A’0.A0)’ 


» S==47V (A'0. AO) (A'O+A0)sine. 


Dr. G. B. M. Zerr sent in two very simple solutions but not by projecting the convex surface on the plane of 
the elliptic base. Professor Scheffer sent in a solution similar to Dr. Zerr’s. As the problem presents no difficulty 
when referred to rectangular axis with axis of the cone as one of the axes of coordinates, these solutions are 
omitted. The rectangular equation of the cone referred to planes A’OA, APA’, and a plane through OK perpen- 
dicular to A'OA is y?=sec’a[(y—z) sin (a+ 8) +acos(a+8)][(~—z)sin(a—BS) —xeos(a—8) ]. 


MECHANICS. 


194, Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


A body has a plane face resting on a rough wedge. The wedge is on 
a rough inclined plane, thick end down and thin edge horizontal. Find the 
condition that the body will slide down the wedge with constant accelera- 
tion, the wedge not slipping the while. Discuss the case in which the angle 
of friction for wedge and plane is greater than the angle of inclination of 
the plane. 


o2 


Solution by G. B. M. ZERR, Ph. D., Parsons, W. Va. 


Constant acceleration is a force that produces a constant increase in 
velocity. Gravity is such a force. Te 

Let 7 CBA=%, the angle of inclin- 
ation of the plane; 7 /DEH= 4, the angle 
of the wedge. Let y—coefficient of fric- 
tion between wedge FDE and _ body 
AIKL. 

If tanDPB=tan (f—°) > v, the con- 
stant acceleration is 

g[sin(2—°%) — veos (4—9) J. 

If 2FDE> ZCAB, then if tan 
(5—)>v, the constant acceleration is 
g[sin(°—£) —veos(o—£) ]. 

Hence, the condition for constant acceleration of the body on the 
wedge, the wedge not slipping, is that the coefficient of friction between 
body and wedge be less than the tangent of the difference of the angles of 
plane and wedge or wedge and plane. This covers the case for angle of 
friction for wedge and plane greater than angle of inclination of plane. The 
opposite case would form an interesting problem. . 


195. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


Particles slide from rest at the focus of a parabola, whose axis is ver- 
tical, down radius vectors, and are then allowed to move freely. Find the 
locus of the foci of their subsequent paths. 


Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


Let PF be a radius vector=r, and Z2PFA=@. Let v be the velocity 
of the particle when leaving P. Draw PR parallel to AF. We find with 
——T reference to PR as the axis of abscissa, and P as ori- 
gin of orthogonal co-ordinates, the equation 


cos? 


= rs + ———— 2. 
sind 4 2vsin20 , 


a . 9 2ag cos? 


but v?=2gr cos’, and r=——,=. "Vv"? = 
q cos? $0 cos” 40° 


.. Equation of curve 


2 i4 a sind cos? 6, _ 4a cos? sin? 9 
Y cos” 9 cos’ $9 


From this equation it follows that the co-ordinates of the vertex of this 
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a Gos?4 2 a sin cos’? 
cos* 34 cos? $7 


parabola with reference to its axis are , and its pa- 


a sin?9 cos? 
cos® $0 
Denoting by x and y the current co-ordinates of this curve with refer- 
ence to the axis of the given parabola, and the focus as origin. we find from 
the above 


rameter 


et cos?+a sin?? cos?—a cos’? a sin2" sin? 


cos’ 30 cos? 56’ 
___ sind—sin2¢ cos? aa sin? cos2? 
cos” 3 cos’ £0 


By eliminating ? we get (a +y? — 4a’)? (a? +y?)=y? (w’ +y?+4a’)*. Intro- 
ducing polar co-ordinates p and ¢, we get the simpler equation 


p=+2a cot (45°—-$¢) and p=+2a tan (45°—4¢). 
Also solved by G. B. M. Zerr. 


AVERAGE AND PROBABILITY. 


160. Proposed by J. F. LAWRENCE, A. M., Stillwater, Oklahoma. 


Two points are taken at random in a triangle, the line joining them 
dividing the triangle into two portions. Find the mean value of that portion 
containing the center of gravity. 


Solution by HENRY HEATON, Belfield, N. D. 


The triangle may be considered equilateral (see Williamson’s Integral 
Calculus, p. 355). Put A =area of equilateral triangle whose side=a. Let 
P be one of the points, PD=y and BD=«. Let EPF be the line through 
the two points, and put 7 BF P=? and ZBEP=¢. Then ¢=8:—0, PF= 
y coseco and Dk=ycot#% The area of the elemental triangle PFF’= 
dy” cosec’/d9. We will suppose the second point to be confined to this ele- 
mental triangle. Put BF'=z. Then z=«+y cot?, BH=z sin? cosec?¢, and 
AZ? 
qa” 
If 0<1zand F is confined to the line BC the area of the portion of the 


area of triangle HBF’ = sin8 cosecd. 


_ . . A 
triangle containing the center of gravity 1s Gia —z? sin# cosec?). Thelim- 


its of z for this are #y1/3 sing cosec? and a. Those of y are 0 and 
4a)/8 sin? cosecd. If 6> 37 and <47, the line EF passes through O when 


Z a7 (1-+sin¢ cosec?). 
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a 
6 


If z> 3 (1+ sin¢ cosec’) and y<eV3(1+sind cosec¢) the limits of z 


If zis less than this, y is less than ‘83(1+sin? cosec?). 


are 3 (1+sing cosec9) and a. 


4=A | f 3y9in§ cosec*¢ — zz8in?29 cosec* +f zssin’ 4 cosec*¢ 9.37 
0 Vola we 
. ; | 1 ; aps 4 
x (sin’# cosec*?+sin* ? cosec*4) -+55~aq (sin? cosec’? + sing cosee*’ +5; 37 


xX cosec§ cosecd jae +35 f ‘sind cosec® ¢ da =55 (470 + 45-log2) =.6997 4. 
0 
This is problem 76, p. 518, Williamson’s Integral Calculus. 


170. Proposed by LON C. WALKER, A. M., Santa Barbara, California. 


Find the area of a triangle formed by drawing a line at random 
through each of three points taken at random within a given triangle. 


Solution by G. B. M. ZERR, Ph. D., Parsons, W. Va. 


Let ABC be the given triangle; P, Q, & the random points; Al=h, 
Bl=d, Cle, d+e=a, AM=u, MR=v, AS=w, SP=z, AN=m, NQ=n. 
y—v=r(«—u), the line through R... (1), rn 
y—2z=s("x—w), the line through P... (2), 
y—n=t(x--m), the line through Q... (3), 
where r=tan?, s=tan?, t=tan¢. 

The intersection of (1) and (2) is given 


by 
__ FU-WS+Z—V _TSUTTSWTLE—SV 
ran. — 
The intersection of (1) and (8) is given 
by : 


_TUu-mMt+n—Vv _rtu—mri+rn—tw 
7 r—t > r—t 


ve 


The intersection of (2) and (8) is given by 


_sw-mtt+n-Z _ stw—mst+sn—tz 
307 ° 


an s—t s—t 


Area of triangle=$(%2Y1 —%,:Y2t%sYo2—%2Ys3 +U1Ys —VaY1) 
=4[ (ur—v) (s—t)+(ws—z) (t—r) + (mt—n) (r—s)]? / (r—s) (r—-t) (s—t) 
=A/B. 

The limits of uw are 0 and h; of w, 0 and u; of m, w and u; of v, —du 
/h=v, and eu/h=v,; of z, —dw/h=w, and ew/h=w.; of n, —dm/h=m, 
and em/h-=m,. The number of ways the three points can be taken on the 
surface of the triangle is 4(4ah) ?=,a°*h’. 
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Hence if A =the required average area we get 


= -S J J" JS” SI Spau dew din dv de dn 


=p. S s- {(s—t)*[8ah?r*? +8hr(d? —e?) +d? +e? Juiwm 
+ (t—r)? [8ah?s? +8hs(d? —e?) +d? +e? Juw?m 
+ (r—s)*[8ah?t? +3ht(d? —e*) +d? 4+ e? ]uwm?}du dw dm 

ahs -aips. S Ss [(s—t) (t—1r) (2ahr + d? —e*) (2ahs +d? —e?)u?>w?m 
+ (s—t) (r—s) (2ahr+d? —e*) (2aht+d? —e?)u? wm? 


+ (t—r) (r—s) (2aht+d* —e’) (2ahs + d?—e?)uw?m? |du dw dm 


_ 1 P9ah?r*?(s—t) , 9hr(s—t) (d*—e*) | 3(d*?+e*) (s—t) 
~ Mal(r—s) (r—-t) (r—s) (r—t) (r—s) (r—t) 


3.ah?s* (r— t) _ 3hs(r—t) (d?—e>) _ (d?+e*) (r—t) 
(r—s) (s—t) (r--s) (s—t) (r—s) (s--t) 


6ah?t? (r—s) _ 6ht(r—s) (d*—e") , 2(d*> +e*) (r—s) 


+ (s—t) (r—t) (s—t) (r—t) (s—t) (r—t) 
‘1 [24a°h’rs , ‘36 athirt | 20 a°h?st —12ah(d?—e’) (7 +s) 
u 60a’ s—r r—t t—s s—r 


18ah(d*? —e*) (r +t) , Wah(d?—e*) (stt) | 6 (d?—e*) | 9(d?—e")? 
T— t t—s S-’ r—t 


+ 


, d(d’~e*)? _ 1 
t—s pa ql © a? 


The limits of °, %, and ¥ are for each 0 and 47 and doubled. 


r? (s—t) r? 
NOW Gas) (Ft) ros rot 


36 


on Oa GoD we pe? dé d= SSS eS a yj Uedsde 
=f Fo ee ya do aso. 
SSIS, Gos) qe dvds av=f" Sf on ie pd ds dy 
SSS. Gay yee 
=f" fs " eae yiodsdi=0. +. C=0. 
STS 
LoS fae abana Sf" ff Ean aday 
= SOS OS av asae=o. 
Lope p uaa =f" pif vaidede pepe pidededy yi 


1072a2h? — 8x nt (d?—et)* 


g 


D= 


_. Aa®h?—(d?—e?)?  [a* (2c? +2b?—a’®) — 2(c?—b?)?] 
AS — LY Nee ee eNO 
3rq” 370" 


If a=b=c, A=a’/z, 
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PROBLEMS FOR SOLUTION. 


Se 


ALGEBRA. 
180. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


Find values of x, y, z, and wu satisfying the equations 
x ty +2 + u= 10.. 
ee-ty? +2°?+y? =30,. ’ [2], 
e3 +y3 +2? +u?=100.. E31, 
ettyt+z2*4+ut=354...[4]. 
181. Proposed by A. H. HOLMES, Brunswick, Maine. 
Sum the series, 1+ 2”"+3"+4"+...+n”™. 
182. Proposed by O. L. CALLICOTT, Gettysburg, S. Dak. 
Find the value of 72 37/2 4/2 ®7/2...10% 2. 


GEOMETRY. 
313. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Prove that an algebraic curve of odd degree which is symmetrical 
with respect to a center has the center on the curve. 


314. Proposed by F. ANDEREGG, A. M., Professor of Mathematics, Oberlin College, Oberlin, Ohio. 


Find the area of the triangle bounded by the lines l¢+m?+ny=0; 
Vat+m'b+n'7=0; l’e+m'o+n'7=0, where « stands for «cos«+ysine—p, ete. 
[See Salmon’s Conic Sections, 6th ed. | 


315. Proposed by ROBERT E. MORITZ, Ph. D., University of Washington. 


Given the area of the segment of a circle of given radius to find the 
length of the chord. 


CALCULUS. 


237. *Prize Problem. Proposed by S. A. COREY, Hiteman, Iowa. 


Find an expression for the remainder after » terms in the following 
development? of f(a+): 


f(a+x)=f(a) + if (a+2) +f" (a) self (e+ “Jap (a +=) 


+f’ (a +2) +e (a +m—t,) |} -2 mr Lt (a ae) —f" (a) | 
4 Bott 


Bet Lfe(ata) f(a) |=... + (Dae tomy LI (a+) F(a) | 


+..., B,, B., ... being Bernoulli’s numbers. 


*In order to emphasize the importance of finding such an expression for the remainder after terms as will 
hold good for all integral values of m and approach 0 as m approaches ™, and at the same time enable computers to 
determine absolutely in what cases the development holds, the proposer offers a prize of $10 for the best solution. 
Ep. F. 

+See Annals of Mathematics, Second Series, Vol. 5, No. 4, July, 1904. 
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238. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Solve the differential equations 
(a) (w+-y?)da+ (a* + y)dy=0, 
(b) (atayty*)da— (x? +ay—y) dy = 0. 


MECHANICS. 


200. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


An elastic string whose weight is W is laid over the top of an 
inclined plane so as to remain at rest. Determine how much the string will 
be elongated, knowing, M=modulus of elasticity, L=normal length of 
string, and ¢=inclination of the plane. 


201. Proposed by G. B. M. ZERR, Ph. D., Parsons, W. Va. 


ABC is an inclined plane, perfectly rough, length AC=I. The time 
for a sphere to roll down when AB is base is to the time for a cylinder to 
roll down when BC is base as mis to v7. Find AB and BC. 


AVERAGE AND PROBABILITY. 


187. Proposed by HENRY HEATON, Belfield, N. D. 


Through every point of a given square straight lines are drawn 
in every possible direction, terminating in the sides of the square. What is 
the average length of such lines? 

188. Proposed by J, EDWARD SANDERS, Reinersville, Ohio. 


Find the average length of a hole at random through a given (a) 
sphere, (b) cube. 


MISCELLANEOUS. 


169. Proposed by E. D. ROE, Ph. D., Syracuse University, Syracuse, N. Y. 
Find the value for all finite values of & of 


TAM. [ot tog (421) ], 


170. Proposed by J. W. NICHOLSON, A. M., LL. D., Baton Rouge, La. 


If n and m are any two real numbers whatever, 7 being less than m, 
find a rational r such that )/n<r<ym. 
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NOTES AND NEWS. 


George William Greenwood has been appointed professor of mathe- 
matics at Roanoke College, Salem, Va. S. 


The University of Washington, Seattle, announces the establishment 
of five teaching fellowships in mathematics, each yielding annual stipends 
from $400 to $500. Fellowships are open to graduate students only. 


The twenty-first regular meeting of the Chicago Section of the Amer- 
ican Mathematical Society will be held at The University of Chicago, Satur- 
day, March 30, 1907. Abstracts of papers to be presented at this meeting 
should be in the hands of the Secretary not later than March 15. S. 


‘Tntroduction to Infinitesimal Analysis’’ is a new book from the press 
of John Wiley and Sons, by Oswald Veblen and N. J. Lennes. It is a valu- 
able contribution to the literature available in English for the student of 
Advanced Calculus. It will be reviewed in a later issue of the MONTHLY. S. 


It will be of interest to present readers of the MONTHLY to know that 
Professor Leonard E. Dickson, the retiring editor, contributed the first 
mathematical paper to these columns, Vol. I, No. 1, pp. 7-11, January, 1894. 
Since that time his interest has been continuous and his contributions 
numerous. S. 


A preliminary meeting, to organize a Rochester, N. Y., Section of the 
Association of Teachers of Mathematics in the Middle States and Maryland, 
was held on February 23. This is in line with the rapidly increasing interest 
throughout the country in the question of bettering the teaching of mathe- 
matics, and it is most gratifying to see both colleges and secondary schools 
co-operating in this good cause. S,. 


At the last meeting of the Mathematics Section of the Central Asso- 
ciation of Science and Mathematics Teachers, an important report on the 
Teaching of Geometry was presented by a committee of five who had been 
at work on the subject during the preceding year. This report is now in 
press, and may be had by enclosing a two cent stamp to the Secretary, Miss 
Mabel Sykes, 488 57th Street, Chicago, IIl. S, 


BOOKS AND PERIODICALS. 


The Teaching of Mathematics in the Elementary and the Secondary 
Schools. By J. W. A. Young, Ph. D., Assistant Professor of the Pedagogy 
of Mathematics in The University of Chicago. 8vo Cloth, xviii+350 pages. 
Price, $1.50. 
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This volume constitutes a very valuable addition to the Pedagogical Literature of 
Mathematics. The book is just from the press, and we have had time to read only the 
first three chapters and make a cursory examination of the remainder of the work. We 
have found the book so interesting and suggestive that we hasten to call the attention of 
our readers to it. The author tells of conditions as they are and states facts that are eas- 
ily verified by investigation and experience. Too many works on general pedagogy 
describe conditions that are purely Utopian and that can never be realized so long as there 
are human beings to be educated. Thus, the author says, p. 11, ‘‘Some pupils no doubt 
regard the whole process of education (or any particular subject) asaset of tasksintended 
in some undefined way for the gratification of others, and consider that their own 
best interests lie in evading as far as possible the execution of these tasks.’’ What teach- 
ers are there that have not observed this fact? Yot there are many so calledteachers that 
refuse to acknowledge it. What teacher has not observed that most of the schools and 
colleges have just two classes of students? First, those who try to get as much out 
of their work as they can, and second, those who try to get out of as much of their work 
as they can. It is useless to try to write text books suitable for the latter class. Books 
composed of fly leaves would be the most satisfactory to them. The author also calls atten- 
tion to the very patent fact that bad results in the teaching of mathematics are often due 
to the lack of special preparation on the part of the teacher. Thus, he says, p. 3, ‘‘It is 
even not unknown that classes in mathematics have been confided to teachers of other sub- 
jects, having neither special preparation for teaching mathematics nor experience in it, for 
no other reason than that they had a vacant period.’’ It is a fact that teachers are too 
often selected without the slightest reference to their fitness or preparation for their work. 
This is true not only in mathematics but in other subjects as well. 

The work contains the following fifteen chapters: The Study of the Pedagogy of 
Mathematics; The Purpose and Value of the Study of Mathematics in Primary and Second- 
ary Schools; Methods and Modes; The Heuristic Method; The Individual Mode; The Perry 
Movement,—The Laboratory Method; Miscellaneous Points of Method and Mode; Prepara- 
tion of Teachers,—Mathematical Clubs; The Material Equipment; The Curriculum in Mathe- 
matics; Definitions and Axioms; The Teaching of Arithmetic; The Teaching of Geometry; 
The Teaching of Algebra; Limits. 

The true teacher of elementary mathematics will read this book with interest and 
profit. B. EF. F. 


Self Propelled Vehicles. A Practical Treatise on the Theory, Construc- 
tion, Operation, Care, and Management of All Forms of Automobiles. By 
James E. Homans, A. M. 8vo Cloth, 598 pages. New York: Theo. Audel 
& Co. 


This is the sixth edition of a work of great value to all interested in the automobile. 
It also contains much information of great value to the practical mechanic. B. F. F. 


The Foundations of Higher Arithmetic. By B. F. Fisk, M. S., Instructor 
in Senior Arithmetic in the Austin High School. 8vo Cloth, vi+208 pages. 


New York: Silver, Burdett & Co. 
This book is a step in the right direction of the teaching of the subject. The solu- 


tions are arranged in order, and are clear and concise. B. F. F. 

The Elements of Geometry. By Walter N. Bush, Principal of the Poly- 
technic High School, San Francisco, and John B. Clarke, Department of 
Mathematics, Polytechnic High School, San Francisco. 8vo Cloth, x+-3855 
pages. New York: Silver, Burdett & Co. 


The treatment of Geometry in this book is along the line usually followed in Amer- 
ican works. A large collection of originals are scattered throughout the book. B. F. F. 
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SUMMATION OF CERTAIN INFINITE SERIES 


By W. J. GREENSTREET, M. A., F. R. A. S., Editor of The Mathematical Gazette, Stroud, England 


[ Concluded from February Number. ] 


(2) 


To get a series such has = 3-— 


(2m +1)? ( Omi ont)” where m and” may 
have any integral values from 1 to ~, we proceed as follows 


2 a 1 
US en] Z@nae 2 ** Gaye Gy 
1 


(2n+1)? (2¢+1)? (where 2p+1 and 2q¢+1 are any odd numbers 


from 1 to o~) =| (+ y- <2 | by (g) and (h) =a 


. . . 1 - 1 1 
(m) Consider the identity n(n+1) = n i (+1)? - x4 41): 
Here"> ym 2a —2(1-4+4—-4-+4-4+...) 
7 rr m2 
é +e 1-2 by (a) = 78. 
(n) Similarly — 1 if 18 gives 
7m (nt1)e” n> (nt+1) ? n*® (n+1)? 
nse 1, 1,1, )_ (41,1, \_a5*_ 1 
2 Gr (—a+ Gt git...) (S+ait...) 


i n® (n+ 1)? 
=1-3(% - 8)=10—=", by (m). 
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. I 1 1 2 4 
a — i 4 
(0) In like manner, n* (n+1)*~ nt’ (n+1)* n? (n+1)? n® (n+1)2 
ee oe a 
gives > n* (n+1)* an net > Bir -1|- 2 n= n® (n+1)? 


af __ a, me __ — 72 
~4 2 ew nt) 2 90 1 2( 3 3] 4(10 : ), by (c), (m), (n) 


_ tt 10n? 
= ag t 3 35. 
(p) The type L d .. Suggests the identity 
1.2.3°2.3.4’3.45'°" 
rs ae are 
m(n+1) (n+2)~" n n+1'*n4+2° 


Squaring, we have 
1 4 i. 1 44 1 | 2(1_ 
[n(n+1) (1+2)]2?~* 02" (n +1)? 5* (n+2)? *\n  n+2/° 


= 2 za? 7? a? 1 
ee oe Lf —__-— j_ 2a 8 
Hence = ICES nda! + ( F 1)+ 2( 6 1 52 ) t.5 by (a) 


= gr? — 32 
GQ n= 6° , , ; ae 
(q) Since sin’. ia (1 re -;), taking logarithms and differentiating, 
we have 
cos? og 20 n° 1/n’ 
sind eT (@ /naty 
_ 8 sin?— cog? oan 1 G? g4 
ny ia (1 + eat yewt ...) 


Tod G4 
+(1 Toa qe + Oa gat a) + | 
(2 . 4 6 
“ete sean te} 
0 G— 0 
. /sin’—cos? _. in| — 3,42 pg J 


2 
gs gs Ge 4 
=-(0 ~ Bit Br “pes ao" Sit... |. 
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Now equating the coefficients of "+1, we have, on expanding ? sin? —cos/, 


men z2n—2 aon —4 


(nti)! Q@n-Dt 2 (Qnaayi te: OD" en, 
wl,iia 
where 2== yer eat Qn hes tO o. 
x? 
Hence for n—1, =.= 3p which is (a): 


Tv 


2 O74 a4 4 
N=2, X». ar and >, "90 which is (c); 


3 
x4 nz? 1 376 
N=3, 2. Bl te att or A 7 
_ 77? 76 378 = x8 
“25=a151? 90.8! 7) O45 
(7) If 1, a, b, ¢, ..., be all the prime numbers, the numbers not divis- 
ible by the square of any prime (unity excepted) area, b, ¢, ..., ab, ac, ..., 
abc, .... Then, the sum of the squares of the reciprocals of all numbers not 


divisible by the square of any prime is 


1t+a2% +b +e2+...ta-2b-2 +... +072b-2e72 +... = (1 + a) ==15/2* by (e). 
(s) Lemma. To find the limit of ie when 6==". Put 6=7+h. 


__ sin? _ = sinh --- sinh ee for h=0 
1— (0? /n*) (2th +h?)/72 hh * 2/e+h/e? * 


Now =" (1 - —), On dividing both sides by all factors of 


g* . . 
the type 1 7358 where / is a prime, we have 


OR To (tae) (tee) 


Now if ?== this becomes 


a1 —33) (1 - i) =(1 -~q3)(1 -ara)-- 


A4 


The left hand==4 (1 2? }- o4 ed (1 2? + 24 vee )ece 
1 1 nm 


Taking logarithms of both sides 


Blog x—logl2=ae + ater +. t8(Ge tart. + algetart )+ 


where S, is the sum of the reciprocals of the rth powers of all numbers that 
are not prime. 


(t) Equate coefficients of in (A) 
1. 1 1 2 8 1 1 
— pe 78 =O (rei t ara) +4 81315! _ 23 1)3> “9450 
3. = 
“8 ~ "9450 
n= 0 1 m=0 | 1 m4 7 Unt 
y —1)2—-1 — —— —2.-=3 | = oer eo = 
(wy)  & (—1) nit ni | (1-2 x)= 398 7 70 
n=0 J 1 [x4 127 
n—-1—_ —_ —— ee 
(v) 3 (- 1) ("= 7 =)(1-2 2x )= 720 128° 
= n=0 J] 78 255 178 
(w) = OF =("3 = = )(1 -3)= 9450 ° 256 256x630 
mse 4A Sf, 1 
(a) aa n® (nt+8)? — 5 (Gat (n+3) ) 


_yy(2-_ 2, 
Pat n(n+1)) n(nti1)(n+2) n(m+1) (n4+2) (n +3) 


_o@_ 2 1 _ 11) of, 2, 2) 4°31 
7 s( 6 6 1* 2? =) a(1 4 T a) 7 
2 3 4 
Ope ETE OTT ete 
ne 8 


i n?(n+1)* (n+2)? 


A5 


="3"(4. ,_8 , 2 12s, ____12_. \ 
n=1 n> (n+1)2 (n+2)?) n(nt+l1)) n(nt+1) (n+2) 
12 1,1 on? 104 
= OG — 8 —2(45 + 5) 1248 =20? -198, 
1 38, 5, yg fy LT Tt td 
(z) 12.2? 4? Bet 7? Po t..=a[ 1 9: 4? pat rE ga te | 
_ 1 1 1 1 1 1 
“l-pt ppt Re gta 
1 1,1 (11) 
zl ge ge a eG: 3 by () ="g 
(C3) From the identity 
‘eal T-Aleto-atrl 
(4n—3)4 (4n—1)4* 24 Gna an 1)? (4n-8)* (4n—-1)* 
+351 Tape le na 
Gan 3)? + Gana 1)? ae 4n—1 
we have 
1 1 1 7“ 1 
18.34 5.77 Ogee 8) (nal)! 
a > > 24 —628 + 307° — 
= gesae~ Be gat BEB Berd TBgg OT! 8R + 80=* 602), 
To find ——=; + — + — —y L we use the identity 
14. 34 "Fe 8°.5% 54,74 7 ny (Qn—1)* (2n+1)4 
1 1 1 5 
Qn=1)* nti BM TP I~ ga@— oO) + ps (ui 0") 
5 _ il — dl 
— 5 (U—v) where U=57 > on 
Hence the sum required is found to be 743 (=* +3072 —384). 
(3) Taking logarithms in (A) and equating coefficients of 4+, and also 
of “8 we have Ss +. and "ys 4 as in (c) and (t). 
n=1 71 n=1 
mM— co N= N= 2 n=o 
Now 2.3 —,"3 1 ("s we ss 
m=1 Mm n=1 TN n=1 N* n=1 1 
= ab d (t) == 
= B00 ~ 9450 bY (©) and () = Fy 3799 - 
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meso] n=— 1 384r8 
min ni 915! 


and this is the sum of the products of the fourth powers of the reciprocals 
of every pair of positive integers. 


(7) Consider the identity — (nH) (m2) Bn nti? Bine)’ 
1 —~1l11, 1. 1 
We Dave (ati)? ma) 400?” (ati)? An+2)° 
—1i 1 4 yee (EE —) 
nm’ (n+1) 2° n'nt+2  (n+1) (n+2) °°" 4\n ntll 
N= n=0 7] N= © 1 ve 1 
—~1ty 441 
- a n* (n+1)* (n +2)? — > 2+ ad (n+1)? r 2 1 (n+2)? 


4A\6 4 
_ F389 
4 16° 
(0) Since, when a, 6, c, ... are all the primes save unity 
co =8 © am A 
IT —q—8 1 TT —y74 —j-— 
(1—a7-8) 9450" and ! (1—a~4) 90 by (c) and (t) 
. O4 24 54 at 
—4) —-1— 1; ee — 
1 (+a) = 105 Oy O47 B44 7 A 105° 
) Sine "So, "¥_1 
° Since ar a ae (8n)* 54 


a? 
Subtracting, we have — 1 +t +s eee ta, . where the denom- 


inators are the squares of all numbers not divisible by 8, 

EKuler’s Introductio in Analysis Infinitorum (1748) Vol. I, Caput X. 
De usu Factorum inventorum in definiendis summis Serierum infinitarum, 
will be found a happy hunting-ground for those who want more of these 
series. The Latin is easily comprehended, the reader soon getting used to 
Dignitates, Potestates, Hxponentes, and the like, while the methods are worth 
studying carefully by all interested in the historical development of 
mathematics. 
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A NOTE CONCERNING MAXIMA AND MINIMA OF FUNCTIONS OF 
SEVERAL VARIABLES.* 


By DR. GILBERT AMES BLISS. 


In the discussions of maxima and minima of functions of a single var- 
iable, it is usually assumed that the function f(2) under consideration has n 
continuous derivatives in the neighborhood of a point a at which 


St (a) =f'' (a) =... =f" (a) =0 while f™ (a) 40.7 


The proofs usually given of the corresponding theorems for functions of 
several variables demand the existence and continuity of order n+1, that is 
of an order one higher than that of the first derivatives which do not vanish 
at the point under investigation.t In the following paragraphs a method is 
given for functions of several variables in which only the derivatives of the 
first n orders are used, as in the case of a single independent variable. 
Suppose that all the derivatives of the function f(w,, x2, ..., xx) up to 
and including those of the mth order exist and are continuous in a vicinity 


V(a): ai— Saat? (i=1, 2, ..., kb), 
of the point (a@,, de, ..., ax). If the derivatives of order less than 7 all van- 
ish at (Q1, Ms, ..., a) then by Taylor’s formula 


(1) f(a, +hy, do+ho, ..., det he) —f(a1, Gs, ..., ax) 
_ > hy he hy nf 
i ay! agh 7 agl © Og te Oarg te, Oar, ’ 


where the summation is for all sets of positive integers 4;, #9, ..., 4 whose 
sum is”, and the arguments of the derivatives of f area:t+¢h: (t=1, 2,..., k), 
O0<9<1. If the right member is divided by 7”, where 


r=V/ [he the +... +h], 


it becomes a homogeneous quadratic form H,, of degree 7 in the k ratios 
1 th which satisfy the equation 


(2) 42 tge ++? =. 


Equation (1) may therefore be written 


“Read at the Chicago Meeting of the American Mathematical Society, December 30, 1906. 
+See for example, Pierpont, The Theory of Functions of Real Variables, p. 318. 
*Pierpont, loc. cit., p. 322, f#. 


AS 
F(a, +h,, Goths, ..., dethr) —f(a1, de, ..., Oe) =” Hy(u, ath), 


where 7, a-+¢h stand for the rows of letters (71, 72, ..., 7) and (a,+4h,, 
ds+Oh., ..., az +%h:), respectively. 

When the values a+/h in H,, are replaced by the values a and the 7’s 
are allowed to take any values satisfying equation (2), the quadratic form 
H,,(4, a) belongs to one of the following classes: 

a) Itis indefinite, 7. e., there exist values of 7 for which it has oppo- 
site signs; or 

b) It is semi-definite, 7. e., it does not take on opposite signs but there 
exist some values of 7 for which it vanishes; or 

c) Itis definite, 7. e., for all values of 7 it has the same sign. 

If the form H(y, a) ts indefinite, the function f can not have an extreme 
at the point (A,, 2, ..., Ak). 

The proofs of this statement and also of the theorems below depend 
upon the fact that the function H(1, a+h) is a continuous function for all 
values of 7 and for all values of h,, h., ..., hy defining points in the vicinity 
V(a). Suppose that 7’ is a set of values for which H(7’, a) is negative. On 
account of its continuity H(7, a+h) will also be negative for all points a+h 
in a certain neighborhood V’ (a). The equations h';=77': may now be taken 
as defining the values h’, and r>0 can be restricted so that all the points 
ath’ liein V' (a). Then it is evident that for the points a+h’ the expres- 
sion (1) is negative. In a similar way, by taking values of 7” at which 
H(%", a)>0, points a+h” can be found in any neighborhood of a such that 
the difference in (1) is positive. 

Tf the form H,,(4, a) is definite, then the function f has a minimum at 
the point (a,, Az, ..., dx) when H,, is positive, and a maximum when it is 
negative. 

If H.(4, a) is definite, a neighborhood V’ (a) can be found such that 
H,(47, a+h) is also different from zero for all sets of values 7 satisfying (2), 
and for all points a+hin V'(a). This follows because H,.(1, a+h) is con- 
tinuous, and positive over the closed set of points (7, h) of 2k dimensions 
which satisfy the equation (2) and h=0. Hence in V’ (a) the difference in 
(1) is positive or negative according as H,,(7, a) is positive or negative. 

The function H,(%, a) cannot vanish for all sets of values 7 unless the 
derivatives of f of order n are all zero at the point a. It follows that when 
n is odd, H,(%, a) is either identically zero or indefinite, for if 1’ represents 
values for which it is different from zero, H(—1’, a)-=—H(v', a). Itispos- 
sible, then, to state the preceding results in the following form: 


A function f(a, %2, ..., ax) ts given which with its first n derivatives 
is continuous in a certain neighborhood V(a) of the point (a1, As, ..., Ak). 
The derivatives of the first n—1 orders are zero at the point (a1, d:, ..., A), 


while sum at least of order n are different from zero. Then if n is odd, or of 
nis even and the form 
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Hi, (1, a)= > anf 
n ly a} ° ay! eee a,! Oy ,% 040 5%... ON” 
is indefinite at the point (a1, de, ..., ax), the function f has neither a maxi- 
mum nor a minimum at the point (a,, dz,..., ax). If nis even and H,(4, a) 


is positive definite the function f has a minimum, while if Hi (4, a) is negative 
definite f has a maximum. 

The case, 7 even and H,,.(%, a) semi-definite, as usual requires a more 
elaborate investigation. 


PRINCETON, December, 1906. 


DIVIDING BY ZERO. 


By DR. G. A. MILLER. 


Since the seventh century of our era the Hindus have considered divi- 
sion by zero,* and in the twelfth century the noted Hindu mathematician 
and astronomer Bhaskara gave the rule that the quotient obtained by divid- 
ing a number by zero is not changed by adding even a large number to it or 
by substracting a large number from it. The same thought is expressed in 
modern times by ‘‘the quotient obtained by dividing a number which is not 
zero by zero is infinite.’’ This rule is commonly understood to mean, 
explained by Krishna, a commentator of Bhaskara, that if we divide a given 
number which is not zero by a number which is small the quotient may be 
made to exceed any finite number if the divisor is made sufficiently small. 

According to this interpretation a/0 need not mean the same thing as 
5° The matter may be made perfectly clear by adopting the notation 
used by Professor Pierpont in his recent work on the Theory of Functions. 
If a and b are two distinct numbers then there is an infinity of numbers 
which do not differ any more from a than b does. The totality of these 
numbers are said to form the domain of a, whose norm isa~b=p. This 
totality or aggregate of numbers is denoted by D, (a). It is sometimes 
desirable to exclude a from its domain. In this case the domain is said to 
be deleted and itis denoted by D, *(a). In particular, D, *(0) means all the 
numbers which differ from zero by not more than , with the exception of 
zero itself. By making p sufficiently small we obtain the aggregate of num- 
bers which are commonly considered when we think of the meaning of a/0, 


*Cf. Algebra with arithmetic and mensuration from the Sanscrit of Brahmegupta and Bhascara translated 
by H. T. Colebrooke. London, 1817, p. 187. 


D0 


so that this symbol is merely an abbreviation of the more rational symbol 
a/Dp *(0). 

While all are aware that division by zero, which was allowed by some 
of the most eminent older mathematicians, Euler for example, has caused a 
great deal of confusion and hence is commonly ruled out in modern mathe- 
matics, there are still some such practices in elementary mathematics which 
are apt to lead to confusion. It is the aim of this note to point to 
two instances of this kind and to suggest a method of avoiding the difficulties. 

The first of these may be illustrated by the equations 


1 1 = 
ao yo L\¥ = HY. 


The second of these is obtained by clearing the first of fractions. No one 
will question the geometric interpretation of the second as it is a common 
form of the equation of a hyperbola passing through the origin. This hyperbola 
contains only one point whose co-ordinates do not satisfy the former of the 
given equations, viz., the origin. As there is no other point whose 
co-ordinates satisfy this equation we have the interesting result that the loci 
of a+ i=l and «+y=ay differ only with respect to a single point. 

If the loci of these two equations were drawn accurately the micro- 
scope of highest power would not make it possible to observe any difference 
since such an instrument could not exhibit the lacuna caused by the missing 
point. Hence some might at first be inclined to believe that for practical 
purposes it would make no difference whether we should call these equations 
equivalent or not. That this is far from the truth follows directly from the 
solution of such systems of simultaneous equations as 


1 1 a 
et yh L+Y = xy, 


U=Y, v= Y. 


It is evident that the former of these systems is satisfied by only one pair of 
values for x and y while the latter is satisfied by two pairs, viz., (0, 0), 

4,4). Moreover, the method suggested in the elementary algebras for the 
solution of such a system as 


would not give us a complete solution of the system if the distinction indi- 
cated in the preceding paragraph were not observed. 

The other point to which we wish to call attention in this connection 
is that the trigonometric equation tan 90° is open to serious objection, for 
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sinA o sin90° 1, ws 
cos” and hence tan 90 008 00° 0? but, as we cannot divide by 0, 
we must say that tan 90° has no value unless we assign to it some arbitrary 
value indepently of the fact that tand 204 Suppose that A is equal to 
some number in D, *(4~), where ¢ represents a small number. As p is de- 
creased the smallest possible value of tan A is increased and we can always 
select » in such a way that tan A must be larger than any arbitrary number. 
This fact may be expressed by the equation 


tan A= 


tan D, *(47)=o when e=0. 


It seems very unfortunate that we should tell the student of elemen- 
tary algebra that it is not permitted to divide by 0 and then in trigonometry 
tell him that tan5= ee o. Itappears to be much better to say that tan A 
has a meaning for all values of A except when A=k4=. For these special 
values, it has no meaning but it becomes indefinitely large when A is very 
nearly equal to a number of the form ks. Itis evident that similar remarks 
apply to cot A, sec A, andescA. Trigonometry appears to be in special need 
of being freed from the hazy terminology which appealed to the Hindu mind 
of a thonsand years ago. The main conclusions which have been reached in 
the above considerations are: 

While we may divide by every number in D, *(0) we are not allowed 
to divide by every number in D, (0). The two domains differ only with re- 
spect to one number and if they could be represented geometrically the 
microscope of highest power in existence would not reveal the lacuna in 
D, *(0) caused by the omission of 0. If we multiply by a factor to clear of 
fractions and then make this factor equal to zero, it is equivalent to dividing 
by zero and hence this operation cannot be allowed. Itis better to say that 
a/0 has no meaning in elementary mathematics than to assign itan arbitrary 
value since the student cannot appreciate the need of such arbitrary values 
until he is more mature. There are many to whom the ordinary treatment 
of tne trigonometric functions of k4= appear objectionable and it is probable 
that the introduction of the concepts of domain and deleted domain would 
tend towards greater clearness in this part of the trigonometry. 
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ON A CERTAIN QUARTIC CURVE WHICH MAY DEGENERATE 
INTO AN ELLIPSE.* 


By R. D. CARMICHAEL. 


The object of this paper is the discussion of a class of quartic curves 
whose equation may be put in the form 


(1) vy [a +y?] ee [x + (a-y)*] =". 


When the equation is cleared of radicals the double sign + can be made to 
disappear entirely. In the following discussion it will be shown that this 
curve consists of two ovals. Asa limiting case, when u=v one of the ovals 
vanishes and the other becomes an ellipse. 


§1. CONSTRUCTION OF THE LOCUS BY CONTINUOUS MOTION. 


Take two points A and B at a distance a apart, and let A be the ori- 
gin of rectangular axes, and let the y-axis pass through B. Take the point 
P such that 


(2) uPB+Y,PA=A, 


Then P is a point on the locus; for evidently it satisfies the equation when 
the double sign is taken plus. Hence the branch on which P is located may 
be defined as the locus of a point which moves so that the sum of v times its 
distance from one point and v” times its distance from another is constant. 
We may therefore devise the following method for constructing this branch 
when v and ” are commensurable. 

Divide equation (1) by such common factor of » and ” as will make 
the respective quotients m and v7 relatively prime integers, and let the quo- 
tient of 4 divided by this factor bel. Then the equation becomes 


(3) ny la? +y*?l+my [a +(a—y)*] =. 
For the point P we now have 
(4) m.PB+n.PA=l. 


One or both of the numbers m, n are odd. Consider m odd and n even. 
Attach a string at B and pass it around a pencil point at P, wrapping’ 

until m plies of the cord pass from B to P. Then pass the free end around 

A, wrapping until ” plies pass from A to P. Then attach the cord to the 


*Presented to the Chicago Section of the American Mathematical Society, March 30, 1907. 


53 


pencil at P so that every part of it is drawn tight. 
Now if the pencil so moves that the chord is kept 
tightly stretched while it slides around A, B, and 
P, P will describe one branch of the curve. (The 
modifications necessary for » odd or m even are 
evident). We shall next give a method for con- 
structing the other branch by continuous motion. 
For this case we shall employ 


(5) ny (x? +y?|—my [a + (a—y)* J =I. 
If Q in the figure is so taken that 
(6) n.AQ—m.BQ=l, 


Q is evidently a point on this second branch. 

Now, pass a cord around the point at B and the pencil at Q so that m 
plies pass from B to Q. If m is odd one end of the string is to be attached 
at B; while if m is even it is to be fastened to the pencil point at Q. The 
free end is to pass out in some direction as QR. In like manner join Q and 
A with another chord having its free end in the direction QR. Of this cord 
n plies are to pass from A to Q. Let these two chords be tightly stretched 
and tied together at some convenient point. If Q moves so as to keep these 
conditions always fulfilled, it is evident that the pencil will mark on the paper 
the second branch of this curve. 

From the manner of construction it is evident that each of these 
branches is closed. Such a branch we shall as usual call an oval. In the 
next section we shall show that these two are the only branches of the locus. 


§2. GENERAL NATURE OF THE LOCUS. 
As the two branches of the locus, have the respective equations 


vv (a? +y® | ev La? + (a—y)* |=, 
vV Le? +y* |e [a* + (a—y)* =A, 


it is evident they have no point in common except when 
ry [w? +(a--y)? ]=0. 
Now v: is not zero; for then the locus would reduce to a circle. Hence 
xv? + (a-y)?=0. 


Since each term of the first member is positive the equation can be satisfied 
only for «*?=0 and (a—y)*?=0. Hence, x=0, y=a. That is, the two 
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branches of the curve can have no point in common except (0, a). More- 
over, this point is on the locus only when va=<, as may be seen by substi- 
tuting in equation (1). When this condition is satisfied the two branches 
are tangent at the point (0, a); for if they should cut each other here they 
would necessarily have another point in common. Moreover one branch is 
always entirely within the other. 

Now if there is another branch to the locus besides the two already 
discussed some line passing through the inner of these two ovals cuts this 
third branch. The line then intersects the quartic curve in five points; but 
this is impossible. Hence the entire locus consists of the two ovals above 
constructed. 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


276. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


If x1, Ve, Xs, ..., Ux be unequal, and f(x) be a rational integral fune- 
tion of degree $n—2, then shall 
mnt f(r) 
yt = 0, 
r=1 (lr— 1) (Xp— az) 2.0. (@p— an) 


No solution of this problem has been received. It is not clear what is 
intended in the problem. By taking f(z) =x? —x#+1 and x,=1, v.—2, 7,—3, 
v4=4, the problem is not true according to our interpretation of it, since 
infinite addends would be introduced. 

In Burnside and Panton’s Theory of Equations, p. 319, 3rd edition, 
example 4, slightly changed, reads: If the degree of ¢(x) does not exceed 
n—2, prove that eee =0,..., % (r=1, 2,..., n) being roots of f(x) =0. 


Additional information on this problem is desired. Eb. F. 


277. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


If 4, 4,7, © are the roots of the quartic aw*+bx’?+cx? +dx+ e=0, cal- 
culate the value of the product of the twelve expressions of the form (4«— 
—23—7—94) in terms of H, J, J, the well known functions of the differences 
of the roots. 
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Solution by the PROPOSER. 


To avoid fractions write the equation in the form awt+4b'x* +6c'x’ 
+4d'z+e=0. See Burnside and Panton’s Theory of Equations, 4th edition, 
Vol. I, pp. 121-181. 

H=ac'—b? I=ae—4b'd' + 8c”, J=ac'e + 2b'e'd'—ad’® —eb* —c°*. 


M?=a?6,+b?—-ac=a?);-H 
M?=a°0,+b?—ac’=a79,-H (¢...(1), 
M;=a?0,+b*—ac=—a’??,—-H 


where ,, 9), 6, are the roots of the reducing cubic 4a?6* — Ia? + J=0. 


qa+bh'==—M, +M, +M, | 
aij+b=M,—-M.+M, (2) 
av+b=-M,+M,—M; pore Mes 
ao+b=— WM, —-M,—-M3; J 


Now 4,44, +4,=0, 9195 +0,93-+ 9,03=—I/4a’, 0,0,0,—--J/4a’*. 
The twelve expressions of the form (44—-23—r—°) can be easily 
expressed in terms of M,, M., M; from (2), thus 


50 (42—23 —y—9) — [3 (M, —M,) —2M;| 
sa (44—6—2;—9) =—[8(M, —M;) —2M, | 
$a, (4¢—8 —7 —2°) =[3(M, + M,) —2M, | 
4a, (43—22—y—6) ==[8(M,—M,) +2M,] 
$a,(43—4--27—8) =— [8(M, —M;)—2M,] 
4a (47—2—7 —29) =3(M,+M,) —-2M, 

30 (4, —2¢—3—9) =3(M, —M;) +2M, 

50 (47 —4—23—0) =3(M, —Ms) +2M, 

4a (4r,—4—/7—20) =3(M,+M,)—-2M, 
$a,(49—2u—f--7) =— [8(M, +M;) +2M;] 
5a (49—2—23—7) =— [8(M,+M;) +2M_] 
$a, (48—a —3—2;) = -- [38(M,+M,)+2M5] 


These twelve can be reduced to three as follows: 7sa* (42—23—7—9) (42-24 
—7—) (4r—4— 8 —28) (49—4—f—27) 


=[9(M, —M,)*—-4M; | [9(M, +M,) °—AM? | 

=[9M;? +9M2—4M?—18M,M.]|[9M~+9M? —4M; +18M,M, | 

=[9a"0,-9H+9a?0,-9H—4a?4, +4H-18M,M.] [9a°?, -9H+9a’"?, 
—9H—4a?6,+4H+18M, M, | 

—=[9a? (¢, +4, +6,) —138a79,) —14H—18M,M,][9a° (9, +42 +9) 
—13a?0,—-14H+18M , Mz | 

= (18a°9,;+14H +18M, M,) (180°, +14H—-18M, M,) 

= (18a°0,+14H)* —324M? M;? 

== (180°, + 14H) ® —324(a°?¢,—H) (a? 9, —H) 
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=169a*0? + 3640? 6,H+196A? — 324070,9, +824070,H+3240°6,H 
— 324H” 

=169a*6,) + 40a? 6, +8240? H(0;+9, +4,) —324a*6,0, —128H" 

=169a*0, + 40079, + 8laJ/9; —128H” 


=}. (16900, +40a20,2H+81aJ—128H?0,) ==5-(A+8laJ). 
3 3 
Similarly, 


rea* (4a—f—2y —9) (48—a—y —20) (47 —24—8 —8) (49-4 -- 28-7) 
=F (1690402 +400" 0 H+ 81a — 128H* 9.) =+-(B+8laJ), 

ra (4a—f—7 —20) (48 -a—27—9) (47 —4—23—9) (49—24—8-7) 
=; (1690*, +40a?6?H+8laJ—128H79, ) =7-(C+8la). 


Let 7=the product of the twelve factors. 


1 2TT 
1 per agia3 ?-+656la2 ST? (A+ B+C)+8las (AB+AC 
4096 G, 0,05 
4+BC) +ABC] 


= - 49 f531adia®S +-65610° J" (A+B+C)+8laJ(AB+AC+BC)+ABC]. 

A+B+C=169a* (63+03+03) + 400° H(6,° +97 +02) — 128H? (0; +9, +93). 

AB+ AC + BC=28561a® (0203 + 036,' + 0,30,3) + 1600a*H? (070. + 0°02 
+6703?) + 16384H* (0,0, + 0,0;+9,9,) + 6760a°H(0203 +0702 +0708 
+030) +0203 + 0302) — 21682a1H? (920, + 6,03 +030, + 0,03 +036, 
+0,9,2) —5120a? H? (0,20, +06,02 +0,20,+020,40,02 +0,20,+0,0,°), 

A BC=4826809a'? 426303 +64000a° H?0 70. 0.” —2097152H°0, 0,0, 
+ 27040008 H? 620202 (0,+0,+03) + 2768806a* H*0, 0,0, (0° +09 + 9°) 
+1142440a'° 020,20 (0,0, +0,6; +9); ) —3655808a° H9, 0,6, (97 0." 
+070, +0202) —204800a* H*0, 9,9, (9,9, +0,0, +0,0;) 
-+ 655360a* H*0, 0,6, (9, +9, +9;) —865280a° H?0, 0,9, (0,046, 6, 
+6,02 +0,26,+0,0°+6,70,), 

OP +69 +02 =—2(0,0,+0,0,+0,9,) =I/2a’. 

03+02 +02 =—3(076,+0,02+0720,+06,02+020,+0,02) — 60,0,9,=80,6,9, 
==—3J/4a°. 

OPO 40% 09 +0202 =f /16a*. 

020 +0303 +6303 ——]?/64a° + 30,0,0,=(12J* —I°) /64a°. 


070,460,027 + 070. O02 +020, +9207 =—30,0,9,=3J/4a’. 


oT 


030,+0,02+6,20,+0,03+0,30,+0,03=(I/2a7) (0,9,+9,9, +6,9;) =—I? /8a!. 

030210263 40302 10203 +06,302 +6208 = — (07026,+070,02 40,0202 
== —0,0,0, (0,0, +9,9,+9,9,) =—IJ/16a°. 
A+tB+C=2(80HI—507a/). 

AB+AC + BO= apy (34278204 7" — 28561a*l* + 179456a° H? I? — 262144H*7 
—27040a*? HIJ— 245760aH* J). | 

ABC = aint (129433600? H?.J°—4826809a°.J? +88554432H ° J—22970868a? H* LT 
—1142440a° HIS? + 3655808a*H? IJ). 

" 1 = [ (2125764a° J* +-524880a° HIS? — 332642705 J? + sg (277612920° J’ 
— 2313441a°J*? + 145385986a*H’° I’ — 21233664a° H*I — 2190240a°> HIT 
— 19906560a?H? J) + 3'5(12943360a? H*.J — 4826809a° J? + 88554482H° 
— 22970368a? H*I—1142440a° HIJ-+ 8655808a* H?T* ). 

“a1? IT = 256(2818441a°P? — 3723875a° J? — 5065400a° HLT + 696820008 H*.J 
+ 442040320 H* I—18191744a* H* I’ —33554482H°* ). 
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GEOMETRY. 


306. Proposed by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 
Find the length of the perpendicular let fall from the point in space 
5, 6, 7) upon the line « =2z2—8, and y=—38z +1. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let yee | ( be the line in space, and m, n, {the point in space. 


1, n, \=A, the vertex of a triangle; p, g, 0=B, the point where line pierces 
P Sf, , " =(C, the point where line pierces the xz plane. 
c=AB=\/ [(m—p)’ + (n—-q)? +P]. 
_ _ {(mt—pt+qs 3 li+-q 
p=ac= |(maPer as) 4 (ed)” 
a=BC=(q/t) V/ (1+s? +t?). 
he perpendicular from the vertex A on the side BC is 


p= Jor—( aa ute ab) | 


_ nT 
p= Jim p)*-+ (n—q)? +e -( Vite re) 


1e xy plane; 
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_ |(mt—pi—ns + gs)* + (sl-m+p)*+(tl-n+q)? 
1+s?+t’ ; 


In the problem, m=5, n=6, J=7, s=2, t=—3, p=—8, q=1. 
yA) 2 C)\ 2 2 
7 r=, (84) 26} + (26)” _1 1, (6588) =11.56, 


Also solved by Mary R. Beck, A. H. Holmes, and J. Scheffer, and the Proposer. 


307. Proposed by WALTER D. LAMBERT, 416 B Street N. E., Washington, D. C. 


A family of planes containing a common line intersects a sphere. Find 
the orthogonal trajectories of the traces. An analytic solution is preferred. 


Solution by F. H. SAFFORD, Ph. D., The University of Pennsylvania. 


Let the sphere and family of planes be respectively, 
ve? +y?+z2?> —-2az=0, z+e=-4m...(1), 
in which ¢ is the parameter of the planes, so that the common line is 
z+te=x=0... (2). 
The following equations define an inversion in space, 


_ 2a a’ y 2a°y 2a°z (3) 
on’ ® 4 y” +2"? mp’ 2 +y”? +2’ 9 gg? +y'? +2"? eee 


The result of (8) applied to (1) is, after reduction, 
z—a=0, c(a’?+y'?)+ca? + 2a? — 2a?’ =0... (4). 


Thus the circles defined by (1) have become the circles in (4), all lying in 
one plane. The family of circles orthogonal to (4) is 


z—a=0, e(a?+y'?) —ca’ —2a* — 2a? vy’=0... (5), 


in which v is the parameter. 
Solving (8) for «’, y’, 2’, gives formulas for inverting (4) and (5). 
The former, of course, becomes (1) again, while the latter becomes 


ve? +y?+z?*-2az=0, z(a+c) —ac+vay =0... (6). 


It is a property of inversion that angles remain invariant, so that the system 
(1) and (6) is orthogonal and (6) is the desired trajectory, composed of cir- 
cles of which the respective planes have the common line 


z(a+c) —ac=y =0...(7). 
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The inversion of (3) was so chosen that the original sphere became a 
plane, thus making the solution depend upon the simpler problem of finding 
the orthogonal trajectory of a family of plane curves. 

Also solved by G. B. M. Zerr. 


CALCULUS. 


81. Proposed by J. OWEN MAHONEY, M. Sc., Dallas, Texas. 


Solution by G. B. M. ZERR, A. M., Ph. D., P®rsons, W. Va. 


Let y=A+Bat+Cnx? + De? + Hat t+... 
dy/d*« =B+2Cxr+8Da° +4a? +55F xt -+... 
d’y/da* =2C + 6Dxe+12bx* +20F'x"? +80Ga4 +... 
y =A’°+B'ax*? + C?at+2ABr+2ACx? +2A Dx? +2A but +2BCx? 
+2BDx4-+... 
yy? (d’y/du?) +a(dy/dy)?=bs« gives us 


ba =2A*?C | +6A?D | 4+12A°E | «°+20A°F | 4?+80A?G | wt+... 
+aB? | +4ABC) + 2B°C + 6B*D +12B* H 
+4aBC | +12ABD +24ABE |) + 20° 


+ 4AC° +16ACD| +40ABF 
+ 4aC? + ABC” +28ACH 


+ 6aBD + 8aBH | +12AD? 
+12aCD +16BCD | 

| + 9aD? 
| +10aBF | 
+16aCH' | 


Equating like powers of « we get 
aB’ p—247b+4aA B" + 4a? B® 


C= ae 1244 


pa wBtlA’— (Ata) (4A +8a)]—abA*B~2bA*B 


12A° 


Lo _aB’, _2A°b+4AB*+4a?B? . 
“Y=A+ Ba 5 Az” + 19.4! a8 


4 2 + __ 2 __ 3 
4 aB*t|A®—(A+a) en abA* B—2bA Ba 


where A and B are constants of integration. 
This solution does not give a unique result. 
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233. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


I sin na 27 sin?’ nx 
Evaluate (a) f dx, and (b) f ———~dy, where 1S @ posi- 
9 sing 0 sing 


tive integer. 


Solution by G. B. M. ZERR, A. M., Pk. D., Parsons, W. Va., and J. SCHEFFER, A. M., Hagerstown, Md. 
sin 22 
(a) “Sing 2 [cosa -+ cosdx + cosba+...+eos(n—1)a], 2 even, 
=1+2[cos2x + cos4x+cos6a+...+eos(n—1)a], n odd. 


vw 


vie 


au sin NX ° ° ° 1 bd 
f ——“"_ dy == 2 (sinw + 4sin8e+tsinBa + ...+ sin(n—1)x ) 
0 sine n—-I1 0 


=2(1-$+}-$43-..4-4, 


— :), n even=$7 if n=. 


a7 sin nx 2. am 
S “an p= («+-sin2e + $sin4c + 48in6a + a jsin(n — 1)) 
==$7 when vn is odd. 
sin?nxn . ; 
(b) “= sina +sin8e + sinde +... + sin(2n—-1)z. 


sin x 


7 sin’ na 1 a 
sin Jan= — (cose +cos3xu-+teosbe-+...-+ <——eos(2n—1 x) 
J. SIN x r3 18 2n—1 ( 0 


; 1 
Also solved by Prof. F, Anderege. 


DIOPHANTINE ANALYSIS. 


139, Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


2"-1(2"—1) is a multiply perfect number of multiplicity 2 when 2”—1 
is prime. Prove that there are no other multiply perfect numbers contain- 
ing only 2 distinct primes. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let 2”—1=6. 
2"—] 6°>—-1  =2"-1b4+1 2"-1 2 | 
Then 2-2-1) b—1) 2 bh PR - 
“2"1(2"—1) is a multiply perfect number of multiplicity 2. The 
second part of the problem is demonstrated in problem 137, Vol. XIII, Nos. 


8-9. 


140. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 
. . . . 24 — 
Determine (any way) whether the Diophantine equation (=) =? 


-+y? has any positive integer solutions. 


Solution by JACOB WESTLUND, Ph. D., Purdue University. 


In order that A J 


ais a positive integer. Hence (1+2a)*=(2+3a)’+y’ or aftera few reduc- 
tions y*=8a*? —6a + 83(a?—1). 

If a is odd, this equation is impossible, since in that case y must be 
even and hence all the terms except 6a divisible by 4. 

If a is even, we put the equation in the form y’?=8a? + 3a(a—2) —3. 
This shows that y must be odd and y +3 divisible by 8. Hence, setting 
y=2b+1, 4b°+4b6+4 should be divisible by 8 or 6(6+1)+1 divisible by 2, 
which is impossible. Hence the given equation has no positive integer 
solutions. 

Also solved by A. H. Holmes. 


No solution of 141 has yet been received. 


AVERAGE AND PROBABILITY. 


shall be an integer we must havex=2-+38a, where 


178. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 
Two random planes cut a given sphere. What is the chance that they 
intersect within the sphere? 


I. Solution by HENRY HEATON, Belfield, N. D. 

Let AB and CD be axes of the sphere perpendicular to the two planes 
and let HF be a trace of one of the planes. —_—————$ 

Put «:-=OF, the distance of the plane 
through EF from the center of the sphere. Put 
0=/BOC. Then HG, the projection of HF 
upon CD=2, (a?—¥« )sin”. 

It seems to be generally understood that 
the number of directions of the plane perpen- 
dicular to CD depends upon the number of dif- 
ferent directions possible to CD, and that this 
depends upon the number of points in the sur- 
face of the sphere. Hence the number of planes °*——-——-—--_--——— 
of the direction @ is proportional to sin’. The angle 6 being supposed fixed 


Jf 2_ m2 7 
the chance of intersection within the sphere is ae = 1 (a — eo" )sin ¢ ; 


Hence the required probability is 
=(" ("V @—a")sin?6 dv de /J” {“asineded 
pf, Sv (SJ asi Y 
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- 40 Lar —2 
=f sintods / f sinado=F 
Il. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

Let CH, LK be the diameters of the sections of the sphere made by 
the planes. B, D their centers; O the center of 
the sphere; OQ a line such that a line in the plane 
LK is parallel to the plane DOQ. OC=OK=r7, 
ZCOB=?, ZKOD=¢, ZDOQ=". The limits 
of “and 0 are 47; of 4, O and 47; of ¢ +(¢—¢4) 
and 9+-¢. The double sign is used + for ’> 4%, 
— for 6<¢. Hence the chance p is 


p= “f- f o fitat dv/f " f " f "dedd ds 


Af " f " f ll! db de =2, { " f % di dp =— f dot. 


NoTE.—These two solutions differ in the method of distributing the direction of the random planes. ED. F. 


NOTES AND NEWS. 


Professor C. Alasia, mathematical editor of the “‘Rivista di Fisica e 
Matematica,’’ of Pisa and Pavia, will review in that journal all new publi- 
cations sent to him at Ozieri, Italy. 


At the University of Chicago, Assistant Professor L. E. Dickson has 
been promoted to an associate professorship in mathematics, and Associate 
Professor Heinrich Maschke to a full professorship in mathematics. 


The following courses in Mathematics and Mathematical Astronomy 
are to be given at the University of Chicago during the Summer Quarter of 
1907 beginning June 15th: By Professor Moore: Graphical Methods in 
Algebra especially for teachers, 4 hours; Theory of Determinants, Advanced 
Course, 4 hours; General Seminar, 2 hours. By Professor Bolza: Theory 
of Functions of Complex Variables, 4 hours; Problems in Theory of Func- 
tions, 2 hours; Abelian Functions, 2 hours. By Assistant Professor Slaught: 
Integral Calculus, 5 hours; Differential Equations, 4 hours. By Associate 
Professor Dickson: Trigonometry, 5 hours; Solid Analytical Geometry, 5 
hours; Continuous Groups, 4 hours. By Assistant Professor Moulton: 
Descriptive Astronomy, 5 hours; Introduction to Celestial Mechanics, 4 hours. 
By Assistant Professor Laves: Descriptive Astronomy, 5 hours; General 
Astronomy and Observatory Work, 5 hours. By Dr. Lunn: Curve Tracing 
and Differential Calculus, 5 hours; Dynamics of Oscillatory Systems, 4 
hours. By Mr. Lennes: Plane Analytic Geometry, 5 hours; Critical Review 
of Secondary Mathematics, 4 hours. In the College of Education: By 
Professor Myers: Pedagogy of Elementary School Mathematics, Pedagogy 
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CO-POLAR AND CO-AXIAL TRIANGLES IN CONICS. 


By REV. ALAN 8S. HAWKESWORTH, Pittsburg, Penn. 


Theorem 1. If an inscribed and a circumscribed triangle to any conic 
curve touch in the same three points, then will they be co-polar in a point 
within the curve; and co-axial in the polar of said point [Figs. 1 and 2]. 

Draw the tangents PR’Q’, R'QP’, and RP’Q’, of any three points PQR 
upon any conic curve, meeting each other, and forming the circumscribing 
triangle P’Q’R’. And join PQR, forming an inscribed triangle, which 
touches the conic in the same three points as PQ'R’. Draw Cp, Cq, and Cr, 
the semi-diameters in ellipse [Fig. 1], hyperbola, or circle, parallel to the 
tangents at P, Q, and R, respectively. Or in the parabola, the lines from 
any point C to the axis, or any diameter, parallel to said tangents. 

Then, by a well known theorem, PR’=R'Q=Cp : Cq, and RQ'=PQ'= 
Cr: Cp, and QP’=P’R=Cq: Cr. So that, multiplying and cancelling, 
PR'.RQ.QP=RQ.PQ.P'R. And therefore, by a known theorem in 
‘‘Transversals,’’ lines PP’, QQ’, and RR’ must concur in a point O, or the 
inseribed and circumscribed triangles PQR, and P’Q’R’ be co-polar in O. 

But as so co-polar, they must also be co-axial, by a known theorem, 
a fact also evident from ‘‘Poles and Polars.”*[> =——s—“‘i‘C;W™!;!;!W!W!W!W!O!O!O~™ 
For if chords PQ and RQ cut the tangent of R| Him 
and P in J and J, respectivly, while line J/| § 
and chord PR concur in H, and HQ be joined, | 
then will the three summits of quadrangle} 
PIJR be H, Q’, and Q on the curve. So that 
Q'Q is the polar of H; and HQ thus the tan- | 
gent at Q, identical with R'QP. | 

Next, HIJ, the co-axial line of triangles | { 
PQR and P’Q’R, is also the polar, in respect | | 
to the conic, of O, their co-polar point. For| 
RP’ JQ’ being a harmonic range of quadrangle PIJR; PR, POP’, PQJ and 
PIQ’ is also a harmonic pencil; and POP’ thus the polar of J, and its chord 
of tangential contact. Similarly, PR'/Q’ being a harmonic range, gives us 
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RP, ROR’, RQl and RJQ' as a harmonic pencil; and ROR’ thus as the polar 
of J, while Q’QO is the polar of H. So that O, the common point of POP’, 
ROR’ and Q’QO, must be the pole to polar HIJ, in respect to the conic. 

And lastly, the co-polar point O ever falls withinthe curve. For when 
an ellipse, circle, parabola, or one branch of a hyperbola is in question, then 
the co-polar point O must obviously fall within the inscribed triangle PQR, 
and hence also within the curve, while, when points PQ, say, lie on one 
branch, and R on the opposite branch of a hyperbola [Fig. 2], then the co- 
axial line HZJ plainly cuts internally, the two triangles PQR and P'Q’F’, 
and hence must lie between the branches, so that its pole O still lies within 
the curve, and within that branch upon which lies the base PR of the in- 
scribed triangle, but now beyond said base and between the produced sides 
PQ and RQ. . . 

Theorem 2. If there | | a 
be an inscribed and a cir- | [Iho Se 
ecumscribed triangle to any a a ee ffi 
conic curve, touching it in 
the same three points, 
and thus co-polar in a 
point O, within the curve, 
and co-axial along the 
polar of said point, and 
if the three radiant co- 
polar points cut the conic 
again in three fresh points 
and these points be joined, 
and their tangents be also 
drawn, then the result- 
ant four triangles—two 
inscribed, and two cir- 
cumscribed—will be com- 
monly co-polar in the 
radiant point O within 
the curve; and also will 
be, not merely commonly 
co-axial along its polar, 
but also co-axial in the same three fixed points HLJ. 

Take any conic—say both branches of the hyperbola [Fig. 2]—and let 
PQR and P’Q’R’ be an inscribed and circumscribed triangle, touching it in 
the same three points P, Q, and R, and hence co-polar in O within the 
curve, and co-axial in HIJ along its polar [Theorem 1]. Let the three 
radiant lines OPP’P”, OQ"Q’'Q, and ROR’R’ cut the conic again in points 
P", Q”, and R”, respectively. Join these three fresh points, and draw 
P'O"R”, Q’P'’'R'”, and R’P’'’Q”’, their tangents, cutting in Q’’, R’’, and 
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P’", respectively, giving us, therefore, two inscribed triangles, PQR and 
P"Q’” Rk”, and two circumscribed triangles P’Q’R’ and P’'’Q’"R’”. We will 
now show that O is the common co-polar point of all four triangles, 
and HJI, along its polar, their three common collinear co-axial points. 

For, by construction, O is the co-polar point of the inscribed triangles 
PQR and P’Q’R"”. And if their sides PR and P’R” cut in, say h, while QR 
and Q”R” cut in, say 7, and PQ, P’Q” cut in, say j; then will O and h be 
summits of quadrangle PRR”’P”’, and likewise Oi summits of quadrangle 
QRR"Q", and O7 summits of quadrangle PQQ”P”. Hence Aji is the polar 
of O with respect to the conic; thus coinciding with line H/JI. Butthe three 
points where the polar of O, the co-axial line of triangles PQR and P’Q’R, 
cuts the sides of triangle PQR, are HJI. So that lines HJT and hjt not only 
coincide; but points Hh, Jj, and Ii, respectively, are identical; so that HJI 
are the common collinear co-axial points of the three co-polar triangles PQR, 
POR’, and P’Q”R”; their corresponding sides PR, P’R’, and P’R” concur- 
ring in H; sides PQ, P’Q’, and P’Q” concuring in J, and QR, Q’R’, and 
Q’R” in I. 

Then lastly, H being a summit of the quadrangle PJJR, must be the 
pole to the polar QQ’ Q”O joining its other two summits Q’ and Q, and 
hence in it meet the two tangents QP’ HR’ and R’’Q"P'’H, while the 
quadrangle PJIR again gives us RQ’JP’ asa harmonic range. And thus 
PQ'I and OPP’ P" as conjugate rays to the pencil PQ’ J, PJQ, PP’ P’, and 
RPH. So that in J concur the tangents R’ PQ’I and P’Q”’'IR’’. While 
similarly, RQ'’JP’ and RR’ R’ being conjugate rays in the pencil RQ, RP’, 
_RH, and RR’, it follows that in J concur the tangents RQ’ J, and R’P’’ JQ”. 

So that H.J// are the three collinear points in which the two inscribed 
triangles PQR and P’Q"R”, and the two ‘circumscribed triangles P’ Q’ R’ 
and P’Q’R” are commonly co-axial, while by Theorem 1, triangles 
P’Q’R’ and P'Q'"R’, being so co-axial in HJI, must be co-polar in O, its 
pole, and thus all four triangles be commonly co-polar in said point O. So 
that OPP’'P'P’ are collinear; as also OQ’ Q'Q''Q, and R"ROR R’. 


NOTE ON THE QUARTIC. 


By DR. R, P. STEPHENS, Wesleyan University, Middletown, Conn. 


The general quartic equation 
(1) aa +4ba? + 6en? +4da+e=0, 
where the coefficients may be real or complex, can be reduced to the form 


(2) gt —Que? +v? =0, 


66 


The roots of (2) are 
w= ty [wt (¥2—72)] or w= tJ 5lV (Hr) tv (H+) 1, 


If we make the substitution 
V2teVY(—v)+(¢+7), 
then the four roots may be expressed as 
C,=t, tet, w,=V/t, *.=—V/t. 


That any quartic which has no repeated roots can be reduced to the 
form (2) is easily seen geometrically. In general, the roots of a quartic are 
represented by four points in the complex plane, say #1, %2,%3,%4. Ifthese 
be divided into pairs 7,, x, and «3, 74, there is a pair 4, % which is harmonic* 
with respect to both. That bilinear transformation which throws < into zero 
and # into infinity will obviously throw x, and 2. into points symmetrical 
with respect to the origin, and will arrange x, and x, in a similar manner; 
and the transformed points will be as given above. 

The reduction of the quartic to this simple form is secured analytically 
as follows: If «;, 22, v3, #, are the four roots of (1), then the pair 4, 7 will 
be harmonic with respect to the two pairs #1, «, and #3, “4, provided 


24 )3 -- (a+/) (7, +22) +200 1%» =0, 
and 248— (4+) (a3 +a.) +24,0,=0; 
VAC —294) 


from which + 2 S= ——_ 
are U1» (Xs +04) — 0904 (U1 +2.) 


But since the four roots may be grouped in two other ways, we shall have 
two other values for (¢+/). Forming the equation of which these three 
values of «+ are roots and substituting the values for symmetric functions 
of the roots from (1), we obtaint 


(3) 2(a?d—Babe+2b*) 2° + (a*e-+6b°c—9ac’ + 2abd)2” 
+2(abc+2b?d —3acd)*+b* e—ad* = 0, 


where 4=a-+8, 
In a similar way, from the reciprocals of the roots, we obtain 


(4) 2 (be? — 8cde + 2d*)4'3 + (ae? + 6ed? —9c’ e+2bde)*’” 
+2(ade+ 2bd” —2bce)*’+-ad? —b’?e=0, 
*For this general use of harmonic pairs, see Harkness and Morley, Introduction to Analytic Functions, pp. 


32—34. / 
+See Burnside and Panton, Theory of Equations, p. 130 (8rd Ed.). 
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where 2?’=1/2+1/8 From 2 and 2’, we ean obtain « and /. 
If now 4,, 2, are a harmonic pair obtained from (8) and (4), then the 
bilinear transformation 


Bye +4, 
eo +1 


will reduce the general quartic (1) to the required form. 

In case two of the roots of (1) are equal, say x, =«,, then equation (3) 
will have a repeated root which will equal twice the reciprocal of x,, the re- 
peated root of (1); and if three roots of (1) are equal, then all harmonic 
pairs coincide at the repeated root and (8) will be a perfect cube. Thus we 
see that the general quartic with real or complex coefficients can be reduced 
to the form (2) in this way. 


REMARKS ON THE REPORT ON GEOMETRY OF THE COMMITTEE* 
OF THE CENTRAL ASSOCIATION. 


By PROFESSOR GEORGE BRUCE HALSTED, Greeley, Colorado. 


This report is epoch-making,—at the very least epoch-marking. 

There simply must be things not explicitly defined, and point, straight, 
plane, between, should be among them. The Report says: ‘‘It is recom- 
mended that the term sect be used for segment of a straight line lying 
between two of its points.’’ In fact the term “sect’’ has ‘arrived.’ The 
Encyclopaedia Americana uses it. This Report uses it more than twenty- ‘ 
two times. It is used not less than twenty-four times in the remarkable 
Presidential Address by Professor Alfred Baker of the University of Toronto 
to the Royal Society of Canada. 

Think of the neatness with which the bunglesome phrase ‘‘transferrer 
of straight-line segments’? becomes sect-carrier. Realize how elegantly 
“‘the algebra or algorithm of straight-line segments’’ becomes sect-calculus. 

‘Instead of axioms,’ says the Report, ‘‘use geometrical assumptions.’’ 
It gives for example Pasch’s assumption, now so renowned. From the list 
of assumptions we mention: “8. A point on a straight line divides it into two 
parts, called rays.’’ ‘6. A sect has one and only one mid point.”’ ‘11. A 
straight line divides the points not on it into two classes such that sects de- 
termined by two points of the same class are not intersected by the line, and 
sects determined by two points not of the same class are intersected by the 
line. ”’ 


*The Committee consist of G. W. Greenwood, Chairman, Salem, Va.; C. A. Pettersen, Chicago, III.; C. E. Com- 
stock, Peoria, Ill., and C. W. Newhall; Faribault, Minn. Copies of the report may be had by sending a stamp to 
Miss Mabel Syker, 488 East 57th Street, Chicago, Ill. Ep. S. 
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‘“Definitions,’’ says the Report, ‘‘should not be based upon crude 
images, affording little upon which reasoning may lay hold. For example, 
‘An angle is the opening between two lines which meet.’ Instead, define 
an angle as the figure formed by two rays having a common origin.”’ .A 
demonstration in which we use information obtained by looking at a figure 
is not of the highest order. 

The one serious slip in the Report is the sentence: ‘‘Also, in ‘A line 
perpendicular to each of two intersecting lines (at their intersection) is per- 
pendicular to their plane,’ we assume that two intersecting lines have a com- 
mon perpendicular though we cannot justify the assumption by any previous 
proposition.’’ Halsted’s Rational Geometry here makes no assumption 
whatever. Its figure for this proposition is already covered by the preced- 
ing proposition: On any straight to put two planes; and the problem: To 
erect a perpendicular to a straight from any point on it. 

We must agree with the Report, that the treatment of mensuration in 
most texts is extremely unfortunate. In fact measurement in terms of a 
common unit at once introduces incommensurability and irrational numbers. 
No geometry exists in which irrational numbers are adequately treated. 
Halsted’s Rational Geometry outwits the difficulty. 

The committee recommends that a critical course in elementary 
geometry be offered in courses of study in colleges. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


Remarks on Two Solutions of Problem 89. By G. A. MILLER. 


The following solutions present very instructive examples of fallacious 
reasoning and arriving at the answer by a remarkable coincidence. As the 
problem is so well known, and these solutions are said to have appeared in 
other scientific journals it seems desirable to enter into some details. The 
problem is as follows: 

Solve by quadratics, «7 +y=7...(1), ety*=11... (2). 

We shall first speak of the solution given on page 37, Volume VI, of 
this journal. To make the matter as clear as possible we shall employ the 
language of analytic geometry. The problem is to find the common points 
(or at least one of them) of two intersecting parabolas. The author of the 
solution in question subtracts (2) from (1), and thus obtains the equation of 
an equilateral hyperbola containing the four common points of the given 
parabolas. The equation of this hyperbola is 
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y?—a* — (y—«”) =4... (8). 
Substituting a for «+y and b for y—« tnis equation reduces to 
ab—b=4,.. (4). 


While hyperbola (4) is satisfied by an infinite number of pairs of values for 
a and 6b, the author arrives at the pair a=5, b=1 by taking the following 
steps. 

From (4) we may obtain by transposing and squaring, 


a?b®=16 + 8b + b?... (5), 
and also —10ab+,25=—15-—100... (6). 


Adding (5) and (6) there results 


(ab—5)*==(1—5)?, 
or ab—5==1—b, ab+bd=6... (7). 


Combining (4) and (7), it follows that b=1 and a=5. 

The author has thus found one point on hyperbola (4), and the remark- 
able coincidence is that this is a point of intersection of the parabolas (1) 
and (2). Hence x+y=5, y-x=1 lead to x =2, y=8, which is a solution of 
the equations. That the method is erroneous follows directly from the fact 
that the same auxiliary equations could be obtained from 


oe?’ +y=hk... (1), 
nty=k+4.., (2), 


where k is arbitrary. If we make &=0, for instance, it is evident that «=2, 
y=8 does not satisfy the system. The solution is a good illustration 
of blindly manipulating algebraic expressions. Equations (3) and (4) rep- 
resent a hyperbola which goes through the points whose co-ordinates 
are desired, and the rest of the solution is merely a very laborious method 
of finding the co-ordinates of one point on this hyperbola. As the number 
of points on the hyperbola is infinite, while only four of these points are 
common to the given parabolas, the probability that this method should lead 
to a correct result in a given problem is zero, and yet it happened to do so 
in the present instance. 

The second solution of the same problem, to which we desire to call 
attention, is published on page 13 of the same volume. Equations (1) and 
(2) are written as follows: 


xv? —9=2—y-d, by assumption, 
e—3-=-4—y’=sd, by assumption. 
Hence e® —9=(e—3) /s=a/s—3/s. 
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Completing the square we have 


x” —¢/3+1/4s? =9—3/s+1/4s?. 
Hence ¢—1/2s=8—-1/2s, or x=3. 


The fallacy will at once appear if it is observed that the same arguments 
could be used with respect to the two equations 


xe? +y=9 +24,..(1), 
y? +u=84+48... (2). 


These may be written as follows: 


go” —9=-a—y=d... (3), 
¢—-38—6 —y’ =sd... (4). 


As x cannot be equal to 8 for an arbitrary pair of values of 4, @ it follows 
that the method is fallacious. Just as in the preceding solution it is implic- 
itly assumed that any point on «? —9=(«—2)/s must be common to the given 
parabolas. And the probability that this method should lead to the correct 
result in a given problem is again zero. 


278. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


vy2z (2x)? <33y*%z Syz’, if x, y, z are positive. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
eytyet 22u 


rn (vy. y?z.2° 0) 42> xys2. 


2 24 2 
Also CU LYZ. 


BAY ZS yz? >We’ y? 2? > xyz. Ways. 
(x--y+z)” is the greatest when « =y=z, and is then equal to 9x”. 
“(ety t+z)?<2Qtayz. s.xyz[S(x)]?> <8 Sy’2Syz?. 


279. Proposed by THEODORE L. DE LAND, Treasury Department, Washington, D. C. 


The United States Panama Canal Bonds were issued, to date August 
1, 1906, and will mature on August 1, 1936; and they bear interest at the 
rate of 2% per annum, payable quarterly, on the first day of November, 1906, 
and the first day of February, May, and August, 1907, and so on for each 
succeeding quarter, until the bonds mature, when the principal will be paid 
at par with the last quarter’s interest. The coupon bonds of this loan were 
quoted on the New York ‘Stock Exchange, at 10.30 a. m., on December 17, 
1906, at 1032 bid and 1042 asked. 

Required: The rate of interest per annum, payable quarterly, an in- 
vestor would realize if he purchased the Panama bonds on December 17, 1906, 
and could reinvest his interest income, quarterly, at the realized rate. 
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I. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let P=price of bond, n==number of quarter years to run, S=face of 
bond, «=realized rate of interest, r=rate of interest bond bears. 
P(1+4a)"-value of purchase money at the end of » quarter years. 


SP tae)nt +52 1+ de)? +571 44)" 4+... +97 +8 


L+d0)"—1] 
ay 


is the amount of money received on the bond. 


Pho (L then =82 45 — " (1+4de )"— 


. 1042 (1+ 42) 199-1000 +2(1+ 0) us 9 2, 
(10420 —2) (1-+4x)"9=100a2—2, 
.¢@=.01794=1.794%. 


II. Solution by the PROPOSER. 


The solution of the above problem requires that certain technical con- 
siderations be observed. The bond runs for 30 years, and as the interest is 
payable quarterly there are attached to it 120 coupons of $0.50 each. The 
exact number of days in each quarter must be noted. The interest for the 
first quarter was paid November first. The next quarter (November, 
December, and January), contains 92 days, and interest has accrued from 
November first to include December sixteenth, or for 46 days; or the accrued 
interest is equal to $$ of a quarter; or is equal to 4 of $0.50, or $0.25, to the 
date of purchase. There is left to the date of the maturity 120—1.5 or 118.5 
quarters. The lowest price bid was $103.75, and highest price asked was 
$104.75. If there was a sale of these bonds on December 17 it is fair to 
assume that it was at either limit or between those limits, and we therefore 
assume that the sale was at the mean price or at $104.25. To find the net 
investment we subtract the accrued interest from the mean price and have 
the net investment, or $104.25—$0.25, or $104, the net investment. 

Let 4X-=the realized rate of interest per annum, payable quarterly; or 
let X=the quarterly rate; let P=$100=the face of the bond; n==the number 
of interest periods; J-the quarterly interest on $100; and N=-$104=the net 
investment. 

The amount of the net investment from the date of purchase to the 
date of maturity would be expressed symbolically by N(1+X)". The 
investor will at the date of maturity receive the face of the bond, P=$100, 
and the amount of his quarterly interest considered as an annuity 
compounded at the rate X for the time n, which would be expressed, 
symbolically, by Z[(1+X)"—1] /X. 
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We can now equate the equivalent terms and obtain the following 
general equation: 


N(+X)*=P+I[1+X)"—-1]/X... (1). 

By transformation and reduction (1) takes the following general form: 
N=I1/X— (I/X—P)/(1+X)”... (2). 

Substituting numerical values we have: 
$104==$0.50/X — [$0.50/X—$100] / (1 +X) 185... (3). 


We now have to find such a value of X that if it be substituted in (3) 
the two members will be equal. As the bond is sold at a premium we know 
that X must be less than 0.005. By trial we find it to be greater than 0.0045. 
We will first try 0.00456, and then 0.00457. 

Take X=0.00456 in (2) and (8) and we have I/X=$0.50/0.00456 
=$109.649128: from this amount take $100 and we have $9.649123. The 
logarithm of 9.649123 is 0.9844878. From this logarithm take 118.5 times the 
logarithm of 1.00456, or 0.2341442, and we have the logarithm 0.7503436; 
which is the logarithm of the number 5.627864; this-number taken from 
109.649123 gives 104.021259. This number is greater than the number in the 
first member of equation (8), or than 104, by 0.021259, which shows that 
the assumed value of X, or 0.00456, is too small. 

Take X=0.00457 in (2) and (8) and we have I/X=$0.50/0.00457 
—=$109.40919; from this amount take $100, and we have $9.40919. The loga- 
rithm of 9.40919 is 0.9785522; from this logarithm take 118.5 times the loga- 
rithm of 1.00457, or 0.2846537, and we have the logarithm 0.7388985, which 
is the logarithm of the number 5.47149; this number taken from the num- 
ber 109.40919 gives 103.98770. This number is less than the number in the 
first member of equation (8), or than 104, by 0.0628, which shows that the 
assumed value of X, or 0.00457, is too large. 

Now as the assumed value, X=0.00456, gives a value too small, and 
the assumed value, X=0.00457, gives a value too large, the true value of X 
lies between these two assumed rates, the first assumption giving the nearer 
value. The approximate increase may be determined by Double Position: 


104.02126 0.00457 104.021259 
103.93770 0.00456 104.000000 


re a ane et 


0.08556 : 0.00001 :: 0.021259 : error=e. 


Reducing the proportion we find e=0.00000254; add this to 0.00456 
and we have 0.00456254 as a new trial value for X. 
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Try X=0.0045625 in equation (8) and we have a result approximately 
within a few mills of a true value. 

Therefore the rate of interest per quarter which the investor will 
realize is X=0.45625%; or 4X=—1.825%, the investor’s rate per annum, pay- 
able quarterly. 

When there are three rates of interest to be considered in the prob- 
lem, or the nominal rate expressed in the bond, the investor’s rate, and the 
current or market rate, each per annum, payable quarterly, we let 4Y—the 
current rate per annum, payable quarterly, then Y=the current quarterly 
rate. Put this value in equation (1) and we have: 


N(1+X)"=P+iI[+Y)”-1]/Y... (4). 


With equation (4) we have a perfectly general equation from which, 
by proper substitutions, we may apply it to any loan and find all values 
required, as N, P, I, n, X, and Y. 

The logarithmic calculations in the above solution were made with 
Shortrede’s tables of logarithms and antilogarithms. Should it be necessary 
to carry the decimals further it would be better to use ten-place tables. 


Dr. Zerr’s result differs from Mr. DeLand’s in that he disregarded the technical consideration required in 
these bonds. The problem was also solved by A. H. Holmes. Ep. F. 


280 (Incorrectly numbered 180). Proposed by R. D. CARMICHAEL, Anniston, Ala. 


Find values of x, y, z, and u satisfying the equations 
aty+e+u=10...[1], 
e2+y* +2*+u? =80... [2] 
v3 +y? +27? +u3 =100... [3], 
et+y*t+244+ut=—354...[4]. 


Solution by E. A. ECKHARDT, 903 North Fifth Street, Philadelphia, Pa. 


By multiplication, addition, and subtraction we obtain 


Sey =385 sey «cr ytergtoeeutyatyet wWuteatety 

Sa” y==300 +2yu+uratu?ytuez. 

Sayz =50 =? (wy t+ uvet+acutyetyutzu) 

Sey? 646 a (xzutayu + ayz+yzu) + ayzu 

Sa? y® =273 +y? (e+utz) +23 (a@tytu) +u3 (e+y+z2) 
Xa? yz==404 —=9* Sey —43ayz+tayzu + y? (10—y) 

eyZU=24 +23 (10—z) +u? (10--u). 


Say® ==? Say — 4ayz + cyzut10(y? +23 +u?) — (yt+z24+u*). 


Substituting, we have 646==35a? —50e+24+10(100—a?) — (854-—a*). 
Whence, we have x*—10x* +35x”° —50e—=— 24... (2), 
or «* —10«x? +85”? —50a + 24=0. 
The equations in y, z, and w are found to be identical to (2). The 
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roots of (2) are easily found to be x=1, x=2, «=3, x=4. We have, there- 
fore, the following four groups of values: 


e=2, y=1, 2-=—4, u=8; 
| e=38, y= 4, z= 1, u~=2; 
La=4, y=8, z=2, ul. 


Also solved by G. B. M. Zerr, J. Scheffer, and A. H. Holmes. 


[22 y=2, 23, u=4; 


GEOMETRY. 


308. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 
Find the locus of O, if the differences of the squares of tangents from 
it to circles A, B, C are x’, y’, 2”, respectively. 
Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va.; A. H. HOLMES, Brunswick, Maine; L. E. 
NEWCOMB, Los Gatos, California; and J. SCHEFFER, A. M., Hagerstown, Md. 
Let (u, v) be the co-ordinates of the point O; 
(c—m,)*? + (y—n,)*?=R?, the equation of the circle A, 
(c—m,)?+(y—n,)*?=R.?, the equation of the circle B, and 
(x—ms)* + (y—n;)?=R,, the equation of the circle C. 

Then (u--m,)?+(v—-n,)?-RZ=T;, the square of the tangent from O to A; 
(u—m,)? + (v—n2)?-RY=TY, the square of the tangent from O to B; 
(u—m3)*+(a—n;)? -R2Z=T2, the square of the tangent from O to C. 

“2(mMo—M, Ut2(n.—n, )vtmetne—mse —n2+R2Z -—RZ=ax’...(1), 
2(m3—m,)ut2(n,—n,)v+metn?-—mse —nsy +Re—RP=y’.,. (2), 
2(m,—M,)U+2(n3—n, vtmse tn? —ms —n3s +R, —RP=z’... (3). 


Adding (1) and (3) and subtracting (2), we have #*+2?=y’ 
or y* —x*? =z", the former being the equation of a circle with a variable radius 
y, and the latter the equation of an equilateral hyperbola with a variable 
semi-axes 2. 

If x, y, and z are constants, the locus is a point. 


309. Proposed by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 


To find the equation of Brocard’s Ellipse, the sides b and ¢ of the 
triangle being the axes of co-ordinates. 


Solution by the PROPOSER. 


Let AB be the axis of x, AC that of y, then the equation of any el- 
lipse touching the three sides of the triangle is of the form D’y? +4Baey+ 
EP? x? +4Dy+4Ehxe+4=0, where 


6) 


R= _8+46D+4ch + be DE 
7 2be " 
The co-ordinates of the center of the ellipse are — _ 2D _ and — 2 
DE+2B DE-+-2B’ 
ae ; Dbe Kobe 
or substituting the value of B, 2(2+bD+cE) and 2(2+bD+cE)’ The co- 
ordinates of the two Brocard Points O and O' are, respectively, 
a’ b?¢ b°¢ b?¢° a*c*d 
and 


a?b*? +a’%c? +06’ c”’ a’b? +a°c*? +b’ c”’ a?b? +a°e?+b2c” a?b? +a2e2 +b2 62" 


Therefore, the co-ordinates of the middle point of OO’, that is, the center of 
the ellipse, are 


1 _dre(a®+e*) gg be? (a? +b") 
"a? b? +a%¢C? +h? @? 2° 2 Be +a?e2+b%e?’ 
D b(a* +c*) E c(a®? +b?) 


“OT bDtcH be tec+be’ 2+bDick &b+acerhe? 


° - 
bc? b*c 


Substituting, we find for the required equation of the Brocard Ellipse, 


b? (a? +c?) ®y? +2bc[ (a? b? +a?c? +b’c?) —a* |ay+c? (a? +b?) ? x? 
—2b* c? (a? +c? )y—2b?c? (a? +b? a +b4c4=0. 
Also solved by G. B. M. Zerr, who used trilinear co-ordinates. 
310. Proposed by L. H. MacDONALD, A. M., Ph. D., Sometime Tutor in the University of Cambridge, Jer- 
sey City, N. J. 

Construct a plane triangle having given the base, the vertical angle, 
and the bisector of the vertical angle. 

Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va.; J. SCHEFFER, A. M., Hagerstown, Md., and 
C. N. SCHMALL, A. B., 89 Columbia Street, New York. 

Upon the given base AB construct a 
circle whose segment ACB shall contain the 
given vertical angle. Through EH, the mid- 
point of AB, draw EF perpendicular to AB, 
meeting the circumference at F. Join FB, 
and perpendicular to F'B draw BG equal to 
one half the given bisector of the vertical 
angle. With G as center and BG as radius 
describe the circle BHL, and draw FGL. 
With F' as center, FL as radius, describe a 
circle cutting the given circle in C. Join FC, cutting AB in D. Then ABC 
is the triangle required. 
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In the triangles FCB and FBD, 2 FCB=2ZFBA, since arc AF'=are 
F'B; also 2 CFB is common, hence the triangles are similar, and FC: FB= 
FB: FD; but FL(=FC) : FB=FB: FH. Therefore H=FDand HL=CD. 

Hence in the triangle ABC, AB is the given base, 2 ACB the given 
vertical angle, and CD the given bisector, and the triangle is satisfied in 
every condition. 


Also solved by L. E. Newcomb, and A. H. Holmes. 


CALCULUS. 


233. Proposed by W. J. GREENSTREET, M. A., Editor of the Mathematical Gazette, Stroud, England. 


ad eda z gin(1—a) @ 
Prove that f TT OmnnaALemeo 7sin(1—a)? 
909 1+2xceo0s 0+ 4 sina sin? 
Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
= atde = 17 | ax 
0 1+2xcos?+a2? avo sin?9+(%+cos 4}? 


__1 tan! (20s = 0 
asin @ sin? /y asing& 


The problem giving the result stated is as follows: 


* ade __1—v (—1) cot? f" 7 ee 2dlr 
9 1+2xc0s 6+? | 2 90 #+cos?-+ (—1)sin? 
1+ )/(—1) cot? (2 er 2dr _ 
+ 2 J. a” + Ccosd— (=Dsind - 


Let «=y[cos@+)/(—1)sin?], the plus sign for the first term, the 
minus sign for the second term. 


”. P=$[1—// (—1) cot?] [cos(a—2)9+17/ (--1)sin(a—2) als” yt “dy 


1+y 

1 . oo y* "dy 

+4[1+7/ (—1) cot?] [cos (a —2) 9--1/ (—1)sin(a—2) 4] f = a 

J 9 1+y 
. __ _ . _ © y* 2dy 
.. P=[cos (a—2)9+sin (a—2) Geot | SJ Ty 

_sin(a—1)9¢° y**dy_sin(a—1)? 
sind 0 ity © sin? ‘sin(a—1)* 


__sin(1—a) 4 
sin? sinaz 


This problem was incorrectly stated, the error being due to an oversight in reading proof. It is correctly 
stated above, the numerator being x%—! instead of a1, Ep. F. 
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234. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Find the first negative pedal of an ellipse semi-axes a, 6, referred to 


2 2\2 
origin as center, and show that its entire area is — | et a ) +ab |. 


Solution by the PROPOSER. 


rcos(9—¢) is the equation of a straight line per- 


ee b 
any, (1—e?cos?¢)’ 
pendicular to the radius vector at its extremity. The envelope of this line 
is the first negative pedal. Differentiating we get 


e’cos (9—¢) sing cos? 


. __ , 72 
sin (9—¢) 1 (1—e’ cos? 9) + / (Le? cos?) 


=(. 


b 


— _V [r* =e"cos*¢) — 6") 
— ry (1—e? cos? ¢)’ 


cos(?—#) 7 (L—e2c0s*) 


sin (o— ¢) = 


These values from the equation of tho line substituted in the derived equa- 
tion gives us 


n ~ (1--e?cos’¢ )? (1—e’ cos’ ¢)° 


as the pedal sought. 


A C77 a _ _b?(a?—b?)cos*¢ 
“A = 20% S, lame b?cos?¢)? (a? sin? $+ b? cos? ¢) ® ; fas. 


f __ a(a? +b?) 
(a? aE peasy Aa®b® 


Differentiating this with respect to 6 we get 


an cos’ $d __ 2(8a? +b?) 
» (a?sin?¢+b2cos?o)*? 16a°b® 
x 24 f2 xla2—h2 21 pe x 
A aa) ) *(a’—6") Ba" +0") ota +b d= (at+6a%b? +04) 


= [(a?+b*)? 
fab T ab |. 


Also solved by J. Scheffer. 
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235. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


The latitude of a place and two circles parallel to the horizon being 
given, to determine the declination of a heavenly body whose apparent time 
of passage from one circle to the other shall be a minimum. 


I. Solution by the PROPOSER. 


Employing the usual notation, let Z be the zenith, P the celestial pole, 
S,, S., the positions of a heavenly body on the parallel circles, the polar 
distances PS, and PS, being equal. 

Let ZZPS,=—¢,,and ZZPS,—¢,; and let PS,-=PS,=«, are ZS, =4,, 
Z52=—%2, latitude“, declination=D. 

Then by the conditions of the problem the heavenly body is to pass 
along the are S;S». in the shortest possible time. In other words 2S,PS. 
is to be a minimum. | 


. a y Mp 
FSP S2=F- ($241) =0, 
but 221 — CotS1 41g Eh2_._ cobS» 
alae sinw alac sinw 
. cotS, __ cotS: ~S1=Se: 


sin sinx ° 


sint—cos2, cosx sinkA— eos, cosx 
but cosS, =~" +" and _ cosS,.="—— 2 
sina, sing sina, sinx 


. sind—cos¢, cosv__ sinA—cos%, cos 
sing, SINn@, ; 
__C08 3 (42 +41) 


Whence cose =——j;,--——_+.. sin. 
cos $ (42 —2,) 


The declination being the complement of the polar distance we have, 
therefore, 


COs $(4) +4,) 
cos $(4,—4,) 


sin D = gin, 


In the special case where 4,47, and ¢,-—4$7+2°, this expression is 
reduced to sinD=—tanésin4. This formula may have important applica- 
tions. Thus, take for instance, the case of the sun, and supposing 2° to be 
its angular depression below the horizon when twilight begins in the morn- 
ing or ends in the evening, we can calculate the time of shortest twilight at 
a given place by means of the relation—sinD=tanétan4, the negative sign 
indicating that when the latitude is north the declination will be south, and 
vice versa. 
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II. Solution by W. D. LAMBERT, Washington, D. C. 


This is a slight generalization of Bernoulli’s classic problem of the 
shortest twilight. The expressions that occur in the analytic solution are 
long and cumbrous, but present no essential difficulty. An outline of the 
analytic solution is given in Hutton’s Course of Mathematics, Vol. Il, page 
885 (12th ed.). The following synthetic solution may be new to many readers. 

Suppose for definiteness the body, S, to be west of the meridian. Let 
P be the pole of the celestial sphere, Z the zenith when the body is in the 
upper circle of zenith distance z=ZS. After the lapse of a period t, 
the point of the sphere once occupied by Z has moved to Z’, and the body S 
is now in S' at a zenith distance z+2a=—ZS’. Let ¢ denote the latitude, 
=90"°— PZ, and © the declination =90°— PS=90°— PS’. ZPZ’=SPS'=t. 

The are ZZ’ is found from the isosceles triangle ZPZ’ and is given by 
singZZ ==cos¢ singt, so that ZZ’ increases with ¢, and will have a minimum 
value when ¢t has one, From the triangle 77'S’, 


cosZZ =cosz cos (z+ 2a) +sinz sin(z+2a)cosZS'Z’...(1), 


zand z+2a are given. The only variable on the right is ZS’Z’, and since 
sing and sin(z+2qa) are always positive, by increasing cos ZS’Z’ we increase 
cosZZ and thereby diminish are ZZ’. ZZ’, and with it t, will be a minimum 
when ZS'Z’=0, and then by (1), ZZ’=2a, which implies that Z’ falls on S’Z. 
From the triangle ZPS’, 


sind=cos (z+2a) sin¢+ cos¢ sin (z +2a) cosPZS"... (2), 


but from the triangle ZPZ', cosPZS'=tanatan¢, so that (2) may be 
reduced to 
sin »Sin¢ cos (z+a) _ (3), 
-  eosa 
which is the required declination. 
The corresponding time is given by 


t sina (4) 


For the problem of shortest twilight, Z7=90°, and 2a is usually taken 
as 18°. Equations (2) and (8) then show that the central parts of 
this country, of latitude say 40°, have their shortest twilights when the sun 
is 5° 51’ south of the equator, or about March 6, and October 8. These twi- 
lights last 1 hour, 34 minutes. 

It is easily seen from a figure that the parallactic angles at the begin- 
ning and end of the minimum period, namely PSZ and PS'Z, are equal, and 
the azimuths PZS and PZS' are supplementary. Some such symmetry as 
this regard to the prime vertical might be anticipated, for the rate of descent 
in altitude of a a body is a maximum when on the prime vertical. 


Excellent solutions of this problem were received from G. B. M. Zerr, J. Scheffer, and G. W. Greenwood. 
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p=V (HO;.0,K)=\ (AD. AF)siné, g=V (ZOz.021) =V (AB. AR)siné, 


AD-AF-FE=vE si? ap-—AR=RC=PESIDP 
cos cos 


. GX _ _ 6(p*DFsin?—q* BRsin¢) 
O,0, 8(BRsiné—DFsin?) (q?—p?)’ 

Let DF=2P, BR=2Q. Then 

D _ Py [eos(9+/)cos(9—#)]__ PY [cos*8—sin?#] | _Qr’ |cos?9— sin’ | 
cos a cos’ » I~ cos/ 

GX ___ 6[P*sin6(cos*?—sin*#)! — Q*sind(cos*s—sin*)!] 
°° 0,0,  8{[Qsin¢—Psin?] [Q* (cos? ¢—sin? 2)? — P*®(cos?6—sin?s)? |} * 

If the planes of the ellipses are parallel, 9=¢, and we get 


ax __ 6(P*—Q* , _ 6(P? + Q?) (P+Q) 
0,0, ~ 8(Q— P)(Q?- P?) P*—Q° 
MISCELLANEOUS. 


165. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


1 
—y —17 
Prove that tan a4 —4t tan! nai 3 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va.; A. H. HOLMES, Brunswick, Me.; J. EDWARD 


SANDERS, Reinersville, O.; FRANK M. DRYZER, A. B., Knoxville, Tenn.; and PROF. J. W. NICHOLSON, State 
University, La. 


a= 71 n — a1 
Let c=tan aad and ?=tan mL 
1 tan« + tan? 
Then tane— a+ V tane= M+ and tan ( A= tanctan? 
ne i 
ah eed ent +2nt1 
“4 7 n ~— Qn? +2n4+1 ~~ 
(n+1) (2n+1) 
sa Bakr, 


Also‘solved by G. W. Greenwood. 


166. Proposed by F. H. SAFFORD, Ph. D., The University of Pennsylvania. 


Several equal rectangular boxes are placed in a row with uniform 
intervals between the boxes and a passageway along one side of the row. 
Find the least width of the passageway permitting a box to be removed from 


the row without moving adjacent boxes. This problem arose during the 
construction of a room for storage batteries. 
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Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let HLIK, MNOC be two of the boxes, with the box PQSR occupy- 
ing the space between them in the position ABCD. Let KH=MC=AB=a, 
the length of the box; KI=CO=BC=b, the width of the box; IR=SC=c, 
the interval between boxes. | 

When the box is in the position 
ABCD it can be taken out without remov- 
ing the adjacent box or boxes. 

Then CF is the width of the passage- 
way. CF=CDsinCDF=asin?. 

BC 6b 


=== ——_ =} + 2e, 
cos’ cos? 


_ _ 2a, 
brae precy Leto te). 


ura. 2a 
.. Width= 5 o6” [e(b+e) }. 


If the height of the box is less than the width, and JC wide enough 
to turn the box on its side, then write b=height and c—4(IC—height). 
In the above a>b + 2c, otherwise the passageway would be equal to the 
width of the box plus a few inches for room. 
Also solved by A. H. Holmes. 


167. Proposed by DR. OSWALD VEBLEN, Princeton University, Princeton, N. J. 


If possible, arrange 43 objects, say the numbers 0, 1, 2, ..., in 43 sets 
of seven each such that every pair of objects lies in one and only one set of 
seven. It will then be true that two sets of seven have in common one and 
only one object. 


Discussion by F. H. SAFFORD, Ph. D., The University of Pennsylvania. 
6 


The following process of building successive sets of seven each leads 
to the conclusion that the problem is impossible. Let any set of seven be 
0, 42, 41, ..., 87. As no two of this set can occur again together, each of 
these elements must next be combined with six sets of six elements each, 
these six elements being chosen from the numbers 36, 35, ..., 1. It will be 
shown that the twelve sets below may be taken as twelve of the desired sets 
additional to the above. 


42, 36, 35, 34, 38, 382, 31 41, 36, 80, 24, 18, 12, 6 
42, 30, 29, 28, 27, 26, 25 41, 35, 29, 23, 17, 11, 5 
42, 24, 28, 22, 21, 20, 19 (A), Al, 34, 28, 22, 16, 10, 4 (B). 
42, 18, 17, 16, 15, 14, 18 41, 33, 27, 21, 15, 9, 3 
42,12, 11, 10, 9, 8 7 41, 32, 26, 20, 14, 8, 2 
42, 6, 5, 4, 8, 2, 1 41, 31, 25, 19, 18, 7, 1 


bf 
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In (A), 42 is any one of the first set, and the remainder of the rows 
must be all different both within themselves and from each other, as written. 

Proceeding to (B), after choosing say, 41, from the first set, each row 
must contain one and only one element from each row of (A). Since the 
elements in the several rows of (A) are permutable, it is allowable to take 
the columns in (A) for the remainders of the rowsof (B). For convenience 
eall the result of omitting 42 from (A) the square. Further discussion is 
confined to this square. As the square rotated about its principal diagonal 
appears in (B), any new six must be chosen from it as one would obtain a 
term from a determinant. But (A) and (B) admit interchanges of both 
columns and rows, without losing even this reciprocal relation, so that any 
new six may become the principal diagonal. Hence 36, 29, 22, 15, 8, 1, may 
be taken as any new six, and is to be coupled with one of the elements 
0, 40, 39, 38, 37, to make the fourteenth set of seven. So far 36 has been 
used three times, hence it must appear in four more sets of six, and the same 
is true of 29, 22, 15, 8, 1, while none of these six elements may appear in the 
same set. Thus twenty-four sets of six are accounted for in addition to the 
above fourteen sets of seven. The remaining sets of six, fivein number, will 
come from the square, with the diagonal omitted. 

The square possesses two transformations which are of use in reduc- 
ing the labor of computing sets of six. The first isa translation along the 
diagonal, with provision for the edges, and is 


(1, 8, 15, 22, 29, 36) (2, 9, 16, 28, 30, 31) (8, 10, 17, 24, 25, 32) (C) 
(4, 11, 18, 19, 26, 88) (5, 12, 18, 20, 27, 34) (6, 7, 14, 21, 28, 35) " 


The second is the rotation about the diagonal. By a method to be 
shown, it is possible to find all the consistent sets of four sixes which con- 
tain 36. Now (C) leaves invariant the fourteen sets of seven already 
found, but gives by successive applications to the sets containing 86, those 
containing 29, then 22, ete. There are fifty-six sets of four sixes for 36, but 
six of them are invariant under the rotation, coupled with (42, 41), 
the fourteen sets of seven being also invariant. The remaining fifty sets 
are, by the rotation, reducible to twenty-five, so that thirty-one sets of four 
sixes for 36 are to be used. Of course there must be used with these, the 
entire fifty-six sets for 29, 22, etc. 

In computing the sets for 36 the outline is this: 


36, 28, (19, 20, 21, 23) 36, 28, 19, (14, 17) 
36, 27, (19, 20, 238) (D) 36, 27, 20, (13, 16, 17) (E) 
36, 26, (19, 21, 23) 36, 26, 21, (18, 16, 17) 
86, 25, (20, 21, 23) 36, 25, 28, (14, 16) 


in which the parentheses in (D) indicate those elements of the third line of 
the square which are available for the third element of the respective rows 
in (D). This gives eleven partial results from (D), of which the first is 
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(E). In this way the total of fifty-six sets of four sixes for 36 is obtained. 

The remainder of the work begins with the comparison of such of the 
thirty-one sets for 36 with each of the fifty-six sets for 29. Although in 
upwards of forty cases one obtains consistent sets of eight sixes, all of these 
cases fail at the trial with the sets for 22, showing that the problem is 
impossible. 


PROBLEMS FOR SOLUTION. 


— 


ALGEBRA. 


288. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Solve wtatytz=4a, w?+a?+y?+2?—4a?+4b?, wi+a?+y? +28 
=4q? +12ab?, w*+at+y! +24=4at+4b4 + 4c* +2407". 


GEOMETRY. 


316. Proposed by J. STEWART GIBSON, Department of Physics, Wadleigh High School, New York City. 


Determine the locus of the vertices of parabolas described by particles 
thrown off from the circumference of a uniformly revolving wheel. 


CALCULUS. 


ed 


239. Proposed by L. H. MacDONALD, A. M., Ph. D., Sometime Tutor in the University of Cambridge, Jer- 
sey City, N. J. 
Of all triangles inscribed in a circle, find that which has the greatest 
perimeter. 


erence 


MECHANICS. 


202. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 
Three equal, uniform, similar rods AB, BC, CD, freely jointed at B 
and C, are hung from a. point by two equal strings attached at A and D. 
Find the position of equilibrium. 


MISCELLANEOUS. 


171. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


Lim. ¢(#) _ Lim: | ti 1 |= #@ 
Ha=a g(a)? POW w=a |b @) He) |~ BE ae") 
ERRATA. 


Page 97, line 10. Vol. XIII, for <=y=w= etc., read «=%;—2.= ete. 
Page 98, line 1, for G+-D+U read G+D+U-+B, B taken from table. 
Page 97, in table add .008 to each number from 34 to 43 inclusive. 
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THE COMPLETE PAPPUS HEXAGON.* 


By DR. C. C. GROVE, Hamilton College, Clinton, N. Y. 


1. Propositions 188 and 189, Book VII of Pappus Alexandrinus,7 as 
translated by F. Hultsch reads thus: 

‘Tam his demonstratis ostendendum erit, si parallelae sint <4? 78, et in 
eas incidant quaedam rectae «° a5 fy #5, quarum «9? fy concurrant in +, et a 
quovis rectae 2? puncto inter ~ et ® sumpto ducantur ¢y «6, quarum «7 cum 25 
concurrant-in 7 et <> cum #5 In «, rectam esse quae per 7/« transit.’’ 

‘‘At ne sint parallelae «4% 76, sed convergant in puncto ”; dico rursus 
rectam esse quae per 7/« transit.’’ 

These theorems Pappus proved by proportion, the equal ratios being 
respectively between two lines and between the rectangles of two pairs of 
lines. 

Salmont has the same theorems stated thus: 

‘Tf. ABC are three points of one line and A’B'C’ are three points of 
another line, then the intersections BC'/B’'C, CA’'/C'A, AB'/A’B lie on a 
line.”’ . 
Different other writers have Pappus’s theorem in some wording. The 
most important mention of the simple case is by Rudolph Boeger,§ who 
gives it as a simple form, free from the idea of projective relations, of “‘Das 
Sechseck in der Geometrie der Lage.’’ 

Some other papers directly or indirectly presenting perspective 
triangles are simply noted: .- 

H. Schroeter: Math. Annalen 2:5583—562. 

J. Valyi: Archiv der Math. und Physik, 1882, Bd. 70, ss. 105—110; 
1884. 2. R. II. T., ss. 280—284. 

Rosanes: Ueber Dreiecke in persp. Lage. Math. Ann. 2:549. 

Hess: Beitraege z. Theorie d. mehrfach persp. Dreiecke. Ibid. 28: 
167. ' 


*Read before the American Mathematical Society, Chicago Section, April 30, 1907. 

+Pappi Mathematicae Collectiones a Federico Commandino Urbinate, in Latin, in U.S Cong. Library. Also, 
by F. Hultsch in three volumes (Greek and Latin), Berolini, 1877. 

+Conic Sections:—6th Ed., §268, p. 246, Ex. 1. 

§Sechseck und Involution, Hamburg Mitteilungen, Bd. III., 9, Feb. 1899, s. 387. 
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Third: Triangles triply in persp. Proc. Edinburg Math. Soc. XIX, 


p. 10. 

L. Klug: Desmische Vierseiten-Systeme. Monatshefte (1903) XIV, 
s. 74. 

M. Pasch: Ueber Vier-eck und seit. Math. Ann. 26:211—216. 

Caporali: Memorie, pp. 236, 252. 

Veronese: Sull’ Hexagrammum mysticum. Lincei Mem. II, 1 (1877), 
p. 649. 


2. The complete figure is constructed thus: 

Take six numbers 1—6 and regard them as the names of points or of 
lines, such that 1, 3, 5 and 2, 4, 6 are three and three respectively on a line 
or on a point. 

We consider the cross-joins as follows: 


1'2'3!4'5'6 [1] 

825 41 6 (4) (5) (6) [8] on 3%, or Dj, respectively. + (1), 
5 214 8 6 (7) (8) (9) [5] ° 

82145 6 (10) (141) (12) [2] 

5 28 4 1 6 (13) (14) (15) [4] +} on %, or D., respectively. > (2). 
125 4 8 6 (16) (17) (18) [6] 


When the six numbers name points, they are given as the points 7. 
In that case, [1], ete., are lines to be known as P;, where i=1, 2,...,6. In 
the dual case, the given six are lines P; and [1] are points. The scheme 
means, when points are given, that the line of I, 2 intersects the line of 45 
in a point (1), that 2,3/5, 6 is the point (2), and that 3,4/6,1 is (8): further, 
that the points (1), (2), (8) lie on a line [1], and that three lines similarly 
gotten lie on the point =,. Dualistically, we start with lines P13 50n =, and 
P2,4,6 On 2, and close with points 7, three on each line D, and D,. 

Following the names given to points and lines in the Pascal Hexagon, 
the points = are called Steiner points; the lines P,, Pappus lines; and the lines 
D we call Hessian diagonals. 

3. From the complete Pappus Hexagon we have the following theorems: 


I. 

Three lines P; on each of two Three points «;on each of two 
points %,, %,, joined by the line S, lines D,, Dz, meeting in the point 
intersect crosswise in nine points 6, are cross-joined by nine lines 
44-3, 4-3, 71-3, Which join by 18 which meet in eighteen points, 1— 
lines, which are the sides of two 18, which are the vertices of two 


sets of three point-triads each. sets of three line-triads each. 
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Fig. 1. 


The triangles of each set are 
independently by twos in-triple per- 
spective, having as centers of per- 
spective the points =; and 3%, each 
three lines and three points z; on the 
line D, or D,, respectively; and 


The triangles of each set are 
independently by twos in triple per- 
spective, having as axes of perspec- 
tive the lines D, and D, each three 
times and three lines P; on the point 
x, or 31, respectively; and having 
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having as axes of perspective the 
line D, or Dz three times each for 
the sets, respectively, and tweive 
other lines all of which pass through 
a point «, which is the pole of the 
line S as to any of the six triangles. 
The 18 lines above lie by three on 
SIx points 7, which are three and 


as axes of perspective the point =; 
or &, three times each for the sets, 
respectively, and twelve other points 
all of which lie on a line #, which 
is the polar of the point ° as to any 
of the six triangles. The 18 points 
above lie by three on six lines Pi, 
which are three and three on the 


three on the lines D above. points & above. 


The frame-work of this theorem as to the triangles and their being in 
triple perspective is not new but seems a necessary preface to the new parts 
as to the covariant point «, and line #, and the complete duality that makes 
the figures really one whole since starting with the three points =; on each 
line D, and D, of the left-hand theorem and following out the right-hand 
theorem we come back to the original points =, and 2, 


II. 

The lines D;, D:, and S are 

the false sides of the complete 
quadrilateral of the Hessian pairs 

of the line-triads P; on 3, and 3,. | 


The points =,, =., and ° are 
the false vertices of the complete 
quadrangle of the Hessian pairs of: 
the point-triads 7; on D, and D,. 


From these theorems as also from the demonstration of them, follows 
the general theorem: 


III. 

Three lines on each of two points give rise to three points on each of 
two lines, and the latter by reciprocating the process give rise to three lines 
on each of the original two points. The derived three lines have the same 
Hessian pair, or are inclined to each other at the same angles as the original 
three. 
4, We now give a proof of the theorems on the left. Take the two 
Steiner ‘points, =,, %., to have co-ordinates 7,, %2, *3 and 8;, Ss, S83, respect- 
ively; the triangle «,4,2,, formed by the intersections of the Pappus lines 
as will be shown, as reference triangle; and the line S as auxiliary line. 

The line S determined by 3, and &, is given by 


w 4 H 9 3 . . 
7, %, 4, | =0, and will be written 
8, 8; 8 


S,¢1 +8202 +S3%3,=0. 


Since this line is taken as auxiliary line, we have the following 
relations: 
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Si=S,.=S;~—I1, o,+o,+0,—0, S,+s,+s3;=—0, (3) 


Si a; OK — 83 Sk O,°==6,4 Sk Fj Sj, 


where 2, 7, k are each 1, 2, 3, successively. 
The equations of the Pappus lines are the corresponding minors as 


represented thus: 


P, Ps; Ps 


2 Ts 
Uy, UL Xe 


P, Py Pe 


8: S 8% (4). 
Ni Ws. Hs 


The nine intersections of the six lines P other than =, and >, are 


named thus: 


Line P,; Ps; Ps 


meets line P, P, Pe, respectively, in point ¢ 4, 4% 
6 


P, P 29 


6 Py, 49 


B, Bs 3. (5). 
13 11 9: 


From these co-ordinates by carrying out scheme (1) we find the co-or- 
dinates of the points 7,, 73, 5, and of the line D; on which they lie. Like- 
wise, following (2) and remembering the relations (3), we find the 
co-ordinates of the points 72, 74, 7, and of their line D,. From the co-or- 
dinates of the lines D; and D. we write the co-ordinates of ° their 


intersection. 


The 9 lines which by threes pass through the points =; on D; are the 


sides of three point-triads 


a3, 
(2) B Fy Bs, 
(83) 71 Ye 733 


} (1) 4, 4, 


f 


| (V') 4 By 74, 
and < (2') @ 2 72, 
(3’) 


are the second set of three triangles whose sides pass by threes through the 


points 72; on Dz. 


The triangles of each set are found to be in triple perspective 


as indicated thus: 


Triangles. Centers. 

SR} stk 
i me i; a Fay Be 
a ae 


Axes of Perspective. 


D,, (s,, Os, 1), (Sq, $1, S,). 
Di, (So, 83, Si), (55, Ty, oy). 


D,, (o1, Fe, 5), (si, So, S3). 
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a, [2 a 

a, 8, } ™1, Ze, 24. Dy, (o9, O41, Os), (So, S15 S3). 
2 Pe Ie 

de fy 7 ‘ 

a 8. y. 73s Xe, Zh. Ds, (Ss, 82, s;), (o5, Fo, a1). 
3 P3 £3 

a B 7 , 
a, 8. r, 75> 24, So. Ds, (54, Fo, oo), (si, Ss, S2). 


The twelve axes other than the D’s, evidently pass through a point 
with co-ordinates (1, 1, 1), which is thus the auxiliary point «, the pole S as 
to the reference triangle. Since, 


S has the same pole, «, as to 0 has the same polar, EH, as to 
all point-cubies consisting of three all line-cubies consisting of three 
joins of the six lines P;:, two and joins of the six points %, two and 
two, two, * 

eis the pole of Sas to every FE is the polar of ° as to every 
and any of the six triangles on all and any of the six triangles on all 
six lines P,. Six points 7:. 


THE LINES D, AND D, AS DIAGONALS OR FALSE SIDES OF THE COMPLETE 
QUADRILATERAL OF THE HESSIAN PAIRS. 


5. The following linear relation exists between the three lines P: on =,: 
61 (%,%3—F3%,) +4, (6.3.44 —F 1,04) £53 (61%. —F 2% )=0. 


The Hessian covariant of the binary cubic is given by the sum of the 
squares of these three terms separately, and the imaginary Hessian lines are 
these terms with the respective coefficients 1, », »?, and 1, »*, », in the 
second case. These two lines and the analogous two on =, reduce to 


F 293K 4 O31, +701 F,H, =0, {1} 
09530, +0? o,0,%, +00,0,%0,=0, {2} 
The same as {1} with s for », {3} 
The same as {2} with s for ¢, {A}, 


These intersect as follows: 


{1} and {3} in imaginary point J: (¢,8,, ©?¢,8), 7383). 
{2} and {4} in imaginary point J: (same with » and »? interchanged). 


{1} and {4} in imaginary'point A: [(¢18, (28, —@¢382), %28,(%38; —%9483), 
F383 (F182 —wo,8,)], 
{2} and {3} in imaginary point K: [same with ? for «]. 


*Salmon: Higher Plane Curves, 8166, pp. 148, 144. 
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Whence we find that the line of TJ is D,, and that of HK is D.; therefore, 
D, and D, are the diagonals of the imaginary quadrilateral of the Hessian 
pairs of the line-triads on 3, and 3y. 

6. As may be seen from Fig. 1, for the reverse process we have the 
triply perspective triangles, thus: 


Triangles. Centers. Axes of Perspective. 

> 4 8t 3,, a, b. Ps, Do, D,. 

73 eh c, My, d. Ds, Py Dr. 

‘ - 3 é, f, % Dy, Dy, Ps. 
16 i Ha J, 22, h. Dz, Pi, D1. 
7 18 Ist b, Se, De, Ps, Di. 

1 13 nf So, M, Nn. Ps, Dy, Dy. 


7. The special forms or arrangements for the three lines on each of 
two points, to which attention is called, are: 

(1) Two sets of equispaced triads, 7. e., lines at 120°. 

(a) The points being the two equiangular points of the triangles of 
one set of three. 

(b) The points on the circumcircle of equiangular triads. 

(2) The points taken at infinity, 

(a) Arbitrarily, giving two sets of three parallel lines each, at an angle 
D, with each other. 

(b) At J and J, the circular imaginary points, giving two sets of per- 
pendicular lines. 

The several forms are handled best by using different co-ordinate systems 
most convenient for the particular case. 

A special form of three points on each of two lines is had when three 
of the nine lines cross-joining the points by pairs meet in a point either 
within or without the acute angle at °. Evidently one triangle of one or of 
the other set of three becomes a point, which point is then also 3, or =, and 
the first six or the second six of the twelve points on H, which thus passes 
through the same point. All this follows readily in the analysis by observ- 
ing the relation existing between the co-ordinates when three of the vertices 
of one triangle are equated. 

8. Without further proof because they follow from data already given 
and may be tested in Fig. 1, we present two more theorems and two others 
relative to the special forms above. 
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IV. 
A triangle of one set of three is in two-fold perspective with any one 
of the opposite set of three triangles, but for all such perspectivities— 


there are only nine axes each taken there are only nine centers each 
twice and situated on the covariant taken twice and situated on the 
point «. The centers in each case covariant line H. The axes in each 


are >, and 2,. ease are D, and D,. 
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V. 

The point- and line-triads are between themselves in single perspect- 
ive. The center of perspective in each case is 3, if the two triads are both 
of the first or both of the second set of three as herein classified, and 3,2 is 
center if they are of oppositely named sets. 


VI. 

For a triad of equispaced lines on each of two points, one set of the 
three point-triads consists of equiangular triangles with sides respectively 
parallel (Fig. 2). Thus one of the lines D is at infinity and the other is 
perpendicular bisector of the line S between =, and %,. Furthur, the cir- 
cumcircles of the three equilateral triads pass through =, and %,, and those 
of the other set of three triangles intersect in «, the pole of Sas to any of 
the six triangles. 


VII. 

If to the conditions of the previous theorem we add that one of the set 
of scalene triangles is also equiangular, then the vertices of the other two 
triangles of its set are inverse points as to its circumcircle, and all the cir- 
cumcenters of the set of three equilateral triangles are on the finite Hessian 
diagonal D. 

The proof of this last theorem is especially neat by use of circular 
co-ordinates. | 


USING CONJUGATE CO-ORDINATES. 

9, As a convenient projection of the hexagon, we take the points 72, 
™,, ™, on a line, considered the axis of reals, and the points 7,, 73, 7; on the 
line at infinity, so that the lines from the three points on the axis to these 
three are equispaced lines, parallel, respectively, to 


ety e—oty g=w* ty 
going, respectively, to 7, Ts Tp 
Lines on 7, =a:v=ty—a(t—1). w=ety—a(et—1). v=o ty—a(e*?t—1). 
Lines on 7, =b:a=ty—b(t—1). x==ety—b(et—1). x=? ty—b(e?t—-1). (6) 
Lines on 7,=c:w=ty—c(t—-1). wx==ety—c(et—-1). xw=w*?ty—c(w?t—1). 
The points (py), for »~1, 2, ..., 9, are in general according to the 
scheme above, 
_ho—(g—h) wits 
Tia with Te is pate at, 
and the points (q), where g=—10, 11, ..., 18, are, 


; _ a—buw® —(a—b) ott 1 
Ti, a with 7b 1S pt be eet 
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or are got from points (p) by interchanging b and c in the equation where 
p=q—9. The same interchange holds throughout the paragraph. 

In the above a and 6b each permute for a, b, c, but a is never b; and 77 
are each 1, 8, 5, but 7447 in any one equation. As indicated abovea, )b, ¢ 
are the circular co-ordinates of 7,, 74, *, along D,, the axis of reals. 

These 18 points in 6 sets of 3 each, as indicated in schemes (1) and 
(2), lie on six lines P;. From the equations of points (9) we get the co-or- 
dinates of lines P. 

The lines P;, for 7=1, 3, 5, we have the co-ordinates 


P,:a+be+ceu?, --(a+bw?+cwv) wo %t, 
w* (ab+ bew+caw*) — (ab+ bew? + cqu) otf, 
The co-ordinates of lines P;, for 7==2, 4, 6, are 
Pi: a+be?+co, —(a+bo+cw?)w Ft, 
w (ab +bcw? + caw) — (ab+ bcew+caw? ) oF, 


These lines are evidently equispaced on &. 
The three lines P; lie on the point 3,, which is 


paw thew + caw 
a+bo+cu2 ’ 
and the lines P; lie on the point 3,, 


ab + bew* +cqu 
atbw?+ewu * 


These two points are evidently conjugate and therefore symmetrical 
as to the axis of reals. Further, since the axis of reals, Dz, bisects the line 
between 3, and 35, the two points % are harmonic as to the two lines D. 

Since the points & are independent of t, these points remain the same 
for any three equispaced lines on a, 6, and c, respectively, mutually paral- 
lel; or, keeping one triad of points fixed the triad on the other line may move 
all along that line provided only that the angles between the lines to them 
remain constant. 


REVERSING THE PROCESS. 


10. The lines P:; intersect in nine points, called before 4-3, 44-3, 71-2, 
as follows: 


pat —be+ (a—b) (a—c)w?t 


PP 2a—b—e 
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PP Spl ab + (c= a4) (c—b) ut 
yf 4 6 Ue a  n . 


2c—a—b 
__ _b’—-ca+(b—c) (b—a)t 
Pro tU= 2b—c—a 


The remaining may be written easily by comparing these with the following: 


The lines joining these intersections in pairs as indicated by schemes 
(1) and (2) meet by threes in points along D, and D;. 

The lines (q) to the new points along D, have slopes, respectively, ¢’, 
wt? wt? go they turn twice the angle from the axis as the original lines 
and are like them equispaced. 

The lines (p) intersect by threes on three new points, 7',, 73, 75, 
along D:, corresponding, respectively, witha, b, c if we consider the external 
segment of D,. They are 


—b b? —ca 

a c’—abl. 
—b 2b-—c—a |’ 
a 2c—a—b 


etc., 


taking a, 6, ¢ in cyclic order. 
11. Thus far the origin on the axis has been arbitrary. Now, consid- 
ering it the centroid of the three given points, we have a+b+c=0, whence 


also 
a” —bc=b* --ca=c® —ab=/, say; be-+cat+ab=—/; 2a—b—c=8a, ete. 


The three new points then become, respectively, 


qa bA ch 


v— Obe+ca-+ab’ oe be—2 ca +ab’ oboe +ea—2ab' 


The counter-triad of the three points a, b, ¢ is 


Enea a from (xa/bc)=—1; call it a’. 
be Peat ® svom (ab/ca)=—1; eall it b 
bc +ca—2ab 


from («c/ab)=—1, call it ¢’. 


3C 
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The cubic along the line a, 6, cisxv*—4x—abec=0, Differentiating this 
as to x, we have 3x? —/=0, the roots of which are the polar pair of infinity, 
the intersection of the two lines D, and D,. Calling the roots f and f’, we 
have 


f+f =0, and ff =-f'=-f?--P =f =y. 
By observation we see then that 
ey a'=n's War, 4); 


so the new triad and the counter-triad of the original triad are in an involu- 
tion whose double points are the polar pair of the intersection of the lines 
D;, and D, as to the original triad. 

From the results in § 9—11, we see that in this form by revolving the 
three lines on 2, keeping the triad equispaced, we cut out, at each instant, 
along D, a triad of points having the same Hessian pair and being in the 
same involution whose double-points are the polar pair of the intersection of 
the Hessian diagonals as to the original triad. 

Thus, we generate a pencil of point-triads along each of two lines, and 
dualistically of line-triads on each of two points. 


THE TRISECTION PROBLEM. 


By J. S. BROWN, Southwest Texas State Normal School, San Marcos, Texas. 


The solution of this problem by means of the quadratrix, conchoid, and 
the cardioid are well known, and statements of the fact that the problem 
has been solved by means of the hyperbolic curve are equally well known, 
but the writer has never seen a solution by the last named method. 

Ball, in his History of Mathematics, says that Viviani solved the prob- 
lem by means of the equilateral hyperbola, and that Vieta determined that 
its solution depends upon the solution of a cubic equation. 

I am not aware that the solution by means of the ceroid [so called 
from its resemblance to a pair of horns] has ever before been given. 


I. SOLUTION BY MEANS OF THE HYPERBOLIC CURVE. 


If a series of circles be drawn through two points A and B, and if BP 
be one third of thearec BPA and H and H’ points in the perpendicular bisec- 
tor of AB, the locus of the point P, as the circle varies in size, is an hyper- 
bola, since PB2PH constantly. 

As the curve is central, its general equation is 
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a®y?—b? a’? =— ad’, (1). 


Dividing the members of this equation by 6? puts it in the form 
2 
(4:)y" 0 =—a", (2). 


2 
The factor Facts, § being the angle which the asymptote makes with 


the transverse axis. Therefore (2) becomes 
y’ cot29—-4’?® =— a’, (3). 


Since e (eccentricity) =2, cot?9=4 and 4 is therefore 60°. Substituting this 
value of 9 in (8) gives 


ay? —a? =—a’, (4). 


Assuming AB as unity, the circle ABP’ as 
one in which AB is the side of an inscribed square 
and K the mid point of AB as origin, P B=AB=1, 
which is the ordinate of the point P’, and the 
abscissa of this point is a+. 

Substituting these values of y and 2 in (A), 
gives 


—$-(a4+4)?=—2?, (5), 


from which a=%. This value of a substituted in (4) gives y*—3c?=—44, 
the equation of the above described curve. 

To trisect an angle by means of this curve, construct an isosceles tri- 
angle upon AB as a base, with the given angle as vertical angle. 

The hyperbola will trisect the arc of the circle whose center is the 
vertex of this angle and whose radius is the leg of the triangle constructed. 


II. SOLUTION BY MEANS OF THE CEROID. 


If a line be drawn through the center O of a circle to meet the cir- 
eumference and also to meet a straight line LL’, let us find the locus of the 
point P on HO, is HP is constantly equal to KP. Let O be the origin, d the 
distance from O to LL’, PH=PK=n, and let r=the radius of the circle. 
We have 


d= r+2n’ 


yoertn (1), 


from which is obtained the equation, 
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y” . 
“a(t +2n)? ="? +y?, (2). 
Also, n=// (a? +y*) —7r, and substituting this value of 7 in (1) gives 
2 
Sy L2v (a? +y") —rlP=x*? +y’, (3), 


which is the equation of the required locus. 
For convenience of discussion, (3) may be put in form 


y® [2V (a? +y*) -—r—d] [2Y (x7? +y’) -r+d]=d’ 2’, (4). 


It is evident that 
the curve has two 
branches which meet 
at +o on the asymp- 
tote whose equation is 
y=sd. n is regarded 
as negative when in 
the circle, and positive 
when outside of the 
circle. 

The ceroid may 
be used to trisect any 
angle. For if AOB is a given angle, and ATO a semi-circle on AO as diam- 
eter, and E is the point common to the circumference ATO and the ceroid, 
the angle AOE is one third of the angle AOB. 

Proof. DH=GE, for EF is on the ceroid. 

The angle AHO is a right angle. Hence angle. DAH =angle GALE. 
Then arc AD=are DR=are RB. Therefore the angle AOD=one third of 
the angle AOB. 


NOTE ON THE POSTULATE THAT A PART IS EQUIVALENT TO 
THE WHOLE. 


By DR. G. A. MILLER. 


The quadratic equations considered in elementary algebra are gener- 
ally written in one of the following two forms: 


ax” + be +c=0...A, 
ax” + 2b¢+c=0...B, 
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where a, b, c are real numbers and a is supposed to differ from zero. An 
equation of form A is completely determined by the two ratios b/a, c/a. If 
these two ratios are regarded as the co-ordinates of a point and plotted in 
the ordinary way with respect to a Cartesian system, every finite point in 
the plane corresponds to a quadratic equation and every quadratic equation 
corresponds to such a point. The necessary and sufficient condition that 
two quadratic equations have different roots is that they correspond to dif- 
ferent points. According to this well known interpretation the points of 
the plane are regarded as representatives of quadratic equations. 

The condition that the two roots of an equation of form A are equal 


2 . 
to each other is = 4 Representing — by x and — by y this condi- 


tion becomes «?=4y. Hence the points on the parabola whose equation is 

=4y represent the quadratic equations of form A whose roots are equal. 
The points within this parabola, 7. e., on the concave side of this curve, rep- 
resent the quadratic equations whose roots are imaginary, while those on 
the outside of the parabola represent the equations whose roots are real and 
distinct. The fact which we desire to emphasize in this connection is that 
the totality of quadratic equations with real coefficients and imaginary roots 
can be put into a (1, 1) correspondence with the points within the parabola 
g*=Ay. In other words, the number of the points within this parabola is 
equivalent to the number of quadratic equations having real coefficients and 
Imaginary roots. 

If we suppose that all the equations under consideration are repre- 
sented by form B, those which have equal roots will be represented by the 
points of the parabola x?=y. From this it follows that there is a (1, 1) cor- 
respondence between the totality of quadratic equations with real coefficients 
and imaginary roots, and the points within the parabola x*=y. As the 
number of the points within each of the two parabolas «*=—4y and «*=y is 
equivalent to the number of quadratic equations with real coefficients and 
imaginary roots, the two parabolas must contain the same number of points; 
i. @&., the number of points in one of these parabolas is equivalent to the 
number of points in the other. As the parabola «?=4y lies entirely within 
the one whose equation is «?=y except where they touch each other, a part 
of the number of points contained in the parabola x*=y is equivalent to the 
total number of these points, 

While the above is only one of an indefinite number of illustrative 
examples of the reasonableness of the postulate that a part of an infinite 
number is equivalent to the whole, yet it seems to deserve special emphasis 
in view of its contact with very fundamental matters. Such illustrations 
seem desirable to prepare the way for the modern definitions of an infinite 
number; viz., An infinite number is equivalent to a part of itself, or an infin- 
ite number remains unchanged if unity is added to it. 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


end 


ALGEBRA. 


Remarks on Problem 179 by TSURUICHI HAYASHI, Koto Shihan Gakko, Tokyo, Japan. 


The following question proposed by Dr. L. E. Dickson, The Univer- 
sity of Chicago, remains unsolved in Vol. XII, 1905, p. 238: 
Find the roots of the algebraically solvable quintic equation 


2 3 
xv + qa? tpete| © — zl =(. 


I think that the coefficients of «? and x must be interchanged and 
thus the equation must become 


2 3 
5 2 + 1 |} a ==(), 
¢5 +pxe? +qu+t D 5g 


If so, the roots are represented by 


_ ¢ sg |e 
w,5/4 1 y 35 
‘A Bp’ * AlD5q 


where 4==1, 2, 8, 4, 5, and (#, )®=1. 


Remark by the PROPOSER. 


The .problem was printed incorrectly; it should have read. x°+px? 
+qu+..., with the letters p, q in their naturalorder. Since p is of the third 
degree in the roots, and q of the fourth, the constant term is of the fifth 
degree, as should be the case. 

Mr. T. Hayashi’s solution of the corrected equation has, doubtless by 
an oversight in copying, the terms » and »® interchanged. 

Solution. Since the terms x* and «® are lacking, the simplest 
expressions to assume for the roots are 


P= A+a8B =I, woes D5 w ® ==1), 
5 
Then by ae "=(0 for r=1, ..., 4, we have for S== ra‘, 
S:=S,=0, S;=154B’, S,=20A°B, S;=5A°+5B°. 


But for «°+pxc*?+qu+r=0, 
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S,=—S,=0, S,;=—3p, S4,= —4q, S;=7 


3 


8 2 
Hence, A=— Jf 2 Po pa TP 
25q’ op 26° 
276. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


If %1, 2, ..., &m be unequal, and f(x) be a rational integral function 
of degree n—2, then shall 


SI F@r) 
pop 1p a0) (%r— 2)... (Wr Hn) ° 


Solution by the PROPOSER. 


The left hand side written at length is 


F(a) f(x») 


Let Ga) Gone) oam) ent sont tee 
Then A;, As, As, ..., An 
F(x) 


(Xn—%1) (Gn—He) 20. (Wn—Hn—1)" 


Hence, f(a”) =3A,(a—x2) (w@—a3)...(%—a%n) =polynomial of degree >n—2. 
Hence, =A ,=0. 
This problem, as we thought, proves to be similar to Ex. 4, p. 319, 8rd Edition of Burnside and Panton’s The- 
ory of Equations. Ep. F. 


GEOMETRY. 


311. Proposed by J. OWEN MAHONEY, B. E., M. Sc., Dallas High School, Dallas, Texas. 


Triangle ABC is obtuse-angled at C; x, y, 2 are squares on the sides 
AC, CB, BA; LH and MJ are lines joining adjacent sides of x, z and y, z 
The common chord of the circles on LH and MJ as diameters passes through 
C and the mid-point of H./. 
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Solution by B. F. FINKEL, Ph. D., Drury College, Springfield, Mo. 


Let ABC be the given triangle with the squares ABJH, BM-—C, 
AL—C constructed on the sides AB, BC, and AC, respectively. Join Mand 
Jand Land H. On LH and MJ as diameters describe the circles whose 
centers are O, and O2, respectively, the circles intersecting in the points D 
and F. Draw LI parallel to AH, and 
meeting JH produced in £. Similarly, 
draw MK. I and K are on the cir- 
cumferences of the circles, since angles 
MKJ and LIH are right angles. 

Produce AB to meet MK in P 
and LI in N. Draw CV perpendicular 
to JH, and O,R and O;T each perpen- 
dicular to CV. Draw the common 
chord DFG and join O, and C, O, and 
C, O, and D, O, and D, D and C, and 
O, and Oz, the line O,0, intersecting 
DF in Q. Then, from the right tri- 
angles O,QD and O2QD, we have 


O, D® --0;Q’?=0, D?—0,Q’, or 0,D?—O,D*?=0,Q?—0;Q’... (1). 
Now, if FDC is a straight line, we must have 
0,C*—0,Q?=0,C?—0,Q’, or 0,C?—O0,C?=0,Q? —02Q’... (2). 
Hence, we must have 
O,C?—O2C®=0,D?—0O,D’... (8) 


Now, 0,C?—0,C?=(0, R?-+CR*) —(0,T? + CT”) 
—=(0,R+0,T) (O,R—O,T) -- (CT-+-CR) (CT—CR) 
=(3AN+AW+WB+4BP) (4AN-+A W-WB-4BP) 
~(CV—RV+CV—VT) (CV-VT—CV+RV) 
=3(4W+WA-+CW) (AW— WB) —[2CW-(RV+TV)](RV—TY), 

since AW=CW=BP, =}(AW+WB+CW) (AW — WB) —[2CW+2AB) 
—4(LN+NI+MP+PR)][4(LN+ND —3(MP+PR)] 
—3(AW+WB+CW) (AW - WB) —3(2CW+3AB) (A W— WB), 
=8(A W?— WB?) =3(AC?—BC?). 

Also, 0, D?—O0,D*?=(0,D+0,D)(0,D-—O,D)=3(LN+NI+MP+PRK) 
<2(LN+NI—MP-—PK) =}(4W+ WB) (A W- WB), 

since LN=AW and MP=WB, =3(A W?— WB*)=?(AC? —BC?). 
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Hence, (3) is true and, therefore, GDC is a straight line. 

To prove that G is the mid-point of HJ, we have, from the secants 
GD, GK, and GI, GK.GJ=GD.GF=GL.GH, or GK.GH=GL.GJ. 

Hence, GK+GH : GH=GI+GJ: GJ, or KH : GH=IJ: GJ. 

-. GH=GJ, since HI—JK and, therefore, KH=T/. 


Also solved analytically by G. B. M. Zerr and J. Scheffer. Professors Zerr and Scheffer obtain the equation 
of the common chord of the two circles and found that its equation is satisfied by the co-ordinates of C and G. 


CALCULUS. 
236. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


O24 O74, Ou, 
Solve the partial differential equation, x=—- aa? + Ya ay iy Oe" 


I. Solution by C. EBEN STROMQUIST, Princeton, N. J. 


A more general problem, of which the above is a particular case, has 
been discussed by Darboux (Legons sur la Theorie Generale Surfaces, Vol. 3, 
p. 58). The solution in this case follows. 

Differentiating the given equation with respect to x and setting 


02 a OM 
M= aoa , yields wa + Ya jy =—=0... (2). 


This is a linear differential equation of the first order in M of which a most 
general solution is* M=W/(«a/y), where W is an arbitrary function in the 
argument x«/y. Hence 


w =f" Ss. W da dut+xw,(y) +we(y)... (3), 


where w, and w, are functions of y alone which must be so restricted that 
w satisfies the given equation. 

Since the differential equation from which wu is obtained is equation 
(1) differentiated with respect to x, the result of substituting wu in (1) must 
yield at most a function of y alone. If Y be the function resulting from 


substituting wo=f- f W dx dx in (1), it is readily seen that Y==0, and 


hence that the result of substituting u in (1) gives 
6] 
ay —W; =(... (4). 


Integrating gives w,==cy, whence ¢ is an arbitrary constant. 
Substituting in (8), a most general solution of (1) is given by 


*See. for instance, Jordan, Cours d’ Analyse, Vol. 3, p. 314. 
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u =f" Si wae du +exytwz(y), 


where W and wy, are arbitrary functions in «/y and y, respectively, and ¢ is 
an arbitrary constant. 


II. Solution by GEORGE W. HARTWELL, Columbia University, New York City. 


0 . 
Let 3 =p. Then the equation will become 


Op. Op 
v5. + Yay 0. 
Solving this by the method of Lagrange we have 
p=y (7) = v4 (). 


Let (7) be the derivative of ws with respect to Then 


Y 


1 x, 9 Xe . ae 
yt GD) =e? GD > =u x, 0 =), 
Integrating, u=y’ ¢ (—) +7(y). 


III. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Multiply the equation by x and let «=e, y=e”. 


du, @u_ du d ad 
Then de® + dudw> 2 Let —- a =D, 7 =D’, Then D(D+D'—2)u=0. 


au du 
—— pat — - = 
Let u=ewteu, , a =au, ql “bu. 


“.a(a+b—2)=0, therefore, a=0, and a=2-—b. 
1 U==3 Aer +e?S Bebo») = F'(w) +e? *f(w—v) =F (y) +a fly/2), 
where F and f are arbitrary. 
Also solved by the Proposer. 


MECHANICS. 


197. Proposed by WALTER D. LAMBERT, 416 B Street N. E., Washington, D. C. 


Suppose that a primary planet and its satellite revolve with uniform 
angular velocity in circular orbits in the same plane. What relation must 
hold between the radii of their orbits and their angular velocities in order 
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that the curve traced by the satellite shall be everywhere concave to the 
sun? Apply to the earth-moon system to prove that the moon’s path is al- 
ways concave to the sun. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let m=sun’s mass, m1=primary’s mass, R=distance of primary from 
sun, r=distance of satellite from primary, v=velocity of primary around 
the sun at distance R, v,=velocity of satellite around the sun at distance 
R, v2=velocity of satellite around the primary at distance r. 

Then v?/R: vf/T=M > M135 VU 2 Ve=V NE VM1 Ve U1 =P: VR. 

“U>U,=V (mr) : VY (m,R), or v/R: 01/r=V (mr?) : Vv: (Mm: R?), the 
ratio of the angular velocities of primary and satellite in their respective 
orbits. 

. Hence, the path of the satellite will be looped, cusped, or direct 
throughout if | 


V (m,R?/mr?)>=<R/r; or m,R>=<mr, or m/m>=<r/R. 


From these, we learn that the path of the satellite will be partly convex, just 
fail of being convex at perihelion, or be concave, if 


mR? /mr>=<R/r; or m2 R?>==<mr*; or m1/m>=<r?/R*: 
or VY (m,/m)>=<r/R. 


For the earth and moon, m/m;,=822,700=(568)?, R=92,000,000. 
Hence, if the moon were 92,000,000/322,700=285 miles from the earth, it 
would travel ina cusped epicycle. If 92,000,000/568=162,000 miles from the 
earth, the epicycle would be convex. As the actual distance is 288,828 
miles, it is always concave. 

Also solved by A. H. Holmes. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


141. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Given ‘that.the. highest factor of a prime » contained in m! is p”—s; 
find general expressions involving » and m and s, from which, when a solu- 
tion is possible, m can be determined when s is a given integer and p is a 
given prime. Is it then possible in any case to have more solutions than one? 


No solution has been received. 


142. Proposed by DR. L. E. DICKSON, The University of Chicago. 


Let 7 be an integer >1 and set p=n(m—1)+1. Required n integers 
whose n(n—1) differences are congruent (modulo) to the numbers 1, 2, ..., 
po—1. Exhibit at least for n=3, 4, 5, all inequivalent sets of solutions where 
a set @1, G2, ..., dn is called equivalent to the set m(a,—d), m(a.—d), ..., 
m(adn—d), for any integers m and d (m not divisible by p). 
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Solution by DR. C. R. MacINNES, Princeton, N. J. 


As Dr. Safford pointed out in discussing No. 182, the problem is equiv- 
alent to the following: Find numbers such that when we add consecutive 
ones in every possible way, we get all the numbers from 0 to n(n—1). Hav- 
ing any solution of the original problem, without loss of generality we may 
arrange the numbers in order of magnitude and so get n intervals which 
add up to n(m—1)+1, two of which will be 1 and 2. Such sets can 
be searched for systematically. 

For n==8, there is only one set of intervals, 1, 2, 4. 

For n=4, there are two sets, 1, 2, 6, 4, and 1, 3, 2, 7. But these are 
equivalent, since multiplying the second set by 2 reproduces the first. 

For n=5, there is only one set, 1, 5, 2, 10, 3. 

For n=6, there are five sets, 1, 3, 2, 7, 8, 10; 1, 3, 6, 2, 5, 14; 1, 2, 9, 
4, 6, 18; 1, 7, 8, 2, 4, 14; and 1, 2, 7, 4, 12, 5. But these are equivalent, 
since, if we multiply the solutions corresponding to the first four by 4, 12, 
28, and 28, respectively, and add 10, 14, 3, and 38, respectively, we get the 
last one. 

For n=7, there is no solution. 

For n=8, there are six sets of intervals, all of them equivalent to 1, 
2, 10, 19, 4, 7, 9, 5. | 

The original problem, then, has no solution for n=7, a unique solution 
for other values of n up to 8. 


n | Solution 7 

3 ! Q, 1, 3. 

4 | 0, 1, 3, 9. 

5 | 0, 1, 6, 8, 18. 

6 | 0,1, 3, 10, 14, 26. 

8 | 0, 1, 8, 18, 82, 36, 43, 52. 


AVERAGE AND PROBABILITY. 


179. Proposed by HENRY HEATON, Bellfield, N. D. 


Through every point of the circumference of a given circle, chords are 
drawn in every possible direction. What is their average length? 


No solution has been received. 


180. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


There are m numbers in a box numbered from 1 ton. A number is 
drawn and replaced n times. Show that on the average the number of re- 


n 


aoe. [Na 
peats 1s a Nn. 


No solution has been received. 
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181. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


At a sea-side excursion for « men there are boats enough for q men, 
and carriages enough for z. But » do not care for driving, and q would feel 
indifferently comfortable on the water, while the rest do not care either way. 
Each man has what he prefers as long as a seat is left for him in carriages 
or boats, and those-who do not care either way choose atrandom. Find the 
chance that all will be satisfied. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


a<ztq, p<q. Let c=required chance. 2x—p—q choose at random. 

After the y+q persons are satisfied there are still left q—p boats and 
z—q carriages or z—p conveyances left for the random choosers to select 
from. x«—p—q things can be selected from x things in 


N=————"!____ ways. 
(c—p—q)! (p+q)! 


x—p—q things can be selected from z—» things in 


(2—p)! 
"(= p—@! (et q—a)t VO" 
____(%—p)! (pra)! 
Then ¢=7= (z-+q—x)! ° 


182. Proposed by L. MORDELL, Philadelphia, Pa. 


Out of n straight lines whose lengths are 1, 2, 3, 4, ..., m inches, re- 
spectively, the number of ways in which 4 may be chosen which will form a 
yaa in which a.circle may be inscribed is 23[2n(n—2) (2n—5) —3 


Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


Taking the first four numbers we get one possible case; taking five, 3; 
taking six, 7 cases; ete. Thus we have the series 1, 3, 7, 18, 22, 34, 50, 70, 
95, 125, ..., of which we have to find the general term. If nisaneven num- 
ber, we have the series 1, 7, 22, 50, 95, ..., of which we finda,—1, 4a)=6, 
A*®a,=9, A*ayg=4, Atayp=A*ay...=0. The number of terms is 4n—1. 

.Yn=aen (2n? —9n+10) =sen(n—2) (2n—5). 

If m is an odd number, we have the series 3, 18, 34, 70, 125, ..., of 
which a)>=38, Ad o=10, A*’a,=11, A*a,=—4. Thus, the number of terms 


being mee, we find j:n(2n? —9n-+10) —sy==sen (n—2) (2n—5) —3¥. 
Both formulae may be condensed into y,=7[2n(n—2) (2n—5) --8+8(—1)"]. 


Also solved by G. B. M. Zerr. 
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PROBLEMS FOR SOLUTION. 


—— 


ALGEBRA. 


284. Proposed by DR. E. H. MOORE, The University of Chicago, Chicago, Til. 
Discuss the system of equations: 
k 


— 
— 


g+y'=a (k, | distinct positive integers) 
in general and for particular values of (k, l; ax, a). 
285. Proposed by DR. E. H. MOORE, The University of Chicago, Chicago, Il. 
Discuss the system of equations: 
a* t+ y*+2'=ae 
gty+tez'=a,  (k, l, m distinct positive integers) 
em +” +2" =Om 
in general and for particular values of (k, 1, m; ax, 2, mn). 
286. Proposed by DR. E. H. MOORE, The University of Chicago, Chicago, Il. 
Discuss the system.of n equations in 71, Xo, ..., Un! 
aye tay tte. tana, 
yet agtet... + an! =Ae 


ay tat. tan dn 
where the ki, ..., kn are distinct positive integers, and the a1, ..., Qn are 
MN Ziven numbers. 


ed 


GEOMETRY. 


317. Proposed by J. STEWART GIBSON, Department of Physics, Wadleigh High School, New York City. 


Find the locus of the vertices of the parabolas described by particles 
thrown off a uniformly revolving circumference. 


318. Proposed by G. W. GREENWOOD, M. A., Roanoke College, Salem, Va. 
Is it possible by a straight edge and sect carrier, 2. €., without the use 
of a circle, to construct a mean proportional to two given sects? 


—— 


CALCULUS. 


240. Proposed by L. MORDELL, Philadelphia, Pa. 


Show that the osculating eonic of the catenary y=c cosh~—at the point 


cy 10 
2 


241. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


Differentiate y=1+——— 
1+ 


for which y= is a parabola. 


x 


14+—"— 
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MECHANICS. 


203. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


_A train weighing 7T(=80) tons runs first eastward and then westward 
in latitude *(=40°) at a velocity v(=45) miles an hour. Find the difference 
between the pressures on the ground in the two cases. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


146. Proposed by PROFESSOR JOSE DE J. CORONADO, Halapa, Vericruz, Mexico. 


' Find two numbers whose difference is equal to the difference of their 
cubes. 


AVERAGE AND PROBABILITY. 


189. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


(a) Lines are drawn from the vertices of a triangle through a random 
point within it. Find the average area of the triangle formed by joining 
the points of intersection of these lines with the opposite sides. (b) Lines 
are drawn from the vertices to points taken at random in the opposite sides 
of a triangle. Find the average area of the triangle formed by the intersec- 
tions of these lines. 


NOTES AND NEWS. 


Mr. 8S. A. Corey was elected a member of the American Mathematical 
Society April 27, and was also recently elected a member of the Circolo 
Matematico di Palermo. 


Cardinal Maffi, raised to the purple lately, is a mathematician of con- 
siderable note; he started the ‘‘Rivista di scienze fisiche e matematiche’’ 
and took an active part in the founding of the Italian Catholic Society for 
Scientific Studies, and in 1908 was made president. J. H. M. 


The University of Pennsylvania offers the following advanced courses 
in mathematics at the summer session, July 8 to August 17, 1907, each 
course consisting of thirty lectures: Higher Analytic Geometry, by Prof. 
E. S. Crawley; Definite Integrals, by Prof. I. J. Schwatt; Theory of Func- 
tions of a Complex Variable, by Prof. G. H. Hallett; Differential Equations, 
by Dr. F. H. Safford. 
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The following courses are to be offered in Collegiate Mathematics at 
the Summer Session of the University of Illinois: By Dr. Sisam: Modern 
Geometry, Plane Analytical Geometry. By Dr. Dodd: Functions of Real 
Variables, Plane Trigonometry. By Mr. Ponzer: Integral Calculus, Teach- 
ers’ Course in Pedagogy of Secondary Mathematics. By Mr. Emmons: 
Theory of Equations, College Algebra. All courses are given daily and are 
equivalent to corresponding courses offered during the regular college year. 


The following advanced courses in Mathematics will be offered at the 
University of Pennsylvania during the year 1907-08: By Professor E. S. 
Crawley: Solid Analytic Geometry, two hours; Higher Plane Curves, three 
hours. By Professor G. E. Fisher: Theory of Functions of a Complex Vari- 
abte, first half year, three hours; Elliptic Functions, second half year, three 
hours. By Professor I. J. Schwatt: Definite Integrals, three hours. By 
Professor G. H. Hallett: Lie’s Theory of Continuous Groups, first half year, 
three hours; Galois’ Theory of Algebraic Equations, second half year, three 
hours. By Dr. F. H. Safford: Curvilinear Co-ordinates, three hours. By 
Dr. O. E. Glenn, Higher Algebraic Equations, two hours. 


The following courses in mathematics are to be offered at the Univer- 
sity of Wisconsin during the summer session, 1907: By Professor Van 
Vleck: Solid Geometry, admission credit; Geometry, a general survey of the 
progress of geometry, two hours’ credit; Theory of Point Sets, two hours’ 
credit. By Professor Dowling: Introduction to Higher Plane Curves, one 
hour’s credit; Differential and Integral Calculus, two hours’ credit; Plane 
Trigonometry, two hours’ credit. By Professor Skinner: Elementary Alge- 
bra, admission credit or two hours’ credit. By Assistant Professor Mason: 
Analytic Geometry, two hours’ credit; Application to Mechanics, one hour’s 
credit; Number Concept and Geometric Construction, one hour’s credit. 


The followlng courses in mathematics are to be offered at the University 
of Michigan during the summer session, 1907: By Professor Beman: Differ- 
ential Equations, two hours’ credit; Geometry and Algebra, a course for teach- 
ers, two hours’ credit. By Professor Markley: Theory of Functions of a 
Complex Variable, two hours’ credit; Projective Geometry, two hours’ credit; 
College Algebra, two hours’ credit. By Assistant Professor Glover: Ele- 
mentary Algebra, admission credit; Theory of Annuities and Insurance, two 
hours’ credit. By Dr. Running: Analytic Mechanics, two hours’ credit; 
Trigonometry, two hours’ credit.- By Dr. Field: Differential Calculus, two 
hours’ credit; Integral Calculus, two hours credit. By Mr. Escott: Plane: 
Geometry, admission credit; Analytic Geometry, four hours’ credit. 
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BOOKS AND PERIODICALS. 


Klements of the Infinitesimal Calculus. By G. H. Chandler, M. A., 
Professor of Applied Mathematics, McGill University, Montreal. Third 
Edition, rewritten. 12mo Cloth, vi+319 pages, 146 figures. Price, $2.00. 
New York: John Wiley & Sons. 


This work is intended as an introductory manual of the Calculus for beginners gener- 
ally and students of engineering particularly. The author recognizes the Theory of Limits 
as the logical foundation of the Calculus, but in his book he aims to accustom the reader 
to the principles and processes which are used in practical operations. The arrange- 
ment of topics is somewhat cut of the usual order. Thus the differentials of Hyperbolic 
Functions are discussed immediately after the differentials of the ordinary functions. 
Also integration is taken up early, page 98. Some subjects mot usually treated in element- 
ary texts find a brief treatment in this work. Thus the Intrinsic Equations of Curves, 
Fourier Series, and Differential Equations are treated, Fourier Series occupying pages 
228-238 and Differential Equations 259-286. Elliptic Integrals are also briefly discussed. 
Many of the problems are related to practical application and there are many illustrating 
the various subjects under discussion. At the end of the book there are the following 
tables: (1) Powers, Neaperian Logarithms, ete. (2) Circular Functions; Hyperbolic 
Functions; Lambda Functions: Gamma Functions; First Ellliptic Integrals; and Second 
Elliptic Integrals. B, F. F. 


Higher Mathematics for Students of Chemistry and Physics, with 
Special Reference to Practical Work. By J. W. Mellor, D. Se. Second Edi- 
tion, enlarged. 8vo Cloth, xxi+631 pages. Price, $4.50 net. New York: 


Longmans, Green, & Co. 

The author has rendered a good service to the students of chemistry and physics by 
preparing for their use this excellent work. In the establishment of principles and rules, 
the author has kept constantly in mind the class of students for which he was preparing 
his book, and thereby he has avoided the extreme logical rigor and and subtle formalities 
on the‘one hand, while at the same time no loose and illogicel reasoning is permitted, on 
the other. 

The student will in the study of this work get a good grounding in the Differential 
and Integral Calculus, Infinite Series, Differential Equations, Theory of Error, Calculus of 
Variations, etc. While some of the problems belong to the domain of pure mathematics 
and are to be found in many text-books, yet the greater number are based upon measure- 
ments, etc, recorded in current scientific journals. 

The style of type, printing, and binding are excellent, and the work is one that will 
commend,itself favorably to all classes of mathematical students, B. F. F. 


The Electron Theory. A Popular Introduction to the New Theory of 
Electricity and Magnetism. By E. E. Fournier D’Albe, B. Se. (London), 
A. R. C. Se., Compiler of ‘‘Contemporary Electrical Science’’ with a Preface, 
by G. Johnstone Stoney, M. A., Se. D., F.R.S. 8vo Cloth. xxiii+311 pages. 
Price $1.50 net. New York: Longmans, Green, & Co. 


In this work is set forth in popular language the latest theory regarding the nature 
of matter. All students of science unacquainted with the most recent advances in Electricity 
and Magnetism, will want this book. B. F. F. 
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Wellcome’s Photographic Exposure Record and Diary. Price, 50 
cents. London and New York: Burroughs, Wellcome, & Co. 

This little book gives a clear explanation of the underlying principles of exposure and 
puts them into practice by means of a very simple mechanical calculator which indicates 
the correct exposure. The book is a compact compendium of photographic information. 
In addition it provides a pocket note-book, a diary and ruled pages for recording exposures. 
This little book will be of great service to the amateur photographer. B. F. F. 


New Elementary Arithmetic. By George Wentworth, Author of 
Text-Books in Mathematics. 8vo Cloth, 232 pages. Boston and Chicago: 
Ginn & Co. 

This book is designed to be taken up not later than the last half of the second school 
year. The work, in addition to well selected material for the pupils, contains also some 
good suggestions for the teacher. B. F. F. 


Theoretical Mechanics. By J. H. Jeans, Fellow of Trinity College, 
Cambridge (England), and Professor of Applied Mathematics in Princeton 
University. 8vo Cloth, 364 pages. Illustrated. List price, $2.50; mailing 
price, $2.65. Boston and Chicago: Ginn & Co. 

This book is intended to supply a oneyear’s course forstudents beginning the study of 
mechanics. It treats of the general principles of dynamics, the laws of motion, statics, 
and dynamics of a particle of a rigid body. The treatment of the subject is lucid and each 
principle is illustrated by a series of practical examples. Numerous well selected exercises 
and problems are inserted for solution by the student. B. F. F. 


Plane Geometry. By Edward Rutledge Robbins, A. B., Senior Math- 
ematical Master, The William Penn Charter School. S8vo, Cloth sides, 
Leather back, 254 pages. New York, Cincinnati, and Chicago: American 
Book Co. 

Among the reasons given by the author in preparing this work are: To present a 
book that has been written for the pupil; to stimulate his mental activity; to present a 
text that will be clear, consistent, teachable, and sound; and to explain rather than 
formally demonstrate the simple fundamental truths. The diagrams are good, the typo- 
graphical and mechanical execution of the book is splendid, and the book is well written. 
A large number of original exercises ig inserted. B. F. F. 


Physics. By Charles Riborg Mann, the University of Chicago, and 
George Ransom Twiss, the Central High School, Cleveland. 8vo Cloth, 458 
pages. Chicago: Scott, Forsman, & Co. 


This book is so written and the subject matter presented in such a way that the 
attention of the pupil is held to the subject under discussion., The illustrations are new, 
being, for the most part, pictures of real objects. The most recent discoveries in Physics 
are here clearly described and the underlying principles fully explained. This work will go 
far towards stimulating a greater interest in the study and teaching of Physics. B. F. F. 
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ON DIVIDING AN ANGLE INTO PARTS HAVING THE RATIOS OF 
ANY GIVEN STRAIGHT LINES.* 


By REV. R. D. CARMICHAEL, Presbyterian College, Anniston, Alabama. 


‘The solution of this problem will be here effected by aid of the locus 
of the polar equation p sin?=m 9% In a similar manner it may be carried 
out by means of the locus of ¢ cos 9=m 9% We shall take the special case 
m= 1 of the first equation, thus giving p sin =9, 

_It is desirable to have a method of constructing the curve by continu- 
ous motion. We proceed in the following manner: Construct a material 
circle with center O and radius unity, as in the figure, and let it be fixed to 
the plane of the paper. Let O be the origin and OX 
the polar axis. Let P be any point on the curve, and 
let OPT be a straight bar pivoted to the paper at O 
and free to move without carrying the circle with it. 
Draw PR perpendicular to OX; now we have OP, 
ZPOR=6,and PR=p sin9. Then from the equation 
of the curve, PR=9 That is, PR is numerically 
equal in length to the are LCS. Now fasten one end 
of a cord at some point Q in the circumference of the 
circle and pass it any convenient number of times 
around the circle in the direction QLS. On the last 
round let the free end of the cord pass through a 
small ring fastened to'OT at L. Then let it pass 
around a roller at 7 and back through another small 
ring at P, with its free end taking the direction PR perpendicular to OX at 
R, the extremity of the cord being at R. Take now another chord of length 
LT+PT, with its ends attached to the rings at Z and P, the cord also pass- 
ing around the roller at T. As the line OT moves, let the roller at 7 so slide 
as to keep the last chord tightly stretched. (This may be accomplished by 
having T attached to a spring.) The purpose of this chord is to make the 
distance L7+ PT remain canstant as OT moves. Ifa pencilisalso fastened 


*Presented to the American Mathematical Society, February 23, 1907. 
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to the ring at P and passed through a slit in OT, it will furnish a means of 
marking on the paper the path of P. If OT moves toward OY so that L 
comes to any point as m, a portion of the first cord equal to the are LM will 
be set free. Now if P, R, and T should also move so that they remain in 
the positions defined above, the pencil at P will trace on the paper an arc of 
the locus, as may be very easily proven. PR and OX may be kept at right 
angles by means of a sliding right triangle with one leg in RX and the other 
in RP. The proper relative positions of L, P, and T are easily found when 
OT coincides in direction with OX. Hence the method given is a complete 
solution of the problem of the construction of the curve by continuous 
motion. 

We shall now apply this locus to the problem of dividing an angle into 
parts having the ratios of any given straight lines. Let the given angle 
take the position POS in the figure. If the line PR is divided in the given 
ratio (as it is always easy to do) and through the points of section lines are 
drawn parallel to OX intersecting the are PNS in the points A, N, ete.; then 
if the lines OA, OM, etc., are drawn, they will divide the angle POS into 
the required parts. 

Proor. Let B be one of the points of section on PR as defined above. 
Draw BN parallel to OX. Draw ON. It is evidently sufficient to our 
demonstration to prove that 


LPON: ZNOS :: PB: BR; 


for then we can evidently cut off from one side of the angle one of the pro- 
portional parts; from a side of this another; and so on. This clearly gives 
the same points A, N, ete., as above. A perpendicular let fall from N on 
OX is equal to BR. Hence from the method of constructing the locus, we 
know that : 


the line BR is numerically equal to the are CS. 
Also, the line PR is numerically equal to the are LS. 


Hence, are LS: are CS :: PR: BR. 
Then, by division of ratios, 


arc LC: are CS :: PB: BR. 
Hence, ‘PON: ZNOS :: PB: BR. 


Therefore, the problem is completely solved by means of the locus of 
esin 6=2, 

REMARK. A special case of this is the problem of dividing an angle 
into n equal parts. It will be noticed that in the present case it is not neces- 
sary to construct different curves for different values of m, but that one 
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curve gives the solution for every case. Attention is also called to the fact 
that by this method an angle may be divided in any ratio or ratios in which 
a straight line may be divided. It is therefore as easily separated into parts 
having an incommensurable ratio as into any other, provided that that 
incommensurable ratio can be expressed by means of straight lines. 


NOTE ON THE VOLUME OF A TETRAHEDRON IN TERMS OF THE 
COORDINATES OF THE VERTICES. 


By DR. L. E. DICKSON. 


1. Quite a variety of propositions of solid analytic geometry are need- 
ed for the usual derivation of the volume of a tetrahedron (cf. C. Smith, p. 
24). If, as in the present note, we give an elementary proof making use 
merely of the concept of coordinates, we are in a position to apply the result 
to derive* easily several of the initial propositions in solid analytics, e. g., 
that the equation of any plane is of the first degree, and conversely. 

The plan of the proof (§3) is entirely obvious. The only novelty lies 
in a certain device which yields the result without computation. This device 
will first be illustrated in deriving the area of a triangle (§-2). 

2. Let the vertices of a triangle A taken in counter-clockwise order 
be (#1, Yi), (2, Ye), (%3, y3). Then A can be expressed in terms of three 
right trapezoids with parallel sides y: The area of a right-trapezoid with 
parallel sides y; and y2, and base b, is 4b(y, +y:.), being half of the rectangle 
of height y;-+y, and base 6. Hence 


2A =(%1—%2) (Yi FY2) + (G2—%3) (Ys FYs) + (Ws — #1) (Ys yi). 
The device consists in setting s=y,-+y2+y,. Then 
2A = (21 — Hy) (S—ys) + (%2—H5) (s—y,) + (3 — 21) (S— Ya). 
Since each x occurs once positively and once negatively, the terms in s evi- 


dently cancel. The remaining terms give the expansion, according .to the 
second column, of 


la, y. 1 
| 2%, Yo 1j. 
“U3 Ys 1 | 


*For plane analytics, this plan is followed in the chapter on graphic algebra in the writer’s College Algebra 
(John Wiley and Sons). 


118 


3. Consider any tetrahedron 7=—P,P.P;P,, the notation for the ver- 
tices being chosen so that P, is above the plane of P:, P;, P,, while the lat- 
ter lie in counter-clockwise order when viewed from P;. Denote P; by 
(xi, Yi, 2); Its projection on the x, y-plane is Qi=(a%, yi, 0). Now T can be 
expressed in terms of four truncated right triangular prisms PiP;P:Q:Q;Q;, 
1, 3, k denoting three of the four numbers 1, 2, 3, 4. The area of Q:Q;Q: is 
given by a determinant (§2). Applying the formula (§4) for the volume 
of a truncated right prism, we get 


6T=D, (2, Tee +2.) + Ds, (24 +2» +24) +Dy, (2, +Zq +24) —D, (Zs +2 +24), 
where 


ve Yo 1 v1 Yi 1 v1 Yi 1 v1 Yi 1 
D,=|%3 ys 1|, Do= | 43 yg 1), Dg=| %, Ys 1), Da= | 2 yz 1 
Vs Ya Ua Ya 2 Yeo v3 Ys 1 


The device consists in setting s=z,+z.+z3;+2,. Then 
6T=D, (s—z,) +D3(s—z3) + Dy (s—z22) —D, (s—2,). 


Here the terms free of s equal the expansion, according to the third column, 
of 
| C1 Yr & i | 
— 1%. Yo &2 
Ds | Xs Ys 23 1 
Le Ys 24 1 | 


The terms multiplying s are derived from the others by replacing each z by 
—1 and hence equal the expansion of a determinant derived from —D by 
_ replacing each z by 1. But a determinant with two columns alike vanishes 
identically. Hence T=3D. 

4. The volume of a truncated right prism P, whose base is a triangle 
A, and lateral edges are a, b, c, is 4(a+6+c) 4. This may be proved as in 
the geometries, or very simply as follows. Letasbsc. Let the edgec be 
DE, d the side of triangle opposite D, h the perpendicular from D to d, so 
that A=shd. The plane through EF parallel to A divides P into a right 
prism of volume cA and a pyramid with summit F, altitude h, and base a 
trapezoid with parallel sides a—c, b—c, and common perpendicular d. The 
area of the trapezoid is 4d(a+b—2c); the volume of the pyramid is therefore 
4A (a+b—2c). Adding cA to the latter, we get P=44 (at+b-+c). | 

To give another proof, extend b (upwards) the length a—b. Thus to 
P we add a triangular pyramid with summit HL, and base a right triangle of 
lege a—b and d, and hence of volume $d(a—b).4h=44 (a—b). Next, 
extend c the length a—c. We thus add on a pyramid of summit EF, and base 
equal to A, and hence of volume 44 (a—c). By these additions, P becomes 
a right prism of volume Aa. Hence 


P+4A [a—b] +44 [a—c]=Aa, P=4A [a+b-e]. 
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AN EXAMPLE OF THE INDICATRIX IN THE CALCULUS 
OF VARIATIONS. 


By ARNOLD DRESDEN, The University of Chicago. 


81. INTRODUCTION. 
Suppose there is given a definite integral 


to 
T=f "F(x, y, #, yd, (1) 


in which x and y are functions of some parameter t, « andy’ are the deriva- 
tives of these functions with respect to ¢. Let the function F' be continuous 
and have continuous derivatives of the first, second and third order in a do- 
main 7 of the variables x, y, a’, y’, defined by (x, y) in a region R of the xy- 
plane, « and y’ finite and restricted by the condition 


ev? +y'* 0. (2) 


The definite integral (1) may now be taken along an infinitude of curves 
between P, [w(t,), y(t,)] and P. [w(t.), y(t.) ] in the domain T. 

The simplest problem of the Calculus of Variations is to determine 
among the totality of all these curves, restricted by certain conditions, the 
one for which I is a maximum, or a minimum*. We shall use the word 
extremum to denote either maximum or minimum. 

Let now 


w=$(t), y=t(t), t,2tZte, (3) 


be the equations in parameter-representationt of a curve which minimizes 
(1). If we restrict ourselves to functions ¢ and ¢, which have continuous 
first derivatives, the conditions that (8) furnishes a weaki minimum for (1) 
ares 

1. The functions $(t) and “(t) must satisfy Euler’s differential equa- 
tion, in the Weverstrass-form, 1. e€., 


Fey Fey + Fy (¢"¢ — $0" | =0. (I) 
The function F’, is defined by 


Py ¢' (wy @, Y) — Py y (x, y, «x, Y) — Fy y (x, Y; x, y) (4) 
y’ vy a“ 


B, (x, Y; xv, y)= 


“For an exact formulation of the problem see O. Bolza, Lectures on the Calculus of Variations, §3. 
+See C. Jordan, Cours d’Analyse, Vol. I, 2nd ed., pp. 90-108. 

*See O. Bolza, loc. cit., pp. 69-71. 

SIbid., Chapter IV. 
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The stroke over the function-symbols is used to denote that the argu- 
ments are to be taken as follows: 


a=o(t), y=v(), v=4'(t), y=). 


Any curve, satisfying (I), will be called an extremal.” 
II. Legendre’s condition must be fulfilled, 1. €., 


Ill. Jacobi’s condition must be satisfied, 2. €., 
ts Sty. 


t,’ denotes here the parameter-value of the conjugate-pointt of P(t,). 

If the minimum shall be strongt, a fourth condition needs to be 
satisfied: 

IV. E(a, y; a y'; ; 2, y) 20, for every point along (3) and for any pair 
of finite values of x’, y’ different from #’, y’, and restricted by the condition: 


e > +y? £0. 
The function HF is defined by: 


Ela, ya’, Yj, 7) =e Fe (a, y, 2, y')— Fe (@@, y @, W)I+ 
ty [Fy (2, y,@,y)—-Fy @ yw, y)I). 


A stronger form of (IV) is 
(IV’) F, (a, y, cosy, siny) 20 along (8), and for 0 $7 £27. 


A curve, satisfying condition (IV’), shall be called a hyperstrong mnimumn. 

The conditions for a weak, strong, or hyperstrong maximum are 
obtained out of (I), (II), (III), (IV), and (IV’) by replacing the inequality 
signs by the opposite ones. 

The conditions, as stated above, with the inclusion of equality signs, 
are the conditions for improper extrema.§ 

By omitting the equality signs from (IJ), (III), (IV), and (IV’), we 
obtain the conditions for proper extrema.§ 

If we free ourselves of the restriction, that the functions ¢’(¢) and 
y(t) should be continuous, and admit curves with corners (so called discon- 


*See O. Bolza, loc. cit., p. 27, p. 123. 
+See O. Bolza, loc. cit., p. 60, p. 135. 
+See O. Bolza, loc. cit., p. 69, p. 71. 
§See O. Bolza, loc. cit., p. 11. 
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tinuous solutions*) as solutions of our problems, still another condition must 
be satisfied: , 
(V) Weierstrass’ corner-condition.t At every corner we must have: 


Fi, (a, y, &, Y)=F i (a, y, ©, ¥’) 
, tA , tA ’ (V) 
Fy (a, y, «, Y)=Fy (a, y, %, ¥’) 


where x, y, and “’, ¥’ denote the forward and backward derivatives of 
#(t) and ¢’(t) at the corner. 

2. Carathéodoryt has given a method by means of which we can de- 
cide whether or not the conditions (II), (IV), (IV’), and (V) are satisfied 
by a given extremal. 

For every point of the region R, in which the function F,, and its de- 
rivatives of first, second, and third order are determined, he defines a curve, 
called the Indicatrix, by means of its equation in polar coordinates: 


_ 1 
— F(x, y, cos %, sin ¢)’ 


(5) 


fp 


the origin of coordinates being a point G. We make the usual convention 
of Analytic Geometry, that, if e<0, for ’=?,, the absolute value of ¢ shall 
be laid off on the half-line 0=@, +7. 

He proves then the following theorems:§ 

A. If F(a, y, cos%, sin’) is of constant sign for 0 < ? < 27, the indica- 
trix is a closed curve around the origin G. 

Proof for A. The theorem follows at once from the definition of the 
Indicatrix and the usual conventions concerning polar coordinates. 

B. If F(x, y, cos%, sin?) <0, and the indicatrix has positive curv- 
ature at §=0,, 


P, (x, Y, COS Io, sin 9, ) z 0. 


If F(x, y, cos%, sin’,) 20, and the indicatrix has negative curva- 
ture at =@), 


F(x, y, cos %, sin%) SO. 
Proof for B. Referring the Indicatrix to rectangular coordinates: 


i 


F==p cos 8, y=psin 4, 
we find 


*See O. Bolza, loc. cit., p. 36. 

tIbid., p. 38, p. 126. 

£C. Caratheodory, Ueber die discontinuierlichen Loesungen in der Variationsrechnung, Gottingen, 1904, p. 
69; Mathematische Annalen, Vol. 62, p. 456. 

§Mathematische Annalen, Vol. 62, pp. 457, 460, 461, 465. 
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cos 9. : _ sn@ > (6) 
F(a, y, cos 9, sin ?)’ 


Se 
> ——_——+ 
Ny 


F(x, y, cos9, sin)’ 
From this, making use of the formulae: 
F(a, y, cos 9, sin?)=F, cos 9+F, sin 9, 
FE” (a, y, cos 9, sin’) =— Fy, sin?+ F, cos @,* 


and the definition of the #’,-function, we obtain: 


te f I y’ / L a0 
nn an (7) 
and | 
2 2" Fy —FF,cos? 2F Fy +FF sin? 
ns 7 rn a mC 


where ‘ indicates differentiation with respect to 9. Consequently: 


a = ne ae al A 
d2e'y"— 24’ OF, 
a ae 


from which the theorem follows at once. 
C. If F(x, y, cos %, sin?,) 20, and G and @ lie on the same side of 
the tangent to the indicatrix at Q(/,), 


E(x, y; cos 4, sin%); cos%, sin’,) z 0. 


If F(x, y, cos%, sin%,) 20, and G and @(4,) lie on opposite sides of 
the tangent to the indicatrix at Q(4,), 


E(a, y; cos %, sin @,; cos’), sin?) SO 


(see Fig. 1). 
Proof for C. (See Fig. 1.) From equations (6) and (7) follows 


Fy, X+F, Y~=1, (8) 


as the equation for the tangent at a point ?==/, to the Indicatrix for the point 
(%», Yo), when X and Y are running coordinates, and the arguments of I,’ 
and F’, are Xo, Yo. COS9,, Sin 4%. 7 

For the perpendicular from a point Q(/) of the Indicatrix on the tan- 
gent at a point Q(?), we find: 


“See Bolza, loc. cit., p. 120. 
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~qp__— E (Xo, Yo; cos 9, sin 9; cog%, sin?) 
F(@o, Yo, c089, sin?) 1/(F? 2 +F?,y )' 


while for the perpendicular from the origin Gon the same tangent, we obtain 


— 


GMe <0. 


_ 1 

Vy (F? FY, 
From the usual convention concerning the sign of a perpendicular, we 

obtain then: 


QM<0, if Q and G are on the same side of QM, 
QM>0, if @ and G are on opposite sides of QM, 


from which the theorem is at once evident. 

D. If the indicatrix for a point (%), y,) admits a double-tangent, 
touching the curve at the points A(¢) and A’(@’), the point (a), y.) is the 
corner of a possible discontinuous solution, the direction of the branches 
being @ and @. 

Proof for D. From the equation for the tangent to the Indicatrix, 
(8), and from No. (V) of the general theorems (p. 121), we conclude that 
if the corner-condition is satisfied at a point (x,, y,) for two directions « and 
«’, the tangents at the points A(¢) and A(¢) to the Indicatrix for the point 
(ao, Yo) must be coincident, From this, the theorem follows immediately. 

After these remarks, we can now go 
over to the subject proper of this paper, the 
treatment of a simple problem of the Calculus 
of Variations, making use of the Indicatrix. 
The problem treated was given by Carathea- 
dory himself. * 

3. It is required to minimize the definite 
integral: 


Fig. 1. 
I= f " poe (y? +1) ~2eyw'y' +y" (a? +I _ Vv ee) dt. 
ty 


vo? +y?t+-1 
We have then: 


» ny Ww [a’? (y? +1) —2aye'y' ty? (@? +1] Va? +y"?) 
F(a, y, x, y)= oe? +y?+1 | A ’ 


and find 


ee —t 
E+ @y'-a’y) Po * 


*C, Caratheodory, Ueber die disc. Loesungen, etc., p. 388. 


Pyy = wy’ Lf 
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(a) Euler’s differential equation becomes 
(z'y” —a’y') F=0. 


The general integral of this is x=my+n, which represents the straight lines 
of the plane. We obtain also a singular solution from F’, =0, 


14+ (ey'’—2x'y)?=4%, xy’ +a’y=(4%—-1)*. 


We choose now the are length s, as our functional parameter, and 
make the following transformation of coordinates (see Fig. 2): 


x—=rcos?, «=cos? 
y=rsin¢g, y=siné . (9) 


=) — Pp 
The singular integral becomes then 
ry sins'i=(4"%—1)? , 


also representing a straight line. 

The solutions of Euler’s differential equation called extremals prove to 
be the straight lines of the plane. 

In the sequel, we denote by a, the con- 
stant p (4%—1). 

Applying the transformations (9) to the 
functions F(a, y, x’, y'), and F’, (a, y, x, y), 
we get 


_v [ltr’sin?¢] 


KF re +1 4s 
(10) 
 flt+er%sin?d 2 ™ 


Fig. 2. 
(b) For Legendre’s condition, we have to consider the sign of F,. 
We find from (10 a): 


F,>0, if rsin’<a, F,<0, if rsin’>a. 


It follows, that the straight lines, which intersect the circle of radius a (de- 
noted by Ci, see Fig. 3,,are minima, and those lying outside C, are maxima. 

(c) The extremals being straight lines, it follows from the geometrical 
interpretation of the conjugate point,* that Jacobi’s condition is fulfilled by 
every straight line of the plane. . 


*See Bolza, loc. cit., pp. 60-63, p. 187. 
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We have then the following result: 

I. Every straight line in the 
plane intersecting Cy furnishes at least 
a weak minimum. 

Every straight line in the plane, 
lying outside Cu, furnishes at least a 
weak maximum. 

The straight lines which are 
tangent to C, form a limiting case 
which will be considered later. 

(d) We find: 


E(a, y; cos 9, sin 9; cos %, sin ?)= 


_ 1+r’sin’? _ cos(¢—-¢) +r?sin.¢ sin.¢ , cos(¢—¢) —1 
VY (1-+r?sin?y] (?+1) Vv [1+r’sin’?¢] (r* +1) 4 


where (7) is applied and ¢—0—4¢, 

For the further investigation, we have to discuss the sign of this 
function, which is a very cumbersome problem. At this point, we introduce 
the Indicatrix for this problem, by means of which the remaining questions 
can be more readily answered. 

4, The Indicatrix is determined by the equation: 


1 1 


ey, (i+r'sin?s’) _ _ F(v, ¢) 
re +i # 


(11) 


r= («?+y’) functions here as a parameter, which takes all real positive 
values, thus furnishing a curve for every point of the plane. 

For the character of the Indicatrix it is of importance to know the 
sign of F(r, “) and F, (7, “) for all values of ¢ between 0 and 27.* Since 


OF - 
Far 0, for OS ¢ S $7, we have: 


_ 1 
F min. =F (r, 0) YI pee 
F =F (7 477) a —1 
max. ’ \/ (1+r?) 4° 


We conclude: 


*See page 121, Theorems 4A and B. 
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EF constantly posttive, if Fmin. >0, 2. e., if mat or r<yp/3. 


ee , ; 1 . L 
EF constantly negative, if F max.<0, 2. e., if 7 tr) <4 or 7<7/ 15. 


EF varying, if Fmin. <0, Fmax.>0, v. @, if V8<—r<y 15.* 
We have previously found, that: 


F,>0, if rsin¢’<a. 
F,<0, if rsin¢>a. 


These results show, that the character of the Indicatrix will be essen- 
tially different for points 
lying in one of the four 
regions, into which the plane 
is divided by the three cir- 
eles of radius a, 7/3, and 
1/15, respectively (see Fig. 
A, eireles Ca, C;, and C;3). 

The problem is now 
reduced to the discussion of 
the properties of the Indica- 
trix in each of the four cases: 


I. 0<r<a. 

Il. a<r<y8. 
Hl. y3s<r<yp 1b. 
IV. V15<7, 


after which the limiting 
cases r=a, V3, and 1/15, 
respectively, still have to be considered. Fig. 4. 


( To be continued. ) 


*r=)V3 and r=V/15 are two limiting cases, which will be considered later. 
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182. Proposed by O. L. CALLICOTT, Gettysburg, S. Dak. 


Find the value of 7/2 27/2 #4y/2 °7/2...10)/2. 


I. Solution by W. D. LAMBERT, Washington, D. C. 
Let 4P be the required product. 
Then log, P=log,,.2(1+4+4+h...ro00)- 
By the Euler-Bernoulli formula for reducing summation to integration, 


1 1 1 


11,1. 
1 tot = + Bot tog. e+ + 12024°"° 


3 Q¢ 12x” 
v is Kuler’s constant=0.57721, 56649... 


“logs »P=0.3010300 (0.57721566 +-6. 90775528 +0. 00050000 — 0.00000008... ) 
=2. 253351. 


. 3P=89.603, the required value. 


II. Solution by S. A. COREY, Hiteman, Iowa. 


If s is the value sought, 
logs=($+$+4-+... +2000) log2. (1) 


If log(1-+«) be developed by the formula given in Prize Problem 2387, 
Calculus, we get 


1, # fil 1 1 1 
log (L+2)=0+30 |; path: ab gett mare) 
+2 1 422 y ee 
Mm Mm Mm 
Be] 1 _y|-Beey at _g| 
$F | tp 1 alas aE 3!] + ete. (2) 


If, now, x is an integer and m be taken equal to x, we have, as & ap- 
proaches ©, 


lim _{,,’2 4 =- |B -% Bs |=-2: 
n= «9 ON E + 27 —_ 9 4 + 6 eee [| b; (3) 


whence if C' be Kuler’s constant, .577,215,664,901,5..., b=C—%. Substitut- 
ing in (2), transposing, adding io55 to each member, and reducing, we get, 
by making (1+) =1000, 


B B 
($+4+¢++... + 3500) —log1000—-1-+s¢55 + C— Eecrae Zi000* 


=6.485,470,860,55, or s =2°-485.470,860,55 — 89 602, 734.8... 


Also solved by G. B. M. Zerr, J. Scheffer, and A. H. Holmes. 
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GEOMETRY. 


312. Proposed by F. H. SAFFORD, Ph. D., The University of Pennsylvania, Philadelphia, Pa. 


A variable circle passes through a fixed point and is tangent to a given 
circle. If a diameter of the first circle passes through the fixed point find 
the locus of its other extremity. 


Solution by G. W. GREENWOOD, M. A. (Oxon), Roanoke College, Salem, Va. 


Since the circle of a radius vector of a central conic is always tangent 
to its auxiliary circle, the required locus is the conic having the given circle 
as auxiliary circle and the given point as one focus. 

Or, the following method: 

Call the center of the given circle 0; its radius, a; the given point, S; 
the point symmetrical to S with respect to 0, S’; the radius of the circle 
through S tangent to the given circle, 7; the other extremity of the diameter 
through S, P; the mid-point of SP (the center of the tangent circle), A. 
Suppose that S is without the circle. If the circles are tangent externally, 
we have 

PS'— PS=2(AO—AS) =2(AO-—r)=2a. 


If the circles are tangent internally, we get 
PS—PS' = 2a. 


Therefore, the locus of P is an hyperbola. 
Next, suppose that S is within the given circle. We get 


PS + PS=2 (AO+r)=2a. 


Therefore, the locus of P is an ellipse. 
In either case the conic has the points S and S’ as foci. 
The cases in which S coincides with the center of the given circle, or 
is on the given circle, may easily be dealt with independently. 
Also solved by G. B. M. Zerr, J. Scheffer, C. N. Schmall, and J. S. Brown. 


313. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Prove that an algebraic curve of odd degree which is symmetrical 
with respect to a center has the center on the curve. 


No solution has been received. 


314. Proposed by F. ANDEREGG, A. M., Professor of Mathematics, Oberlin College, Oberlin, Ohio. 
. Find the area of the triangle bounded by the lines l¢+m+ny=0; 
Vo+mi+n'7=0; ’e+m"s+n'"7=0, where « stands for % cos¢+-y sine—p, ete. 
[See Salmon’s Conic Sections, 6th ed., p. 180, Ex. 1. ] 
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Solution by the PROPOSER. 


The formula for the double area of the triangle whose sides are the 
lines Avx+ By +C=0, A’x-+B’y+C'=0, and A”’#+B’y+C”’=0, is 


A BC |? 
ABC 
A” B” C” 
4 Bl x4 A’ ’ RP’ A” B” | 
A” B" A B 


(V. Salmon’s Conic Sections, §39.) 
For 24, the double area of the triangle of reference, the lengths of 


whose sides are represented by a, 6, and c, the formula gives: 
cos@ sine p |? 
cos# sin’ p 

cosy siny pp” 


| cos @ sina 


| cosy sin7. 
cos # sin?’ 


cos @ sina 


| cosy sins 
2 


—=2A sinA sinB sinC= 2A abe 


8h > ’ 


eos’ sin’ 


cos @ sine p 
cosy siny p” 


where 2R=-—— =diameter of circle circumscribed about triangle of 


reference. For our problem the double area is 

lL cosa+m cos’+n cosy tsine+m sinf+n siny bl p+m porn 0” 
l’cos 4+m cos f-+n' cosy U'sin a+m’sini+n'siny l'ptm'p'+n'p" 
U'cos 2-+m''cos F+n"cosy l'sin«+m'sin &+n'siny U"p+m"p'-+n'"p 
| Leosa-+-m cos?+n cosy lsine+m sink+n sin7 | 

l'cose-+m’cos?+n'cosy l'sine--m’sin’+n’sinz | 


x | Ucose+... U'sine+... | y | ’eose+... Ul’ sine-+... | 
| cose+... U’gine+... |: | d ecosa+... UJ sine... | 


cos@ eos #® ecosy|? |l mn |? 
sine sinf sin7y| xX |l' m’ vn’ 
_ p pp’ Cm n 
1 \|@ b ¢ 1 |¢@ b ¢ 1 |¢ be | 
_ l Mm n x a l’ Mm y. x a L”’ my” yi” 
2R [ Mm n . QR [” om” ny QR l Mm nN 
L_mn |? 
Aabe |l'’ mn’ 
. i!" mm" n"" 
And the required result is 
abel| laobe | la bc 
hale lbes XU mn 
l'm' n im’ n"| |b mn 


Also solved by G. B. M. Zerr, and C. N. Schmall. 
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CALCULUS. 


_ 237. *Prize Problem. Proposed by S. A. COREY, Hiteman, Iowa. 


Find an expression for the remainder after terms in the following 
development? of f(a +): 


flate)—fla) + 347 (ata) +f (a) +2L 7 (a+) +9 (a +) 
+f’ (a Ba ep (a pm) | | o1 atc +2) -f"(a) | 
tm glia -pe(a) |=. (1 oP Lror(ata)—re(a) | 


., B:, By, ... being Bernoulli’s numbers. 


Solution by the PROPOSER. 


Taylor’s development for f(a+) may be written, 
; 0 03 ary aon 
0=f(a) —flata) raf" (a) tof" (a) + arf (a) +... tot ™ (atx), (1) 


where 0<@, <1. 
If f(b—x) be similarly developed, and if b be made equal to (a+2) 
after differentiation, we get, 


0=f(a+x) —f(a)—af’ (a+) +57" (a+) —2 fats) +... 


+(-1)"f™(a+9,2), (2) 
where 0<9, <1. 
Adding (1) and (2), 


0=-aLf (ate) Ff (a+; Of" ate) +f" (a) —... 


— 2 [f(a+ex)—$ (athe), — @) 


(n odd). 

Dividing (3) by « and letting z,=[f™ (ate) +f™(a)] and yn 
=[f™ (ata) —f may, we get, by lowering by unity the order of each 
derivative, 


*In order to emphasize the importance of finding such an expression for the remainder after m terms as will 
hold good for all integral values of m and approach 0 as m approaches ©, and at the same time enable computers to 
determine absolutely in what cases the development holds, the proposer offers a prize of $10 for the best solution. 
Ep. F. 

+See Annals of Mathematics, Second Series, Vol. 5, No. 4, July, 1904. 
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2 3 4 
O=—Yot+ rca — CE + Ts — Bist 


— egg lf (a+ Mon) —F(a+A0)], A) 
(m even). 
Now develop f” (a-+x) by (4), multiply the result by — (2x?/4!), and 


add to (4). In the resulting sum, (5), the term involving z; has been 
eliminated. 


a Bx x av® 5 
Yor 51 _ 31 Bie yt? 15° au Zz. Fe, +f. eye” Df myers ars 


vop2ot + te, at) Lf (aoe) fF (a+ 4520)] 


- uty aye }(a+9 4x) —f~ (a+9,«)], (5) 


B, being Bernoulli’s first number, 4 
In a similar manner the term in (5) containing z,; may be eliminated 


yr 4 
by developing fi” (a+) by (4), multiplying result by + and adding to 


(5). By continuing this process’ we may eliminate as many 2’s as we please, 
except z;.. Thus to eliminate z;, 2;, 27, 29, and 2,1, successively, the neces- 
sary multipliers are, respectively, 


2” 3ac* oo 6 


6 21%x8 90x! ° 
“ar tg? 8 gp Ph yor and “gor 


The result obtained by eliminating these five z’s is found to be iden- 
tical with the formula given in the problem for the case m=—1, up to and 
including the term containing B;, and may be thus written, 


ny Bix B, «+ B,x?® 
0=—Yo Tor CE a er Ye 


B 8 B 4 10 12 
+ sr Ys Or Yio + yay Rie (6) 
2, . 8, 20s, . Ql, 0 
where B,2=—1a! si Qiti? 619! 3.8! 71 1015! igri)’ (7) 


the «’s having some value between the greatest and least value of 


Lf? (at 6,0) —f'? (a+4,0) ]. 
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Let ri be positive and equal to the greatest numerical value which « 
may take. Then as 


1. 2 3 0 «2. 9 
{{ — _ _ ay _~S _vY 
121( 55+ Ai! 6f ot? 3.8! 71+ ol Bit fa 31) : 


— TSF 1ie <Rye<t “TEER 1 2, 
where the coefficient of 1,. is obtained by changing all the negative signs in 


(7) to positive, substituting unity for each of the e’s and adding. 
If now 


f(a +2), f|(a +o) 4 =|, f|(a +22) 4 “|, Le f(a +e) +2|, 


be developed successively by (6), simplifying each by the aid of the preced- 
ing, the result is identical with the formula given in the problem up to and 
including B;, and may be thus written, 


f(a+x2)=f(a) + walt (a+a) +f" (a) +2(F (a +=) + f' (a +22) +... 


+f (40) ) | 22 pata) 9" (a) +B Lp (a-+2) F(a) 
— rg lfY (ate) fe (a)] +262 [po (ata) —fr8(a)] 
— gli (a+a) Fea] se MBs (gy 


By a close inspection of the method used to eliminate the 24, 25, 27, Zo, 
and 21, from (4), we learn that the following formula may be generally 


(s—1) 
used to obtain the multiplier, Gri? which may be employed to eliminate 


z, after all the preceding 2’s except z, have been eliminated, viz., 


_ 1 | 2 Bigg 1 
0- SI] (sti)! 41 (s—1)! BY G—3)!” ® + BY GB)! 
21 90 c, 
“101 (s—7)! fBE (wg F arial: (9) 


which must hold for all odd values of s except s=1. It can also be shown 
that when s is even, say 2n, (9) gives the value of + B, according as n is odd 
or even. 
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After thus eliminating z3, 25, 21, 9, ... and zs from (4), and repeat- 
ing the process used to obtain (8), we obtain a development which is iden- 
tical with the development up to and including the term containing B, where 
n =. That this is true for all values of follows from the fact that the 
two developments become identical when R=0 for any value of n. 

Likewise by a method similar to that used to obtain R,:, we may ob- 
tain the value of Ren+i2). That method is: Find the sum of all the terms in 
(9) after making all negative signs positive, and after making s=(2n-+2), 
observing that no new term is to be added. Calling this sum tin+2) we may 
write | 


Reen+2) = teen te) LFe" (a+, 4) —f2"*® (a+%,0) |, 


where both 4, and ?, have some value greater than zero and less than unity, 
but not the same value unless R=0. 

The remainder after the term involving B, may therefore be expressed 
as follows: 


gp (2nr2) ban +2) (2n +2) 
ow ne) n 0 _ £(2n+2) 0. x 
mentd . (Qn-+2) 1-7 (a+?,0) —f (a+?, a], 


where the value of tin+2) must be computed for higher values of ” than are 
here given, Viz., 


— _8_ —— 8 —148 —__410 — T4798 — 2340 24104 
t,=ys, to=4, tg==-g's", tio 33, UC, 2-435 ’ t14= Qs and ty ptt. 


To obtain such higher values of ¢ it is, of course, necessary first to find 
values of c; in (9) higher than the following, which were used to find the 
foregoing values of t, viz., 


C3 = — 2, C5 == 18, Cy = —*Y, Cy = +21, €,1=—90, ¢,,= +7444, ande, ,=—3640. 


The foregoing proof is based on the assumption that all the deriva- 
tives are finite and continuous between the limits «=0 and «=~. 

It will be observed that the foregoing solution does not give the value 
of the remainder after the general term as required in the problem, the value 
of ¢ not being given for more than the first few terms. In actual work the 
values of t here given are probably all that the computer needs. But, if not, 
higher values may be found without excessive labor in the manner given. 
This solution, therefore, places the formula given in the problem on a fairly: 
satisfactory basis In so far as the needs of the computer are involved. 

As the Method of ‘Approximation which the writer gave in the June- 
July, 1906. number of the MONTHLY is based on the formula of the problem, 


*The quantitity within the brackets cannot exceed twice the greatest variation of f (2n +2)(q-+0g) for any 
single interval (x m) as x increases from x=0 to «=a. 
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this solution will serve to determine the limits within which errors in results 
due to the dropping of higher terms must lie whenever itis possible to deter- 
mine the limits within which the value of the lowest dropped derivative lies. 


Note. Mr. Corey informs us that he did not succeed in obtaining a solution until a month after the problem 
was published, though he had repeatedly attempted todo so. Mr. Corey’s solution is quite satisfactory so far as 
its use for practical computation is concerned, yet greater value would result were an expression found for the 
remainder after the general term. A prize of $10 is still offered by Mr. Corey for finding an expression for the 
remainder after the nth term. ED. F. 


238. Proposed by FROF. R. D. CARMICHAEL, Anniston, Ala. 


Solve the differential equations 
(a) (w+y*)da-+ (a? +y)dy=0, 
(b) (atayty’)da— (a? +ay—y)dy=0. 


Solution by GEORGE W. HARTWELL, Columbia University, New York. 


(a) (a+y*)dat (a? +y)dy=0. 
This equation can be written 


dv ——s dy _ da +dy _ wdy-+yda + da + dy 
wy —a—y’’ (a—-y) («t+y—1) (a—y) (xy—1) 


Multiplying both members by «—y, 


dx + dy xdyt+ydx+ da -rdy 
ety—1 cy —1. 


Clearing of fractions and transposing, 
(e+y—1) (ady + yd) — (xy—1) (da +dy) + (a+y—1) (da+dy) =0. 
Dividing by («+ y-—1)?, 


(ct+y—1) (wdy+ydx) —(ay—1) (da + dy) dx-+dy 
(e-+y—-1)? TF ty—l 


=(. 


sty U—* +log(e-+y— 1)=a. Multiplying by (x«t+y—1), 


ey —1+(a+y—1)log(a+ty--1)=a(a+ty—1). 


(ob) (etayt+y?)da— (a? +ay—y)dy=0. 
This equation can be written 


Integrating, 


dx _ dy _ da—dy _ __ wda-rydy 
way —y yt ayta? (aty) (w-y—-1) (at+y) (2? +y")’ 
da — dy __ nda ydy 


Multiplying by (x+y), Integrating, 


a e-y—-1 arty? 
2log(«—y—1) =log (x? +y’) +loga; .«. (w—y—1)?*#=a(u? +y’). 


Also solved by G. B. M. Zerr. 
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MECHANICS. 


198. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


Three spheres of the same material, radii R, 7, S, rest upon a horizon- 
tal plane, touching each other. Find the radius of a sphere of the same 
material as the others which, being placed upon the other three spheres, will 
just prevent the latter from separating, the coefficient of friction between 
the spheres being v, and between the spheres and the table being /’ 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let «=radius of top sphere center Q, R=—radius of bottom sphere 
center P. The forces acting’on the sphere radius Ff are its own weight W, 
the friction F’, the friction F”, and the normal reaction between the two 
spheres R. Let nW, be the part of the weight of the sphere radius « sup- 
ported by the sphere radius R. 2 DPC=;. 


Now FHC=RDC. F= (ae) =Rtang3, -.F=-R or v=tang. 
=v [W+uw,]=Rsin? — Feos?=R (sin?—tans? cos?|=Rtansi. 
a R- Wns _ U [W+oW, 1. 
ans) Us 


Resolving vertically, nW,=Reos? + F'sins. 
nW,=R[cos’ + tans? sing?]=R. -nW, sa [W-+nWw,]. 


Let “density of each sphere’ «. W=8gx47R*?, W,=%g Xx 474°. 


pe RR? 
he ~~ a ° 


“ne? oe [Retne low. nF 
Let mW, be the part of the upper sphere supported by sphere radius 
r, and pW, the part supported by sphere radius S. Then 


lp - yl GB 
as ar ree p— fee! Va 


But n+t+m+p=1. 


TRF +482 a dT RF 4+73+8°] 

se? ual , Jas. and PE ae L , | 
pp U— ps 

199. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


A sphere of water, radius 5, the earth’s radius, is brought together 
by mutual attractions of particles from a state of infinite diffusion. Find its 
temperature owing to the amount of work done by these forces. 
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Solution by W. D. LAMBERT, Washington, D. C. 


Let 7 be the variable radius of the sphere, while forming; a the final 
. . x10°8 . . . . 
radius 6 uae 10 centimeters; ¢ the density of water=1; & the gravitation 
constant =—6.665 x 10 8 dynes; J the mechanical equivalent of heat=4.184 x10” 
eres for the centigrade gram-calorie. It is a little easier to conceive the 
sphere as pulled asunder against its own attraction, and the amount of work 
will be the same. Suppose the sphere made up of layers, each of thickness 
dr, and that the sphere has been reduced to radius rv. The mass of a layer 
is 4zpr?dr. . The attraction between this mass and the remaining sphere is 
kx $xer? xX Arner? dr 
Ad 

scattered symmetrically) from the center of the sphere. The work done in 
removing the layer from the surface of the sphere in question to infinity is 


ote 2 dx . 
16 = Teptrsdr f — gathers, 
“ £7 


, where «x denotes the distance of the layer (supposed to be 


ny 
The total work done in removing all layers is 


a 
18x? hp? f rt dr=isaz* ke? a’, 
0 


Dividing this quantity by the mass and by J we get for the tempera- 
atkea” 
3 J ° 
the specific heat of the substance. Using the numerical values previously 
given, we get for the temperature 0°.677 centigrade. 


For substances other than water this result should be multiplied by 


Also solved by G. B. M. Zerr, whose result is 0.656. This difference of result is due to the different values as- 
sumed for the constants entering into the solution. 


AVERAGE AND PROBABILITY. 


183. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


A point within a given triangle is joined to each of the corners. What 
is the average of the sum of the lengths of these three lines? 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let ABC be the given triangle, P the random point, A the vertex, 
BC the base of the triangle, AD the altitude. Through P draw QR, paral- 
lel to BC cutting AD in F. Let AD=p, BD=e, DC=d, AF =a, FP=y. 
Then AP=;/ [a’?+y?]. The limits of x are 0 and »; of y, —QF=ex/p and 
+FR=dxz/p. Let M=average length of AP, 4=average length of the sum. 


iM =f" SP fee by" Idedy/ J” [Pedy 


—eé 
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y) p dx/p . 
— ; { V [w?+y? |dady, since d+e=a, 
APY 0“ —-ex/p 


LodFee]z* | ge po? +d?=b? 
p° —eé pp" +e°=C 


7 he +ce+p* log o ; 


5 [b®cosC+e" cosB+6?sin’C log (Foose) |. 


7. 


By similarity, 
__. 1 Q 4 a+b+e ; 1 
=| low (Pr P=e ) | 4 G cosA +a* cosC 


4A* atbte 1/. ; 4A (erere) | 
+ 5 log (Ore Fe) | AG cosB-+6* cosA + 2 log ahboe) | 


where 4=area of triangle. 


4A=4[a+b+e] + ea + [b-+e] [b--c]*+-3> [a+e][a-—c]? 


ae 
44*| ] at+b+e 1 a+b+e 

+ % Ger Lat Ol La— y+ SS log (Free) 4 Io g (See | 

1 at+b+e 

ar e(cpe) | 


If a=b=c, J=a[1+ 2log3]. 


II. Solution by HENRY HEATON, Belfield, N. D. 


Let P be the point, and AD=h, the perpendicular from A upon BC. 
Put AP=xz, and ZPAD=09. Then the average length of AP is 


st™—C *hsec@ omer ah a 
SoS er deden ff rande Pf” sect ode +f seetds 
Bir B-}0 


=F (cote cosecC' +cotB cosecB —log[tan$C tan 4B|~cotC +cotB 


sal = 


se 


=5,(6 cosC +c’ cosB — bcsinB sinC log[tansC tangB]. 
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In like manner it may be shown that the average length of BP is 


Pa (a: cosC'+c*cosA —ac sinA sinC log[tanéA tan$C]; and of CP, 


a (a -cosB+b*cosA —absinA sinB log[tangA tangB]. 


Hence the required average is 


m=3| (24 4, Joos + (+ ©" )cos B + (++ 7 JeosC—asingA [bsinB 


-+e sinC]log tangA —bsinBlasinA-+c sinC]log tanéB 
—csinC[asinA +d sinB]log tansC. 


184. Proposed by HENRY HEATON, Belfield, N. D. 


Through every point of the sides of a given square, straight lines are 
drawn across the square in every possible direction. What is their average 
length? 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


The problem evidently wants the average length of all lines termin- 
ated in opposite sides; otherwise the problem is the same as problem 169, 
three solutions of which have already been published. 

Let [a, x] be the coordinates of one end of the line, [0, y] the coor- 
dinates of the other end. A=the average length required. 


"Efe? + [ey] ) de dy — 
J, ° “f. S Via? +lae—y]? tdady 


fy Sani 


a / 2 2 
=f (nv [a? +@°] +a°log” 1 la “ +) de—a{§[1—V 2] + log[1+y 21}, 
s 0 


II. Solution by HENRY HEATON, Belfield, N. D. 

Let P be a point in AB, PE a line perpendicular to AB, and PF'a line 
drawn across the APAD. Put AP=x, and 4 FPA=¢. Then supposing « 
constant, the average length of the lines drawn from P across the triangle 
PAD is 


tan-1(a/: tan—1(a/: la? ra" 
{ “ (/2) secd do { ani (4/2) do=4 log( v la +e ! ta) tan [a/z]. 
“0 


“ 0 
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Similarly the average length of lines drawn from P across the 4 PED is 


V la? +a? | +a 
OF 


a log ( ~tan|av/a]. 


Hence the average length of lines drawn from P across the rectangle 
PEDA is 


aE log (cla tall ta) +alog(¥ [a” tele). 


07 


Hence the required average is 


a 2 bt m2 >) 22 7] 
ua E log (¥ [a ‘ Te) 4 alog(“ [a ta £2) | de 
0 A u 


6a 2 (% cada 2a - 
— —— / —_— _ ~“ oe / — 1/7 ae 


NotTre.—These solutions differ because both problems are stated in the indefinite form and the authors have 
assumed different laws of distribution. Ep. F. 


MISCELLANEOUS. 


168. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


Sum to n terms, sin¢sin/’+sin«—sin @+y7+sin ¢—23 sin 8+27-+... 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


The series intended is evidently 


sin¢ sin #+sin[¢—4]sin[@+7]-+sin[¢—23]sin[,?+2;7]-+... to ~ terms. 
Since 2sin « sin ’=cos[«—] —cos[4-+4] we get, if S=the sum 


S==4{cos[¢—]-+cos|4¢—2—y] -+-eos[¢—33—27] +... to m terms} 
—4{cos[4+4]+cos[¢+7] + cos[z—2+7] +... to n terms}. 


Let 4+-4=—6, =[?+7]=¢, [2+4]=¢, —[?—7]=p. 


. S=4({cos 9+ cos[¢+¢]+cos[9+2¢] +...+ ton terms} 
—4s{ceos ¢+eos[¢+]-+cos[’+2]+...+ to n terms}. 
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—] . nh n—1 - ne 
g 4 - NP , ne! np 
cos + 9 ¢]| sin 5 cos[¢ + 9 e | sin 5 
_ f _ 
2s1n 9 281n 9 
— ‘s 4 __ _ 
cos{a—f—" at y]} sin n lity cos{a+p—"—} [°—r]} sin nli—y 
7 2 2 2 2 
asin asin 


Also solved by A. H. Holmes. 


PROBLEMS FOR SOLUTION. 


GEOMETRY. 


319. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Given the radii and the distances apart of the centers of three circles, 
to find the radii of the eight circles touching the three given circles. 


MECHANICS. 


204. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


A set of particles have coplanar motion due to mutual attractions. 
Each particle is now affected with a velocity V parallel to a fixed direction. 
How will this affect the angular momentum of the set about their centroid? 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


147. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


If 4n+8 is prime, 2(1, 2, 3, ..., 4n) +1=0 (mod. 4n+3); and converse- 
ly. If 4n-+8 is prime, (1, 2, 3, ..., 2n)?—4=0 (mod. 4n-+-3); and conversely. 


AVERAGE AND PROBABILITY. 


190. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


A line is drawn at random across a regular 2n-gon; whatis the chance 
that it crosses parallel sides? 
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MISCELLANEOUS. 


172. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 
If ¢ and # are small angles, show that an approximate value of $/¢' 1s 
sing, ,tan? 5 ne 
gel t ben, rho(#? —0*) (98-42). 


Ssing ~ Btand 


NOTES AND NEWS. 


The August-September number of THE AMERICAN MATHEMATICAL 
MONTHLY will not appear until September 28th. 


Dr. A. L. Underhill, Instructor at Princeton University, has been 
appointed to an Instructorship in Mathematics at the University of 
Wisconsin. 


Professor A. L. Rhoton, of Southwestern University, Jackson, Tenn., 
has been appointed Professor of Mathematics at Georgetown College, 
Georgetown, Kentucky. 


Mr. W. V. Lovitt, who took the Master’s degree at the University of 
Chicago in June, has been appointed to an Instructorship in Mathematics at 
the University of Washington, Seattle, Wash. 


At a recent meeting of the regents of the University of West Vir- 
ginia, Dr. John A. Hiesland, of the United States Naval Academy, was 
elected to the chair of mathematics in that institution. 


Dr. Oswald Veblen, Preceptor in Princeton University, has been pro- 
moted to an Assistant Professorship in Mathematics. Mr. Veblen received 
his Doctor’s degree at the University of Chicago in 1903. 


Mr. G. D. Birkhoff received his Doctorate in Mathematics at the Uni- 
versity of Chicago at the June Convocation. Dr. Birkhoff has been 
appointed Instructor in Mathematics at the University of Wisconsin. 
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AN EXAMPLE OF THE INDICATRIX IN THE CALCULUS 
OF VARIATIONS.* 


By ARNOLD DRESDEN, The University of Chicago. 


( Continued. ) 


—d 


85. Casel: O0<r<a. 
From our previous work, we obtain 


Fir, ¥)>0, F.(”, ¢)>0, OS ¢<2z. 


We conclude from this, by theorems A and B (see page 121), that the 
Indicatrix for any point in this region is a curve, which is closed around the 
origin G, and which has constantly positive curvature (see Fig. 5, curve A). 
It follows, that all the tangents lie entirely outside the curve, so that all 
points @ lie on the same side of the tangent at any point Q, as the origin G. 
Since, moreover, F>0, we have by theorem C (see page 122), that 


E(x, y; cos 9, sin 9; cos %, sin 6) >0, 


for all pairs (9, 4), OS 9S 27, OS 0< 22 except when 0=0, 
But this, by Nos. II and IV of our general theorems (see page 120) 
expresses the following result: 
II. Every extremal-elementy (a, y, ¢) in the region I is an element of a 
hyperstrong minimum. 
This result could have been obtained more simply, by observing that 
since F’,>0, for all values of ¢ between 0 and 27, condition (IV’) is satisfied. 
It follows further, that the curve does not admit double tangents, so 
that no point in the region I can be the corner of a discontinuous solution, 
which is evident by theorem D (page 128). 
*For the first part of this paper, see the previous number of this journal. 
+To say, that (x, y, ¥) is an extremal element is a short way of expressing, that it is possible to draw through 


the point (x, y) an extremal in a direction, which makes an angle W with the radius-vector at (2, y), and conse- 
quently an angle 8 with the positive X-axis (compare p. 124, equation (9) and Fig. 2). 
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§6. Case Il:  a<r<y8. 
We have here: 


F(r, ¢)>0, OS ¢ £2z:, 

Fi(r, ¢)>0, for 0S¢ <4, 

F, (7, ¢)=0, for ¢=s, 

Fi(r, 4) <0, for «<¢ < $7, 
where « is defined by 


; a a 
a=sin (2), 0Sas 7. (12) 

Applying theorems A and B to these results, we find, that the Indica- 
trix for a point in this region is a curve, closed around the origin, which 
changes curvature at ¢=4, s—4, +4 and 27—a, having positive curvature 
in the intervals (2*—4, «) and (*—4, 7+4), and negative curvature in the 
intervals (4, =—«) and (*+4, 27—a). 

The form of equation (11) shows us further, that the curve is sym- 
metric with respect to the X-axis and with respect the Y-axis. 
To determine its character more accurately, we denote by ¢¥ the angle 
between tangent and radius vector and obtain: 


— pF _4(1+7’sin®¢) — (7? +1) v +r’ sin*¢) 
tan.¢ = pi Ar? sind cos¢ (18). 


Since 4(1-+r’sin’¢) — (7? +1) V (1+7’sin?¢) =4(7? +1) Y (1 +7’ sin?) “FB, 


and moreover for this case F>0, it follows, that tany +0. 

Further, tanv==o, for ’=0, ¢=$7; 1. e., the curve crosses at right 
angles at ¢=0 and at ¢=$ (see Fig. 5, curve B). It is finally of importance, 
to determine the value of ¢, different from $7, for which the curve has a 
horizontal tangent. Denoting that value by @ and transforming to rectang- 


ular coordinates: 


5==p cosy’ 
7=p sin¢ (14) 
we obtain: 
bons —_eos¢v[4—(1+r?) Y (1+7’sin?¢)] 
T=e Sine TH COSP=—" GT ay /(L+r'sind) EP 
Consequently, 


_(r? +5) (8-7°) 


sin* 8 = r2(1+r?)? (15) 
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Restricting ourselves in our further discussion of the curve to one 
: ee: quadrant, we find: 

For 05 ¢<8; every tan- 
gent lies outside the curve, —it 
has positive curvature. 

For ¢=/, the curve has 
a double tangent, touching at ? 
and 7— 3, 

For <¢<«4; every tan- 
gent intersects the curve,—it 
has positive curvature. 

For 4<¢ <$7; every tan- 
gent intersects the curve,—it 
has negative curvature. 

By applying rows No. 
II and IV of our general the- 
orems, we obtain: 


Fig. 5. 


(x, y, “) is an 
element of 
strong 
minimum. 


E(x, y; cos 9, sin 9; cos 8, sin 4) <0 


OL r sin - _ 
for 0<49<27, except 6=8@. 


Srsin ? 


F,>0. 


EF, (a, y, cos “, sin ¢) 

=F, (a, y, cos (r—“), sin (7—¢)). 
EF, (x, y, cos’, sin x) 

=F, (x, y, cos (r—“’), sin (r—¢)). 


(x, y, #) and 
(x, y, T—¥) 
are elements 
of discontinu- 
ous solutions. 


r sin ¢==r sin 7 


(x, y, ?) is an 
element of 
weak 
minimum. 


E(x, y: cos 9, sin 8; cos 4, sin 9) is of 


rsinf<rsin¢ - 
changing sign for 0 £4 = 2r. 


Sa 


F,>0. 


(x, y, ”) is an 
element of 
weak 
maximum. 


ax<rsin¢’<r | E as above. 
F, <0. 


Denoting row rsin@’ by d, and rembering that it represents the dis- 
tance from the origin to a straight line, we observe that if rsin¢ has a cer- 
tain value for one element, it will have the same value along the entire line, 
to which the element belongs. 

We find then, that straight line segments, which lie outside C. are 
weak maxima, which agrees with a previous result (see I on page 125). 
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The elements, which belong to lines intersecting C., belong to weak 
minima, if 


ga>V LG? +5) 8—r')] 
- Ite , 


to strong minima, if 


V [(r? +5) (8-7?) ] 
1+7? ; 


a< 


Solving the equation 


gL’ +5) 8—r*)] 
1+r* 


for 7, we obtain 


— |p 16 
r= Vg qT (16) 


which enables us to determine on every line, intersecting C,, a point which 
separates the segments which are strong minima, from those which are weak 
minima. Constructing this point for all extremals which are parallel to the 
X-axis, we obtain the curve, denoted by C; in Figs. 4and 6. For other ex- 
tremals, an analogous curve can be obtained by revolving C; until the line 
PP’ becomes parallel to the given extremal. * 
, , a We see further, that since 
(x, y, ”) is an element of discon- 
tinuous solution, every point in 
this region is a corner of four 
discontinuous solutions, the 
branches being in the directions 
8, z—, z+, and 2x—f, as indi- 
cated in Fig. 6, where 1 and 2, as 
well as 3 and 4 must be consid- 
ered as distinct (compare A. 
Kneser, Lehrbuch der Variations- 
rechnung, p. 9). 

~ From the definition of C, 
follows finally, that the intersec- 
| | tion of C, with a line parallel to 
Fig. 6.7 X-axis (or of an analogous curve 
with any other line) determine upon that line two points, which are each 
corners of four discontinuous solutions, of which the given line furnishes one 


“For practical purposes, one would make a cardboard sample of C+ and put it in any required position to de- 
termine the points corresponding to Ar and A‘: (Fig. 6). 
+ERRATUM.—In the diagram, 4 and 3 on the oblique line through A» should be interchanged. ED. F. 
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of the branches. The other branches are obtained by reflecting the line on 
the radius vector of the point. In Fig. 6, where A is the given line, A, and 
A’, are the points referred to, while the other branches for the former point 
are formed by BB’. 

We have now the following result: 

III. A straight line not intersecting Ci, is a weak maximum within Cs. 
A straight line intersecting Cais a strong minimum between C, and C,, a weak 
minimum between C, and C3. 

C, determines upon every line intersecting Cy a corner of a discontinu- 
ous solution. 

Every point between C, and C; can be a corner of a discontinuous 
solution. 

$7. Case y3<r<y15. 

In this case we find: 


F(r, ¢) <0, for 0S ¢<;, 
F(r, ¢)=0, for ’=7, 
F(r, ¢)>0, for 7<¢3 +, 


where 7 is defined by 


, ae 2 2 LL 
i ) _ —4=0, 0S7S45; 1. ,, sinty=@ toe 2 an 


F, (7, “) as in $6. 

Application of theorems A and B shows, that in this case, the Indica- 
trix has negative curvature in the interval 05 ¢<y, and has a discontinuity 
at =r. It has further positive curvature from ¢=,y to ¢==«, from where 
on, it continues with negative curvature until ¢=47+<4,* The further course 
of the curve is determined by its symmetry properties. 

From equation (13) follows again, that the curve crosses at right 
angles at ¢=0, and at ¢=47; further tan¢—0, for ¢=, 7. e., the curve is 
tangent to a line parallel to the radius vector at its point of discontinuity. 
To determine the asymptote, we compare the curve at ¢= and the straight 
line ¢=. Denoting the rectilinear co-ordinates of the curve by § and 7, and 
those of the straight line by § and 7, we find for a given §=§: 


sing — a= 
H=p sin’ y= tan 6.¢=tan 7.F— 


*This discussion is made under the assumption that y<a; if a<y, the curve is of a somewhat different nature, 
This does not affect the conclusions derived in this consideration however, for which reason the cases are not dis- 
tinguished. Comparing equations (12) and Oo): we find that 


ay, for r= V (48 — 1). 


tan? cos’ 
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Consequently: 


—-  gin(¢—8) 
9S ee" 
cos? F 


16(7? +1) 


Lo) 
and ye) = Ga) y [?-+5) 3) (18) 


which is real and positive for all points between C; and C,;. It follows, 
that the asymptote is parallel to the line ’=2, and intersects the Y-axis at 
the point: 


Pe 3) Chea 9 
(5 —r*) vy [ir +5) 3) 1° 


We conclude now immediately, that every tangent intersects the curve, and 
that no double tangents are possible, from which by theorems C, D and IV, 
V, and by the reasoning given in §6 for the connection between extremal 
elements and extremals, we derive the following results: 

IV. A straight line, not intersecting C, is a weak maximum between 
Cz and C 15. 

A straight lune, intersecting Cais a weak minimum between C, and C, ;. 

No point in the region between C's and C,; can be a corner of a discon- 
tinuous solution. 

88. CaselV. yi15<r. 

We have here finally: 

F(7, “) <0, 0S ¢S 2, 

F,(7”, ¢) as in $6. 

We find here, by application of theorems A and B, that the Indicatrix 
is closed around the origin, has negative curvature ‘for 0 < ¢<a, and positive 
curvature for «<¢ <=$7, again having double symmetry. As in case II, the 
curve crosses at right angles for ¢=0 and #=47, and we want to determine 
the value of ¢, different from 0 for which it has a vertical tangent. Denot- 
ing that value by °, we find by transforming to rectangular coordinates (14), 
by a method similar to the one used for the determination of 2: 


sin*0=>, (19) 


which furnishes a real value of * for any point outside C;; (see Fig. 5, 
curve C). 

The case bears very much likeness to the one discussed in §6, for 
which reason, we conclude briefly, using theorems C, D, IV, and V: 
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(x, y, #) is an element of weak 


O<rsin¢ <a 
= es minimum. 


(x, y, ) is an element of weak 
maximum. 


a<rsin.¢ <)/15 


(x, y, s) and (x, y, 2*—¢) are ele- 
ments of discontinuous solutions. 


r sin. ?=1/15 


(x, y, ¢’) is an element of strong 
maximum. 


715<rsin.¢ 


We notice, that the branches of the discontinuous solutions are deter- 
mined by the tangents to C,;, so that, although every point of the region is 
a corner of four discontinuous solutions (see Fig. 7), we can not determine 
on every line a corner of a discontinuous solution of which the given line is 
a branch, as could be done in case II, whereas on some lines we can deter- 
mine an infinitude of corners, which was impossible in II. 

| ; We have here the 
following result: 

V. A straight line 
intersecting Cy is a weak 
minimum outside C5. A 
straight line, not intersect- 
ing Ca but «intersecting 
Cis, isa weak maximum 
outside C,;. A straight 
line, lying entirely outside 
C,5,isastrong maximum. 

Hvery point outside 
Cis, is a corner of four 
discontinuous solutions, 
which can be determined 
by drawiag the tangents 
toC 1 Be 


Fig. 7. 
89. Limiting cases and final results. 


We consider in conclusion: 


“ERRATUM.—® should be between the dotted line and the lower oblique line through P. 
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(a) r=a. We have then: 

K(7, )>0, OS ¢ S27, 

F,(r, ¢)>0, 05 ¢ £27, excepting ¢=$7 or $7. 

The Indicatrix is of the same nature as for caseI. Consequently, any 
extremal-element on C, is an element of a strong minimum, while no discon- 
tinuous solutions can have a corner on Cy. 

(b) r=V 3. 

F(r, ¢)=0 for ¢=0. 

K(r, ¢)>0 for 0<¢ <4. 

F,(7, “) as in § 6. 

The Indicatrix is of the nature described in §7, and we find from 
equation (18): 


§ (7 —7) —= 00 > 


from which follows, that the curve has a parabolic character, so that we 
conclude: Any extremal-element in C, is an element of a weak minimum, 
if <4; itis an element of a weak maximum, if ¢><4. 

(c) r=// 15. 

Kir, “)>0, for 0< ¢<ér, 

Fir, ¢)=0, for ¢==4-. 

EF, (7, “) as in §6. 

We find again from equation (19): 


i=? (7 —7) == CO y 


from which we derive the same results as in sub (b). 

We combine now the results I, II, III, IV, and V, obtained 888, 5, 6, 
7, 8 for lines parallel to the X-axis (see Fig. 4): 

1. Disa strong maximum along its entire length and allows four dis- 
continuous solutions at every point. 

2. Cis a weak maximum along its entire length; every point outside of 
the interval C',;C,; is a corner of four discontinuous solutions. 

3. B is a weak maximum along its entire length; every pont on the 
segment B'.B, is a corner of four discontinuous solutions. 

4. A isa weak minimum outside the segment* A',A,; it 1s a strong 
minimum from Aq up to A, and from A’, up to A’; it is a hyperstrong min- 
imum on the segment A',A.; all points outside the interval A’,;A1; and all 
points on the segments A’,A'a and A3;Aa are the corners of four discontinuous 
solutions; A, in particular is the corner of the discontinuous solutions, of 
which one branch lies along A. 


*The segment AB excludes the points A and B; the interval AB includes the points A and B. 
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ON THE TRISECTION OF AN ANGLE. 


By E. E. WHITE, M. E., Harvard University. 


The two following approximate constructions for the trisection of an 
angle may'’be interesting. They are, of course, essentially methods of trial 
and error, since it is only after placing the straight edge in position, passing 
through the given point, that one can tell whether the position is 
that desired. The straight-edge must be continually shifted till all the con- 
ditions are fulfilled, as nearly as can be told by eye, and mathematically 
speaking the methods are therefore only approximate. 

While it is well known that an angle cannot be trisected by strict 
geometrical construction, nevertheless there are many interesting and prac- 
tically useful approximate constructions, of which the following are exam- 
ples. The principle of neither construction is new, though the: author 
devised the first method independently. Four years ago Mr. John J. Quinn 
made two linkages which involve these constructions, and the linkages in 
turn depend upon the limacon. Further, the construction using a graduated 
scale is an application of the method devised by Archimedes, known as the 
‘Method of Insertions. ’’ 


CONSTRUCTION I. 
Given angle 9, to trisect the angle. 
With the vertex, O, as a center, describe a circle of any radius, inter- 
secting the sides of the angleat Pand A. Through 
P draw the line PQ parallel to OA by the usual 
method. Pass a straight-edge through O, and 
adjust the position of the straight-edge so that its 
intersection N with the circle O, and its intersec- 
tion M with the line PQ shall be equidistant from 
P (as tested by compasses). Draw the line NOM, 
which will trisect the angle. 

Proof. Draw the line PN. 

Then §=2+¢=3+7+¢6=27+¢=20+¢6=—26+¢=8¢. 

CONSTRUCTION II. 
Given angle ?, to trisect the angle. 
Through any point P on one side of the angle draw PQ parallel and 
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PR perpendicular to the opposite side of the angle. Mark off a distance 
equal to 20P on a straight-edge passing through O, and adjust the straight- 
edge so that one mark falls on line PQ at M, and the other on line PR at N. 
Draw the line NOM, which will trisect the angle. 

Proof: Complete the rectangle PMKN, and draw the other diagonal 
PK. Then 0P=4M N=3PK=PC=CM. 

Hence, 6=2+$o=/+¢=;+8 + 6=20+ 6=26+6==3¢. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


283. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Solve wtatyte=4a, w?t+a?ty’?+2?=—4a? +467, w+e2+y3+28 
—4q3+12ab?, wttett+y*+24=4a!+4b4 + 4¢4 +24a2b°. 


Solution by DR. L. E. DICKSON, Associate Professor of Mathematics, The University of Chicago. 


The following method applies equally well to the corresponding equa- 
tions with arbitrary constant terms. We are given s,, 85, 83, 84, where Ss, 
is the sum of the nth powers of w, x, y, z. Hence the latter are, by -New- 
ton’s identities, the roots of the following quartic: 


F4 — das -+- (6a? —2b7) &? + (4ad* — 4a?) F+a*+b4 —202b2—ct=0. 
To obtain the reduced quartic, set -=7-+a. Then 
44 —2b2 7? +b*—¢+=0, (72 —b?) 2=e4, 


Hence, the 24 sets of solutions are given by the arrangements of 
at py (0? +c”). 


Similarly solved by G. B. M. Zerr and J. Scheffer. 


GEOMETRY. 


312. . Proposed by F, H. SAFFORD, Ph. D., The University of Pennsylvania, Philadelphia, Pa. 


A variable circle passes through a fixed point and is tangent to a given 
circle. Ifa diameter of the first circle passes through the fixed point, find 
the locus of its other extremity. 
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Solution by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 


Let O be the center of the given circle, radius=r, A the given point, 
OA=b, OC=x, BC=y. Denoting the radius 
of the variable circle P by ¢, then 


(r+)? =$y? +2(b+2)* and 4p?=y?+ (b—-2)?. 


Eliminating p, we obtain the equation of the 
locus of B, 


,_b?-r? 
y=— sz (ar), 


a hyperbola, with semi-conjugate axes r and 1/(b°—r?2). Consequently, A 
will be a focus. 


Also solved by J. S. Brown. 


313. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Prove that an algebraic curve of odd degree which is symmetrical 
with respect to a center has the center on the curve. 


I. Solution by DR. L. E. DICKSON, Associate Professor of Mathematics, The University of Chicago. 


By a transformation of coordinates we may assume that the center is 
at the origin. If the resulting equation of odd degree is f(a, y) =0, then 
must f(—x, —y)=0 for all values x, y satisfying f(x, y)=0. But the terms 
of highest degree in f(x, y) change sign when x and y are changed in sign. 
Hence f(—x, —y)=—f(a, y), so that the terms of even degree vanish. 
In particular, the constant term is zero, so that the origin lies on the curve. 


II. Solution by G. W. GREENWOOD, M. A., Dunbar, Pa. 


If in the equation of any locus we put —x, —y for 4, y, respectively, 
we get a locus symmetrical to the given locus with respect to the origin. In 
case the locus is symmetrical to itself, the latter equation will represent the 


same locus and differ from the original equation only by a constant multi- 
plier. Let 


0=u 5 +Uy + Ue +uUs +... +Uy+... 


be the equation of a locus symmetrical with respect to the Origin, WU» denot- 
ing the terms of degree n, and r being an odd integer. Another equation to 
this locus, obtained by putting —x, —y for x, y, respectively, and changing 


the sign of each term, is | 


O== — Up +U4— Ug +Ug—... tr... 


Since each equation contains the term wu,, the constant multiplier is unity. 
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Therefore 
O=Uy =Ue=U,= 


That is, af a locus symmetrical with respect to the origin contains one term of 
odd degree, 1t contains no absolute term and no terms of even degree. <A fur- 
ther expansion of the problem leads to the theorem that 7f a locus symmet- 
rical with respect to the origin contains one term of even degree, all the terms 
are of even degree. 


CALCULUS. 


239. Proposed by L. H. MacDONALD, A. M., Ph. D., Sometime Tutor in the University of Cambridge, Jer- 
sey City, N. J. 


Of all triangles inscribed in a circle, find that which has the greatest 
perimeter. 


Solution by C. N. SCHMALL, 89 Columbia Street, New York City, and REV. J. H. MEYER, S. 3, Augusta, Ga, 


Let ABC be the required triangle; O, the center of the given circle; 
BK, =2r, the diameter of the circle; 7 BAC=¢, and 2 BCA=¢. Then the 
perimeter, »,—AB+BC+AC=maximum... (1). 


But AB. BC=2r.BD, whence BC = 222. =2r sing. 


AB 
Also ee , whence AB=B oe which, from the previous 


equation, —2rsin¢. We also have, from the law of signs, 


AC =P Y*9) poop sin (G48). 
sind 


Substituting in (1), we have 
p=2r[sin ¢+sin ¢ + sin(¢+¢)]... (2). 


Hence, for a maximum or minimum, 


ih =c0s b-+-¢08 (6-441) = =(), and 5? jar C08 +008 (P+) =0. 


Hence, cos ?=cos¢ and ¢=¢. Since cos ¢+cos(¢+¢)=0, we have, 
by substitution, cos ¢+cos2¢=0, or cos $+2cos?¢—1=0, whence, cos ¢=%, 
and therefore ¢=60°=¥/. 

Hence, the triangle is equilateral. 

. 0? J?» 
It is easy to show that a , a> > 55 aa? and that, therefore, the tri- 


angle is a maximum. 
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Also solved by A. F. Carpenter, G. B. M. Zerr, A. H. Holmes, J. Scheffer, and G. W. Greenwood. 

Professors Zerr, Greenwood, and Scheffer, and Mr. Holmes denoted the angles at the center subtended by 
the sides, by 29, 2¢, and 2, and showed that these angles are equal to 120° each. Professor Carpenter showed that 
the inscribed triangle with one side constant and of maximum perimeter is isosceles, and then showed that of all 
isosceles triangles inscribed in a circle, the equilateral has the maximum perimeter. 


240. Proposed by L. MORDELL, Philadelphia, Pa. 


Show that the osculating conic of the catenary y=c cosh~—at the point 


f 


cy’ 10 
2 


for which y== is a parabola. 


I. Solution by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 


Let O be the center of curvature of the point considered, and C the 
center of the conic of closed contact, then (vide Joseph Edwards’ Differential 
Calculus, where the problem is proposed as an exercise): 


cos? 1 <d¢ 


Rp 4g 


Ss 


, and ¢=tan—48. 


’ 


Qs 


S 


where ¢= Z OPC, OP=p=radius of curvature, s an are of the given curve, 
and PC=R. From 


s 


C 
y =5 (@e +e), we find 3 v=} (@/e— em (w/e), 


024 1 ; ds 
—2_— —_ (pt/e 4 e—(u/e) 2 =k w/o 4 —(a/e) 
0%? 2¢ (¢ é 7 Oe * (¢ é ). 


dg \3% /(d7y CC. , dp p o% 
. ye ana — _“_ (ox; et —(x/c)\ 2 . — ~-- pt/e — o—(a/e) 
oe? ( Wee A (e € ) e °° g dy dO 4, é 


e& ‘eC __ e~ (xe) 


5) 


therefore, ¢=tan7! , or, e”¢—e—*"/=8tan ¢, 


J v/e tp ~(2/c) 2 0 dd O 
_ 96 _ (ere re @)cos*d 9b Ob Ox 2 nos? 


* Oy 3c “Os O¢'ds 8c 
© —1 o7_3 , oc Od 
For the value y=5 V10, we find tan ¢ =3//6, cos’ $=5, =o Fe 
_ 2, 4 . cos? 1 <d¢ Ve 2 2, 1A 
= 53 substituting in R > = we find R re pe =); “R=o, 


and since the conic, the center of which is at an infinite distance, isa parab- 
ola; the assertion is proved. 
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II, Solution by G. W. GREENWOOD, M. A., Dunbar, Pa. 


In the catenary, y=csec ¢, we have s=ctan ¢ and p=csec’*¢. 
If a conic whose center is C osculates a curve at a point P, the center 
of curvature for the curve at that point being O, we have 


, de cos? 1  d¢ _ 
3. ds? and PC ods’ where ¢= ZOPC. 


tan ¢= 


[Edwards’ Differential Calculus, p. 856, 8d edition. ] 


dp 


— h 
ds =Ztan ¢. 


2 
p=c(1+tan*?) =e +=, 


“tan ¢=8tan ¢; (1+tan’?¢)d¢=2(1+ tan’) d¢. 


., £08 fit _ oe ti a ee 
“PC pe dv pp 9+4tan?y )~ »(9+4tan?é 


when y—esec je 


Hence (since cos ¢+0), PC is infinite, and the conic is a parabola. 
This question was set at Oxford in 1889. 
Also solved by G. B. M. Zerr. 


MECHANICS. 


200. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


An elastic string whose weight is W is laid over the top of an 
inclined plane so as to remain at rest. Determine how much the string will 
be elongated, knowing, M=modulus of elasticity, LZ—normal length of 
string, and ¢=inclination of the plane. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let M—mass of unit length of the unstretched string. The equation 
of equilibrium is dT+ Mgsingds=0. But MgL=-W. 


T + 7s? — constant. Now when s=0, T= Wsin?. 


. mM. . _ s§- _. 
. T=W sin P(A 7) Also dl-= =(1+ 9, )ds= [1-+ Wsin p(@-— 7p ld. 


s=L[1+ Wsin 9(57 


L 
=f [1+ Wsin Gr 749 14 


1 
370! 
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Wsin P _ WLsine 


=LU+ oar OM 


is the elongation. 


Also solved by the Proposer. 


201. Proposed by G. B. M. ZERR, Ph. D., Parsons, W. Va. 


ABC is an inclined plane, perfectly rough, length AC=I. The time 
for a sphere to roll down when AB is base is to the time for a cylinder to 
roll down when BC is base as mis ton. Find AB and BC. 


Solution by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 


Let O be the center of any rolling body of mass m; then the three 
forces that will act on it are its weight mg vertically downward, the resis- 
tance Ff on the inclined plane AC, and the friction F' acting up the plane. 

Denoting CD by s, we have therefore m(0’s/dt?) =mgsin ?—F;; and if 
we denote by ? the angular velocity, reducing the mass to the center O, we 
have mp? (070/0t?)=Fr, r being equal to DO, and p radius of gyration. 
Since there is no sliding, the plane being perfectly rough, we have s=ré. 
Eliminating F’, we have 02s/dt?=[r?/ (r? +p?) ]gsin &, and integrating 


s= a sin 7 t? 

repr 
For the sphere »?=#r’, and for the cylinder p?=$r’; 
therefore, by the condition of the problem, for the sphere 


b= aed - i t?, whence t 5g. BC 
; vr? AB, » oo ,14 3, 
and for the cylinder, laa Eps t?, whence t =7.4B) “bee abo” 


:m?, and combining this with AB?-+CB?=I", we get 


_ 14n? 1 CR= 15m? 
VY (225m*4+196n*)’ V (225m*+196n* )° 


Also solved by J. Edward Sanders, and the Proposer. 


AB 


AVERAGE AND PROBABILITY. 


185. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


If a line J is divided into n parts by n—1 points taken at random on it, 
what is the mean value of the pth power of one of the parts taken at random? 
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Solution by HENRY HEATON, Belfield, N. D. 


By making the line the circumference of a circle it will be seen that 
each part has exactly the same chance, so that the average of one partis the 
same as that of any other. Hence it will be sufficient to find the average 
length of any one part. 

Let %,, %2, ..., Xn—1 be the distance of the different points from one 
extremity of the line. Then the average length of (l—an_1)? is 


S. ser. Ss An —1dtn—2...A% 


l n—2 
f, (L—Xn—1) °n—1 An —1 


1 n—2 =(n—1)l” BL (p+1), (n—1)] 
S Vn—-1ACn—1 


_ (n—1)l? [F (w+), 2 td), M(n—1)J__ 1? [2 +1), P(r) ] 
M(ptn) (pt+n)  — 


or, the average length of x,” is 


l 
vn— 


i fr, t ir din —1 Aitn—2... 0s 


_VP(m-i)!p!_ PE), M(w+i)) 
(p-+n—1)!— l'(p-+n) 


Also solved by G. B. M. Zerr. 


186. Proposed by G. B. M. ZERR, Ph. D., Parsons, W. Va. 


An urn contains n==100 balls; a=25 balls are stamped, at random, 

with the letter A; b=30 balls are stamped, at random, with the letter B: 

==40 balls are stamped, at random, with the letter C’; d=50 balls are 

stamped, at random, with the letter D. One ball is drawn’ at random; find 

the chance it has on it no letter, the letter A, or B, or C, or D, or the letters 
AB, AC, AD, BC, BD, CD, ABC, ABD, ACD, BCD, or ABCD. 


Solution by J. E. SANDERS, Reinersville, O., and the PROPOSER. 


(a/n)=Too=4, (l—a/n)=2; (b/n) 100701 (1—6/n) =i; (c/n) = 
feos, (L—c/n)=3, (d/n)=(1—d/n) =so5==3. 
. The required chances are in order: 
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(1—a/n) (1—b/n) (1—-e/n) 1 —d/n) = 2. 45.2.4 =o. 
(a/n) (1—b/n) (1—e/n) 1—d/n) =4. 25. 8. bao. 
(1—a/n) (b/n) (1—e/n) (1—d/n) =3. 2).3.4 =25. 
(1—-a/n) (1—6/n) (c/n) (1—d/n) =2.15.5.2=a00- 
(1—a/n) (1—b/n) (1—¢/n) (d/n) = 8.25. $= 20. 
(a/n) (b/n) (1—e/n) (1—d/n) =4.2.3.4=z60. 


o|* ol 


(a/n) (1—b/n) (e/n) A—d/n) 
(a/n) (1—b/n) (1—c/n) (d/n) 
(1—a/n) (b/n) (c/n) A—d/n) 


a 
a 
im) 
S| 


leo IIH I BIH — nt 
Fil | 


[| bole! toHe bole bos NIRS o| 
i a 
Po 


a cls 
ore orl cae ols ons cass wr 


a x \ i 


-T0- “—40 6° 
(1—a/n) (b/n) (1—e/n) (d/n) =3. 25.3 ae. 
(1—a/n) (1 —b/n) (c/n) (d/n) = 2. 25. —. 
(a/n) (b/n) (c/n) (1—d/n) =4. 45. %.4-=zbo. 
(a/n) (b/n) (1—¢/n) (d/n) =4. 25.3.3 =z80. 
(a/n) (1—b/n) (c/n) (d/n) =4.25.5.4=a0'. 
(1—a/n) (b/n) (e/n) (d/n) =e wy. 2. =a. 
(a/n) (b/n) (c/n) (d/n) = 4.5.7.4 =abo. 


187. Proposed by HENRY HEATON, Belfield, N. D. 


Through every point of a given square straight lines are drawn 
in every possible direction, terminating in the sides of the square. What is 
the average length of such lines? 


Solution by the PROPOSER. 


Let « and y be the coordinates of one of the points, and 6=the angle 
one of the lines makes with the side taken as the Y-axis. Then the length 
of the line from the point to the side taken as the X-axis is y sec 9. 

Itis only necessary to find the average length of this line, for the 
average length of lines drawn to the other sides is evidently the same. 

When the line passes through the origin, y tan 9=«. Hence the limits 
of 6 are 0 and tan—!(#/y). Hence, the required average is, 


A=f f; i ey sec 6 du dy diz f J J ee dy dé 
S log (£+ 4 (a ee) any dy + S S tant( = ae dy 


_(* [@ eryteche)| Lae -5 
=f E log( + a Vv (a? +x?) 5 div 


07 


| 
— 


+f jatan (=) + > log (CS ) ae a [log (1+1/2) -4( 2-1) ] 


==,4095a. 


Also solved by G. B. M. Zerr, whose solution will appear in the next issue. 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


287. Proposed by WALTER D. LAMBERT, 416 B Street N. E., Washington, D. C. 


For what fraction of a year will there be the greatest difference be- 
tween the interest as computed by the ordinary commercial rule and that 
computed by the rule of compound interest? 


288. Proposed by DR. L. E. DICKSON, Associate Professor of Mathematics, The University of Chicago. 


Evaluate the determinant which arises in finding the inverse of the 
transformation, with binomial coefficients, 


— ° 
T: 2="3(4 Jo) (0,1, 0, 9-2). 
1-2 


are eee en 


GEOMETRY. 


320. Proposed by S. F. NORRIS, Baltimore City College. 


Lines are drawn from a fixed point P:, meeting a fixed circle in P,. 
On P,P. a point P is taken so that P;Px P,P,=k’*. Find the locus of P. 
Solve by analytic methods, using rectangular coordinates, and putting the 
result in the form, 


(a? +yP—r?) [(e—a,)* + (y-y1)?]+2h? (ety yas —y?) +ht=0. 
321. Proposed by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 


‘Prove by plane geometry the following interesting theorem: 

If from a point in the plane of a triangle perpendiculars are demitted 
upon the three sides of the triangle, and if the area of the triangle formed by 
connecting the feet of these perpendiculars is denoted by A’, the distance of the 
assumed point from the center of the circle circumscribed about the original 
triangle by FR’, the radius of the circumscribed circle by R, and the area of 
the pedal triangle by A, then will A'/A=+[(R?—R'?)/R’]. 


CALCULUS. 


242. Proposed by J. H. MEYER, S. J., Augusta, Ga. 


A given sphere is to be formed into a solid composed of two equal 
cones on opposite sides of a common base, in such a manner that its surface 
may be the least possible. Find the dimensions of the solid, and compare 
its surface with that of the sphere. 


243. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


The usual method for the solution of a differential equation in the 
form (see Cohen, Differential Equations, p. 22) 
x'ys (my datna dy) + a y? (vy da+va dy) =0 
fails when (1) n=am, (2) v=av, (8)s—7#a(r—p). Find the solution when 
the relations (1) and (2) hold. (Note that the solution desired does not de- 
pend on (8).) 
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244. Proposed by G. B. M. ZERR, Ph. D., Professor of Mathematics in Central Manual Training School, 
Philadelphia, Pa. 


Fine the volume common to the solids bounded by the surfaces 


MECHANICS. 


205. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Given two points A and B not in the same horizontal nor in the same 
vertical line; to find the path from A to B along which a particle will slide 
from rest under the force of gravity alone so that the average velocity along 
the curve shall be a maximum. 


206. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


A rigid square ABDC made by smooth wires is fixed with A vertical- 
ly above D. Two small equal spherical elastic beads slide down BD, CD, 
starting simultaneously from B and C. Find the ratio of their velocities of 
approach and separation at D, and how far they will separate after impact. 


NOTES AND NEWS. 


The eminent mathematician, Yoshio Mikami, is translating Dr. Hal- 
sted’s Rational Geometry for publication in Japan. F. 


Dr. G. B. M. Zerr has been appointed Professor of Mathematics in the 
Central Manual Training School of Philadelphia, at a salary of $2000 per 
year. F. 


Professor G. W. Greenwood has resigned his position as Professor of 
Mathematics in Roanoke College and gone into business in Dunbar, Pa. He 
will, however, continue his contributions to the MonTHLY. F, 


Miss Hazel Anderson, who has just received the Master’s degree at 
the University of Chicago, will be Instructor in Mathematics at the Manual] 
Training High School, Indianapolis, Ind. S. 


Mr. G. R. Clements, who took the Master’s degree at the University 
of Chicago in August, has been appointed to an Instructorship in Mathemat- 
ics at Williams College, Williamstown, Mass. S. 


Miss Mary E. Wells, who received the Master’s degree at the Univer- 
sity of Chicago in June, returns to an Instructorship in Mathematies at Mt. 
Holyoke College, where she graduated in 1906. SC 


Dr. R. L. Boerger, formerly instructor at the University of Missouri, 
has been appointed to an Instructorship in Mathematics at the University of 
Illinois. Mr. Boerger received the Doctor’s degree at the University 
of Chicago in August, 1907. C 
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Mr. John W. Mitchell has been appointed Instructor in Matematics at 
the Agricultural and Mechanical College of Texas. S. 


Dr. Louis Ingold returns to the University of Missouri as Instructor 
in Mathematics, after a two years’ leave of absence, during which time he 
has been Fellow in Mathematics at the University of Chicago, where he has 
just received the Doctor’s degree. S. 


Dr. W. H. Bussey, who for two years has been instructor in Barnard 
College, Columbia University, has been elected toan Assistant Professorship 
in Mathematics at the University of Minnesota. Mr. Bussey took his Doc- 
torate at the University of Chicago in 1906. S. 


Dr. N. J. Lennes has been elected to an Instructorship in Mathemat- 
ics at the Massachusetts Institute of Technology. Mr. Lennes has been for 
some years teaching mathematics in the Chicago high schools, and has just 
taken his Doctorate at the University of Chicago. S. 


Dr. F. W. Owens has been made Instructor in Mathematics at Cornell 
University. For two years Mr. Owens has been teaching mathematics at 
the Academy of North Western University at Evanston, IJ]. He took his 
Doctorate at the University of Chicago on August 30, 1907. ». 


Dr. N. R. Wilson, who received his degree at the University of Chic- 
ago at the August Convocation, returns as Associate Professor of Mathe- 
matics at the University of Manitoba, Winnipeg, Manitoba. He has been 
there several years and was recently promoted to Associate Professor. S. 


E. J. Wilezynski, Ph. D. (Berlin), Associate Professor of Mathematics 
in the University of California, has been appointed to a similar position in 
the University of Illinois. Professor Wilczynski is one of the best mathe- 
maticians of America. He has been both research assistant and research. 
associate of the Carnegie Institute of Washington, and the 1904 Year Book 
contains the following about his work: ‘‘The general character of these in- 
vestigations places them at the beginning of a new kind of geometry, a pro- 
jective geometry which does not confine itself to the consideration of the 
algebraic cases, as has hitherto been the case, but which proves theorems of 
a more general nature by the use of differential equations, resembling in 
that respect the general theory of surfaces.’’ Professor Wilezynski is 
chairman of the San Francisco Section of the American Mathematical Soci- 
ety, and is the author of Projective Differential Geometry of Curves and Ruled 
Surfaces, recently published by B. G. Teubner of Germany. M. 


ERRATA. 
In solution of problem 197, Mechanics, page 107, the following correc- 
tions should be noted: 
Line 7, forv, read v2; line&, for v. read v,; line 9, for v;°/7 read v.2/R. 
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NOTES ON THE GEOMETRICAL REPRESENTATION OF THE 
ROOTS OF EQUATIONS. 


By DR. O. E. GLENN, The University of Pennsylvania. 


The importance, from the historical standpoint, of the method of rep- 
resenting the roots of equations by means of intersecting conics, suggests 
that this species of graphical representation might deserve a more prominent 
place in teaching. Constructions of this kind were known to the Greek 
geometers, an account of whose discoveries may be found in Zeuthen’s Die 
Lehre von den Kegelschnitten im Altertum, Chap. 11, pp. 240-248. Anaccount 
of the work in the same direction by Descartes, Van Schooten and others is 
given in M. Cantor’s Geschichte der Mathematik, Vol. 2, Chap. LX XVII, pp. 
736-787, and a short reference to the methods in Klein’s *Vortraege iiber 
Ausgewahlte Fragen der Elementargeometrie. 

In this paper constructions for the cubic, biquadratic, and quintic are 
obtained in what is believed to be their most practicable form. These 
results are then employed to derive elementary analytical properties of the 
equations directly from the geometrical properties of the constructions. 


§1. THE CUBIC. 
The roots of the general cubic 


(1) 23 -+-pa+q=0 

may be obtained by eliminating z from the simultaneous pair 
2? ++qz+p=0, 
x+qz° + pz=0, 


«, 2 being independent variables. Also the same trio of x values will be 
obtained from this pair altered by the transformation 


*See Translation by Beman and Smith. 
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Hence the roots of the cubic (1) are the abscissas of the intersections (apart 
from the origin) of the parabola and circle 


P: y—x’?=0, 
(2) S:at+y?+qut+ (p—1)y=0. 


The parabola P is the same for all cubics, and will be called the primary 
curve. The circle S always passes through the origin but is different for 
different cubics. Let us call it the secondary curve. Since the sum of the 
three abscissas in question is always zero, to each circle through the origin 
will correspond a cubic equation in form similar to (1) and inversely, so that 
the totality (7) of all cubics is represented in the plane uniquely by the 
totality of all circles (*) which pass through the origin O. The secondary 
S has its center at the rational point 


(- 4 +5?) 
9° 2 


and is always real. Hence, to construct the roots of the cubic, take 
(- 7 5°) as a center C, and with CO asa radius describe a circle S. 
The perpendiculars from the intersections of this circle and P, upon the axis 
of P, are the roots of the cubic 
03 --pa-+q=0. 
Example: Construct the roots of the equation 


>? —Tx+6=0. 
Here we have 
P: y—xz’?=0; S: 2?+y’?+6xe—8y=0. 


From the figure [1], 7, =—3;7,=2;7r,=1. 


Equal, Real, and Imaginary Roots. 


If there exists a relation connect- 
ing p, q 


(3) F(p, =9 


the pencil (’) of circles S will have an 
envelope. When S is tangent to P, two 
roots of the cubic are equal. Hence if 

I. Scale, #% in.=unity. the envelope corresponding to the given 
relation (3) contains P as a factor, f(p, q) is the condition for equal roots. 


165 


Now f may be determined to fulfill these conditions. For if we consider as 
known the theorem that the discriminant of an algebraical equation of 
degree n is an homogeneous function of its 1 coefficients, of degree 2(n—1), 
we may write the discriminant for n=8 in the following form, with undeter- 
mined coefficients ¢: 


4: a +—*pt4.q tae’ +35p* + ep tata’ +489? +320" p+ 44 oD. 


The elimination of », g, 9¢/9p between the four equations 


ag a4 


S=0, 4—(), Ip” Ip 2 


and equating to zero (identically) the result of substituting y=«’* in the 
result gives 


—7.—4q.—0. =a. =a. a. =a. = _ —1 
Oy Og =O dg SA a Ay = 4,90, 4,1, “92. 


Hence the condition for equal roots is 


GY pr 
4 + “570. 


Reality of Roots in Cardan’s Irreducible Case. 


g pe 2 — 
Let ri + oP §, (6=0). 
2 3 9 i 
Then q= + oq L(—p) + *5°(—p)? 6] 
and S:a*+y? +l (—p)? + 28 (—p)? o]a+(p—1)y=0, 
as. 


Ze aye yh 8a ny ge 
ip: + 9g LC 2) (—P) 22 (—p)-]x+y=0, 
and the envelope is 

ant +y2y? —y> —y? yt9n?y 6=0. 
That is 


Hence the ordinate of. this envelope is greater than the corresponding 
ordinate of the primary when ° is positive, and less when ° is negative. 
Thus the envelope of S is enclosed entirely within the primary, of is entirely 
enclosed by the primary according as © is positiveor negative. Hence when 
ois positive, 
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2 3 
c+ eal 
two roots of (1) are imaginary. But when 3 is negative, 


2 3 
or + <0 (Cardan’s irreducible case), 


S intersects P in three real points, so all the roots are real. 


§2. THE QUARTIC. 
The roots of the general quartic 
(4) v* +pe*? +qu+r=0 
are the abscissas of the intersections of 
P:xy—-1=0, — 
S: 2?+ry?+qy+p=0. 


The primary (the same for all quartics) is the equilateral hyperbola P. The 
secondary is a three parameter central conic. Another convenient form is 


P : xsy—v (er)=0, 


S’: a? + ey? +ey t+ p=0, 


where «=1, —1 as 7 is positive or negative. If r is positive S’ is a circle 
with center at (0, 51). The center of the secondary conic is always on 


the y axis. The geometrical construc- 
tion of the roots is now obvious. 

Example: Construct the roots 
of the quartic 


x* —150?+10%+24=0. 
We have 
P’ : wy—2\/6=0: 
So: e+y? +36 y—15=0. 


Center (0, —751/6); radius=$7/ 284, 
From the figure [II], 


rl, 72=—4, 73=2, 748. 


II. Scale, } in.=unity. 
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Harmonic and Equi-Anharmonic Ranges of Roots. 
Let us find the envelope of S corresponding to the relation 


92 ? tx(p?+12r)=0, 
regarding q as invariable. We have from this equation 


3 
Si: a? — oy? +ay+p=0, 


0 
a > —sy’pt+1=0. 


. Hence p= and the envelope is 


\| (5) x°y? +qy? +8=0. 


Wemay state the result as follows: When the 

secondary conic is tangent to the quartic (5) 

the roots of the biquadratic (4) form an equi- 

xt + 6X +x-3 =0 anharmonic range. (See example, Fig. ITI.) 
ITT. scale, } in.=unity. Next consider p as invariable and let 


3 
Qs: + (pr—8q? — 32) =0. 
Then 


2 2 
r= 8+ 3 


Od 


and 
wet (ed , Dy)» _ 
Sia + (8 + ag)Y +qy+p=0, 
a ay ty=0; g=— $e, 


And the envelope is the ellipse 


a” yy 
=p -i2 
3 p 


Thus, when the secondary conic is tangent to 4x 249 “+ 8X + 3=0 
this ellipse the roots of the corresponding IV. Scale, x in.=unity, 
biquadratic equation form an harmonic range. 

(See example, Fig. IV.) 
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§3. THE QUINTIC. 
The roots of the general quintic 


(6) e> + pe? + qu*®-+re+s=0 
are the abscissas of the five finite points of intersection of the curves 
P : xy—1=—0, 


S: 2?-+sy%+ry? + qyt+p=—0. 


The second is a Newton divergent parabola. 
There are five non-projective classes of the latter curves, as follows: 


panna 


1. sx?=(y—2) (y—F) (y—7); all real factors, and «#7. 
2. sx*=(y—2) (y—F)?, «<8; all real factors. 

3. sxv?=(y—F)? (y—2), &>4; all real factors. 

4, sx®=(y—)*; three coincident roots. 

5. sv? =(y? +ay+b) (c«—c); two imaginary roots. 
Example: Construct the roots of the quintic equation 


a° — 21a? +500? —12~%—8=0. 
The secondary curve is 

a? —8y? —12y? -+- 50y—21=0. 
That is 


¥ = (y—) (y-¥) (Wt 9). 


Hence the secondary cubic is 
of typel. From figure VI we 
haver,=.64-+, r. andr; Imag- 
inary, 74==—.38+, 7,=—5.4+. 

It is evident that the 
only classes of the Newtonian 
parabolas that can intersect 
the primary hyperbola in five 
real points are 1 and 2. ‘Hence 
a necessary condition that all 
of the roots of a quintic (6) be 
real is that it be possible to 
resolve VI. Seale, 3; in.=unity. 
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sy* + ry’ rqytp=0 
into real factors. That is, that the following relation hold: 
(7) (Ins — qr)? —4(3qs—7?) (8pr—q*) £0. 
This condition, though necessary, is not sufficient. 


§4, A REDUCIBLE CASE OF THE SEXTIC. 
The sextic 


(8) x8 +pat +qu 2 +re? +sx+t=0 
is equivalent to the simultaneous equations 
az—-1=0; w°§+px+te?-+s2? +rz+q=0. 
In these z may be transformed linearly, taking 
g=t-iyth 
where h is a root of the cubic 
(9) th? +sh? +rh+q=0. 
This gives for the primary and secondary curves 
P:ayttho-t =0, 
S: 23+pet+y? +uy’? +vy=—0, 
where u=t- (Sht-rs) ; v=t- (8th? +2sh+r). 
The secondary cubic passes through the origin and has the asymptote 
Q, > y=—uU— hu. 


Now S may degenerate into a straight line anda conic. In fact S degener- 
ates if, and only if, one of the two following conditions is fulfilled: 


d,: v=p; u=0, 
d, : u=8) —p; v=—2p (p necessarily negative). 
If vp and u=0, the curve S has the origin for a center of symmetry. All 


these cubics cross the fixed asymptote y=—¥2 at the origin. The origin is a 
point of inflexion, the inflexional tangent being 


T: y= tt 
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Thus when u=0, 2. e., when 
28° —9rst+27¢t?—0, 


the variation of the secondary, corresponding to changes in the coefficients 
of the sextic (8), is characterized by the rotation of Taround the origin, and 
when T coincides with the asymptote, S degenerates into straight line and 
ellipse 


S: LCs (#+y) (x? ~ay+y?+v)=0, 
1. e., Into the asymptote itself and the ellipse C=0, origin at center and axis 
coinciding with the asymptote. 
Figure [VII] shows the 


curves S and P when the sex- 
tic (8) is approaching 


—4¢-+3=0. 


When condition ds holds INV 
we have 


S: a,C,=(aty+yV —p) [x?- 
cyty?+2/(—p)y—v (—p)«] 


(10) «w®~25.904+50.6x0° —2x? | 


Thus S degenerates into the 

asymptote, and the ellipse C,; 

through the origin, center at VII. Scale, 3 in.=unity. 

the point where the asymptote crosses the y axis, axis coinciding with the 
asymptote. The sextic equations corresponding to d;, d. may be solved by 
solving the cubic (9), extracting the roots 7“t, 1 —p, and solving a quadratic 
and a biquadratic. In fact the sextics corresponding to d,, d2 are respectively, 


(11) (e?-Ghat+t ) [et tt he+(8 h?—t + p)e?—-2t hatte J=0. 


(12) Lu? +(/ (—-p)—-t h)ot 8] [ett+ (Gb h-V—p)a? 
+ (th? — 2) (—p) 8 h—-# )ae? + (2V (—p) B — 28 h)c+t? ]=0. 
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FINITE PLANES WITH LESS THAN EIGHT POINTS ON A LINE. 


By C. R. MAC INNES, Princeton University. 


We get a finite projective plane if we have a finite number of points 
arranged in sets, called lines, and subject to the following conditions: 

1. If A and B are two distinct points there is one and only one line 
joining them. 

2. If « and # are two distinct lines there is one and only one point 
common to both. 

3. There are at least three points on each line. 

It follows from these, that we must have the same number of points 
on all lines. For, having two lines ¢ and /, we can takea point noton either 
and join it to all the points of «. Each of these joins must also cut and we 
therefore have the points on « and / paired. 

Also, there must be the same number of points on a line as there are 
lines through a point. For, having any point A, take a line & not passing 
through A; join A to each of the points on #. Each point of & has a line 
through A and each line through A has a point on /. 

In short, then, if we have +1 points on a line, we have n-++1 lines 
through a point; n*-+-7-+1 points in the plane, and ’-+n+1 lines in the plane. 

Thus, if we have only three points on a line, we have seven points 
altogether. Denoting these by 0, 1, 2, ..., 6, we get the lines by the follow- 
ing cyclic scheme: 


the points in the columns being on a line. 

If we leave out one line, we have a plane that might be called a finite 
Euclidean plane. In this, any two points determine a line, and through any 
point one and only one line may be drawn not meeting a given line. We 
have n points on each line, ~+1 lines through each point, and the lines 
“‘narallel’’ in sets of n. An example of this for n=8 is the following: 
Denote a point by a, and write the points in the form 


Qi1 Aig ys 
Qo, Ase Ae3 
A311 Age Azs. 


Then the rows, columns, and terms in the ordinary determinant expansion 
give the twelve lines of the plane. 
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The existence* of such planes has been proved for the case n=”, p 
being prime and m any integer. It has also been proved that there is only 
one distinct type in each of the cases n—2, 3, and 4. Our present problem 
is for n==5 and n=6. 

Having twenty-five points we are to get all possible Euclidean planes 
built from them. We may choose any set of parallels and write the points 
in rows, each row being the five points on one of thelines chosen. By prop- 
erly choosing the order of the points in the rows, we may fix the columns to 
give another set of parallels. Finally, by properly choosing the order of 
the rows we may put into the main diagonal the points of some other line. 
We now have the scheme: 


in which eleven lines are given by the rows, columns, and main diagonal. 
We know three of the lines through each point of the main diagonal; to find 
the others. The only possibilities for lines through 1.1 are 


L1 3.2 2.3 54 45 
43 5.4 2.5 
5.3 2.4 45. 
42 23 5.4 3.5 
53 2.4 3.5 (A). 
5.2 23 34 45 
43 24 35 


(B). 


*Veblen and Bussey, Transactions Mathematical Society, April, 1906. 
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Doing the corresponding thing for the other points of the main diag- 
onal, we have four other tables matching (B). We have now to pick a set of 
three from each table so that the fundamental assumptions are satisfied. 
This can be done in six ways. This gives twenty-six lines; the remaining 
four are parallel to the diagonal and can be written down immediately as 
they are determined uniquely by the others. Apparently there are six 
planes in this case; they can, however, be brought into a one-to-one corres- 
pondence, and again we have only one type. The method of establishing 
the correspondence analytically is not without interest. 

We have denoted points by two numbers. If we think of these 
as coordinates of the points, we find that one of the six planes is such that 
the points of a line satisfy a first degree equation, using modulus 5 in the 
algebra. Thus «=k gives the rows, x—y=0 the diagonal, and «—y=k the 
lines parallel to the diagonal. And so on. The lines of this plane are, of 
course, interchanged by linear substitutions, of which there are 12,000. If 
to the plane we apply the transformations 


¢==8x4+8...(1), 

== 3x5? + 8x." +x”, —1... (2), 
r= An +20 57-+243 +38... (8), 
gag —v Pf +2x,—-1... (4), 
=a? +202 + 8x,... (5). 


y being subject to transformations of the same form, we get the five other 
planes. These transformations, though not linear, are birational, (1) and 
(2) being inverse to each other, and each of the remaining three being its 
own inverse. These five, with the identity, form a group. 

If we consider the projective plane, it will be unaltered by linear frac- 
tional transformations. These form the simple group L.F(3.5) of order 
372,000. This order is 31 times as large as in the Euclidean plane, as there 
are 31 lines, any one of ‘which might be neglected to give the Euclidean 
plane from the projective one. 

If we now try a similar thing for a plane with 36 points, the work 
proceeds as before till we have written down all the possibilities for lines 
through (1, 1), (2, 2), and (8, 3). The others need not be considered. 
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From the lines through (1, 1) we choose a set of four; to these add four 
through (2, 2) agreeing with them. This can be done in a number of ways. 
To the eight so found, it is impossible to add four through (8, 3) so that the 
fundamental assumptions hold. The first assumption breaks down, no mat- 
ter what combination be tried, 

There is therefore no Euclidean plane with 36 points; and con- 
sequently no projective plane with only seven points on a line. This 
includes the result for n=7 given in the answer to problem 142, p. 108, 
Vol. XIV. It is also the result given by Dr. F. H. Safford in answer to 
problem 182, p. 215, Vol. XIII. 


ON CONSTRUCTING A CUBE HAVING A GIVEN RATIO TO A 
GIVEN CUBE.* 


By R. D. CARMICHAEL. 


The semi-cubical parabola is capable of a beautiful application to the 
problem of finding a cube having a given ratio to a given cube. The object 
of this paper is to give a method of constructing this curve by continuous 
motion, to apply the locus to the above problem, and also to show how to 
construct a line numerically equal in length to the cube root of a given line. 

The equation of this curve, 


(1) oe—=py’, 


when transformed to polar coordinates 
with the axis of « as the polar axis, may 
readily be reduced to 


(2) p cos 8=p tan? 4, 


To find a construction of the curve Fig. 1. 
by continuous motion we proceed as follows: Let OX (Fig. 1) be the polar 
axis. Take a distance OB= p and erect BD perpendicular to OX, cutting 
OM at C, the angle MOX being equal to 9. Draw CG perpendicular to OM 
at C, intersecting OX in G. From O lay off OF=BG, and draw FS perpen- 
dicular to OX, intersecting OM in P. P is a point on the semi-cubical 
parabola. 

Proof. Since OB=p, BC=ptan9. But, since OCG isa right triangle 
and CB is perpendicular to OG, OB: BC::BC: BG. Hence, 


*Read before the American Mathematical Society, April, 1907. 
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(3) py. BG=BC?=p* tan? 6; or BG=p tan’ 4. 


But by the equation of the curve, ptan® 0=pcos% But if OP=p, then 
OF =p cos 9=p tan? 9=BG. Hence Pisa point on the locus. 

Now since OF =BG and OB=p, FG=p. The following construction 
of the curve by continuous motion is then evident: Let OM and OX be two 
material lines pivoted at O, OX being fixed to the plane of the paper. Let 
the material right triangle R, with the material straight line CG attached to 
it, be fastened to OM so that it may slide freely along OM. Let another 
material line F'G =p be attached to OX so as to slide along it and at the same 
time let CT pass through a ring at G of F'G so as to slide freely. BC is a 
material line fastened to the plane of the paper at P and perpendicular to 
OX, OB being equal to p. It passes through a ring at the vertex of the 
right angle in the triangle R. Finally, FS is a material line fastened to GF 
perpendicular to it at its extremity Ff. Thisintersects OM at some point P. 
Then let a ring pass around OM and FS at P and let a pencil be placed in 
this ring. As OM revolves about O the pencil at P will describe the semi- 
cubical parabola «?=py’. 

We shall now apply this locus to the problem of finding a cube having 
to a given cube the given ratio of the line m to thelinen. For this we shall 
employ the special case p=1. In Fig. 2 lay off «=OH=a side of the given 
cube. Draw HQ=y, Q being a point on the locus. Take OB =—1 and erect 
BC perpendicular to OX and cutting QR in C, QR being parallel to OX. 
Draw OM through C, and then CG perpendicular to OM at C and cutting 
OX in G. By the same reasoning as in 
finding equation (3) it follows that 


BG=BC’,=QH?=y’. 


But «?=y”. Hence BG=OH?. 

Now find a fourth proportional to m, 
n, BG, and from B lay off this line, say BL. 
Extend BC to S and on OL as a diameter 
describe a semi-circumference cutting BS 7 
at W and through W draw a line parallel to Fig. 2. 

OX and cutting the curve in T. From T let fall a perpendicular to OX at 
V. Then we may repeat the previous reasoning to show that OV?=BL. 
And therefore, since OH*=BG and m:n:: BG: BL, OH?:OV? ::m:n. 

We have seen above that OH*=BG, OH=/’ BG. We may thus con- 
struct a line numerically equal in length to the cube root of any other line; 
or, conversely, we may construct a line numerically equal to the cube of a 
given line. | 

Remark. It will of course be observed that the problem here solved 
is a generalization of that of the duplication of the cube, renowned from 
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antiquity. By this method the ratio of the given cube to the required may 
be any capable of being expressed as the ratio of two straight lines, and 
that the problem is not more difficult of solution for one ratio than for 
another. 


Presbyterian College, Anniston, Ala. 
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SOLUTIONS OF PROBLEMS. 
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GEOMETRY. 


314. Proposed by F. ANDEREGG, A. M., Professor of Mathematics, Oberlin College, Oberlin, Ohio. 


Find the area of the triangle bounded by the lines le+mé+nr=0; 
latm'B+n'7=0: I'¢4+m"b+n"r=0, where « stands for xcose-+ysinz—p, ete. 
[See Salmon’s Conic Sections, 6th Ed. |] 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa., and C. N. SCHMALL, 
89 Columbia Street, New York City. 


Let A=a(mn'—m'n) +b(nl’—n'l) +e(lm'—l'm), 
B=a(mn"—m’'n) +b(nl”—n")l) +e(lm”" lm), 
C=al(m'n"—m'n’) +b(nl’—v'T) +e(Um" —l'm’). 

Then the intersection of (1) and (2) is 
4 A 
mn-mn ni—nl lm'-lm A’ 
The intersection of (1) and (8) is 


ar} 3» Ye 2 


mana" ln Umm BS 
The intersection of (2) and (8) is 


mn’ —m'n’ nl’ __ n't Lm” __ L’m 


2A 
Zz 
The area of the triangle (4,, 21, 71); (42, Bs, 73); (43, 2s, 73) IS 


ot [43 (Pive —Bor1) +83 (7142 1241) $73 (41% 2 — 407; )]. 
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Hence the area of the required triangle is 


ABC 


Also solved by the Proposer. 


815. Proposed by ROBERT E. MORITZ, Ph. D., University of Washington. 
Given the area of the segment of a circle of given radius to find the 
length of the chord. 
Solution by G. B. M., ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


I. Let r=radius and 27=the length of the chord. Also let A=arc of 
segment. Then 


4e[r—VV/ (r? —2?) pp ov an =A, 


°.169x° +192r?a*? —168Are? +144(A? —r*)a—288Ar3 =0. 


If A and 7 are known, x can be found. 
II. Let (=angle of segment at center of circle. Then 


hy? (0—sin 0) =A, z=rsin $6. 


By double position ? is found. 
oe Cs Oe 2. m2) ]— a 
Ill. 7? [sin , mil (r e°?)|=A. Let i 


27? [sin-le—2yV (1-2?) ] =A. 
eee tieitoet t+ ise9 +... = Al’. 
By reversion of series z is found, then x=rz. 


316. Proposed by J. STEWART GIBSON, Department of Physics, Wadleigh High School, New York City. 


Determine the locus of the vertices of parabolas described by particles 
thrown off from the circumference of a uniformly revolving wheel. 


I. Solution by the PROPOSER. 


Let r=radius of circle, a=velocity of its periphery, ¢=angular posi- 
tion of particle b at moment of projection, a,—vertical component of initial 
velocity, and a,—horizontal component of initial velocity. Then a,—acos ¢. 
The height, y,, to which the particle will rise is (since h=v? /2q), 


2 2 
Y, =? sin +e. (1) 
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a Cos > 


The time of rise will be t= an,==0 Sin , 


“.%,, the abscissa-of the vertex of the parabola, is 


a’ sin ¢ cos ¢ (2) 


,==~—tan+r cos 6=7 cos $— g 


Transposing and squaring (1), 


_ yi a’cos’? , a*cos*?, 


2atn2d — ; 
yr’ sin’? = yf q dg? 


whence costal — Zagora + Jr —y, a 


and sin ¢==/)/ (1l—cos?¢)= 


27 aa a hcl pC mnarTAT S| 
sali —[- 2a m0") ys — yp Aor eva')") 


a* a® 


Finally, the equation of the required locus is 


2g(gr?—yra®, [oy 4g? (gr'—yia")? 
pcan [20 eme  Ipe ye Or yer)? 


ae a -(- 2g (gr? Sha OPO) pty I He) | 


29 (gr? —y.a*) . » 49°? (gr*>—y.a")? 
x [J Palo) a fre ye AO Ha) 


The curve has the following pecu- 
liarities: It is symmetrical to the vertical 
axis; is tangent to the circumference at the 
inferior apex; and also at superior apex by 
the inclosed loop. Illustrations of the 
physical formation of the curveare oil drops 
from a pulley; mud particles from a carriage 
wheel; water drops from a revolving grind- 
stone; sparks from revolving fireworks, such 

gs ‘‘pin wheels,’’ etc. 
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II. Solution by G. W. GREENWOOD, Dunbar, Pa. 


Taking horizontal and vertical axes through the point of projection 
and in its plane, the path of a particle with initial velocity v, and making 
initially an angle @ with the vertical, is given by 


x=v sin? t, y=v cos 9t—sgt’. 
Eliminating t, we get as the equation to the path described, 


2v°xsin?cos? , 2v’sin?4y . v’? sin2 f v* cos2 " 
gy? — a 0); 1, | —— |] +] - 
g g 29 29 
aq)? 
=|u 35) 


which is a parabola whose focus is 


v'sin2@ -y?eos29 
2g” 29 


Now taking horizontal and vertical axes through the center of the wheel, 
and in its plane, the wheel being supposed to revolve clock-wise, the focus 
of the parabola described by a particle from the point (—acos@, asin 49), 
a being the radius of the wheel, is given by 


_v*cos 26 


x _v'sin 2 0 
29 


+asin 0 
2g asin 9, 


—acos?, y 


which is the equation of the required locus in terms of the parameter @. 


An excellent solution of this problem was received from G. B. M. Zerr. 


CALCULUS. 


me 


241. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


Differentiate y=1-+ a 


Solution by J. SCHEFFER, A. M., Hagerstown, Md.; FRANCIS RUST, Allegheny, Pa., and the PROPOSER. 


The continued fraction is equivalent to $+ 1 (4+2). 


dy 1 
—1 1 _. 
Hence, y=3+/Y (4+), and dav (+40) 


Also solved by G. B. M. Zerr, G. W. Greenwood, and A. H. Holmes, 
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242. Proposed by J. H. MEYER, S. J., Augusta, Ga. 


A given sphere is to be formed into a solid composed of two equal 
cones on opposite sides of a common base, in such a manner that its surface 
may be the least possible. Find the dimensions of the solid, and compare 
its surface with that of the sphere. 


Solution by A. H. HOLMES, Brunswick, Maine. 


Of the cones into which the given sphere, radius R, is to be trans- 
formed, let x=radius of base, and y—=altitude. 


2 3 
Then=~2 4 sara or «*y=2R? a ,minimum, or 
6 
4 ae ==@ minimum. 


6 
40? =, and therefore «2! R and y==2! R. 


Put S,—surface of sphere, and S.=surface of required solid. 
‘Then S,:S,=—4:23 /8. 
Also solved by G. B. M. Zerr. 


MECHANICS. 


—_ 


188. Proposed by H. L. ORCHARD, M. A., B. S. 


_ Spherical bubbles of air are rising in water. Find the relation between 
radius and velocity. 


Solution by G: B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let R=radius of bubble at surface of water, r=radius of bubble at 
start at bottom, “density of gas in bubble referred to water as unity, w= 
weight of one cubic inch of water in pounds, h=height of column of water 
equal to weight of one atmosphere, d=depth of water where bubble starts, 
v=velocity of bubble at distance s from starting point, bubble starting from 
rest, «=radius of bubble at distance s from starting point, f=acceleration. 

$7 Rew o=weight of gas in pounds, $7 R*w=force, in pounds, im- 
pelling bubble upwards. 


pai t Riw(l—)g_ (9) g 
4x R®w(1+°) 1+6° 


.v=2fs. Alsoht+d:h+d—-s=a3:r?, 


(at@—r*)(h+d) 5 _2f(e?—r*) (htd) 
“3 ae 3 , 


.-S— 
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vege _2(1-9) (h+d)g 
2f(h+d) =F 


‘ 7? ps = 


d can be found by either method in Vol. I, page 184. 


202. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


Three equal, uniform, similar rods AB, BC, CD, freely jointed at B 
and C, are hung from a point by two equal strings attached at A and D. 
Find the position of equilibrium. 


Solution by G. W. GREENWOOD, M. A., Dunbar, Pa. 
By symmetry, the strings, of length J, say, make equal angles with 
the vertical, as do also the rods AB and DC; denote these angles by 4 and 4, 
respectively. The rod BC is horizontal. Denote the length of each rod by 
a, the weight by w, and the depth of the center of gravity of the system 
below the point of support by z, the strings being regarded as weightless. 


z—=[w (Leos 6+4a cos ¢) +w (Leos 8+ a cos 6) +w (Leos +a cos $) ]/3w 
=4[31 cos 9+2a cos ]. 


For equilibrium, the value of z must be a maximum. 
..0=8lsin 6d 6+2a sin ¢d¢...(1). 
Also, by horizontal projection, 


a=2Il sin 9+ 2a sin 9... (2). 
-.0=Ilcos 6d 9+acos ¢d ¢... (8). 
. 3tan 6=2tan ¢ (by eliminating d? and d ¢ from (1) and (2)). This 
equation, with equation (8), gives the position of equilibrium. 
Also solved by G. B. M. Zerr and J. Scheffer. 


ee 


AVERAGE AND PROBABILITY. 


me 


187. Proposed by HENRY HEATON, Belfield, N. D. 


Throtgh every point of a given square straight lines are drawn in 
every possible direction, terminating in the sides of the square. Whatisthe 
average length of such lines? 


II. Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let ABCD be the given square, side a. P the randon point coordi- 
nates (u, v). On account of thesymmetry of the square we will confine P 
to the triangle ADC. Let HQ be the random line through P, m=tan 0= 
tanQED. For the area AOD, FE must fall on HF to intersect opposite sides 
and on AH to intersect adjacent sides. For the area COD, E must fall on 
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HD to intersect opposite sides and on AH to intersect adjacent sides. For 

opposite sides #Q=a cosec ?. For adjacent sides HQ=(a—w)sec 6+ cosec 9. 

For opposite sides, the limits for AOD are, of v, 0 and $a; of uw, (a—v) and 

v; of 4, ~tan-1(*") =6, and tan-1(S— Jao; for 
7) a-—u 

COD, the limits of wu are 4a and a; of v, u and (a—w); 


of #, —tan~! 2 =6, and 0,. Foradjacent sides the 
a—u 


the limits of wu are 0 and a, of v, 0 and wu, of 9, tan nr 


=6, and 6,. Let A be the required average length. 
Then we have for the denominator: 


D=S" FG du du d0+f" ff, du dv dots” f" Faw dv ae 
=f en (CS8) va") oa 
+ Se Sr tan (= + tan7! (. ~ ) Jar dv 
+ s S tan (~.) — tan“! (2=2 ) Jar dv 


od ee er 


+ S |2(a—u) lose a — 5 (a—u) +2utan1 (—¥ 


a V L(a-—u)?+a?] TO _4( a 
+S, [aw os a=u)y2 vos 2 +7 —atan (aa) fa 


=iq? (x+2 log 2). 


For the numerator we have 


ta a—v (9; a wu 6, 
N=f{ f f a cosec 6 dy dudo+f if J acosec # du dv dé 
0 v 6, 2a" au 3 


a U 04 
+ f f s. [(a—u) sec 9+ cosec 6]du du dé 
0 0 1 


183 


. oof = (=) (ee) Na dv 
-f* S | (a— u) log (= uw) (Lamu) + (a2) “]4(a-»))) 


+vlog| (—. 5 (ee Ee Me a (a Oa dv 


a--V 


= 2af ” E log (ier?) —(a—v)log(/2+1)+(a--v) Y2 
—V/{(a-v)*+0" |ay 
+ 2af - |2(as-u)log(v’2+1) —(a—u)logtY [(a—u)?+u?] +u} 


~alog(¥Hemw tel Fler) + (a—u) log)a—u) | a 


+- af" | 2au—u? a2 /2+ (a—-u)Y [(a—u)*? +a? ] 
0 


ea eG =) a 


3 
= 5519(V2+Dlog(V2+1) —4-5y 21. 
, oN # (M24 I)log (241) — 4-52) 
7" D~ 8 r+2 log 2 


NotTe.—This solution differs from Mr. Heaton’s in that Dr. Zerr assumes the lines to be secant lines, that is, 
lines whose extremities lie on the sides of the square. Mr. Heaton intended the lines to be radial lines, that is, 
lines the extremities of which are the random point and points on the sides of the square, In both solutions, the 
same law of distribution has been assumed. Ep. F. 


188. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 
Find the average length of a hole at random through a given (a) 
sphere, (b) cube. 
Solution by G. B. M., ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


(a) Let one point remain fixed and be the origin: Then v? +y?+2?= 
2ax=d* is the equation to the sphere of radius a. 
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Let 1/ [2aa—a? —y? ]=z', 1 [2ax—a* |=y', 4=average length. 
SS Sf d du dy dz V (2a) J” S V% Vv Leae— v* —y? |dx dy 


SSS deduce Ss" in V [Bane —y’|da dy 


V [2a] Ss" [2ax—x?] Vx dx — 


48a 


2a : 85 
s, V [2ax—x*]dx a 


(b) Let the coordinates of ingress and egress of the hole be for oppo- 
site faces (x, y, 0); (u, v, a), and for adjacent faces (x, y, 0); and (a, v, z). 


V [(a—w)?+(y—v)? +a?7J=1, VY [(a—x)*4+ (y—-v)? +22] =I’, average 
length=>p. 


i f rr we dy uv + f f t f de dy dz dv 


ALG LSS tae dy an doef SS Se tae ay deo 


i =aas. S; S luv Le u)?+y?+a?] 


ytv'l (wu)? ty" +a*] 
V [a?+(e—u)?] 


tas" S S Juv (ama)? +y" +2") 


V [z?+(a—2) 7] 


+[a? + (a—u)*]log |ax ay du 


+[2?+(a—2)?] log |ae dy dz 


V la? ty") 


| 20a [a? +a? +y?] + (8a?y+y?) log 


ytv [a?+a?ty*] 


+ (8a?a+ 2?) log V [a2 +7] —2 a®tan— (are) |e dy 
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9 at+y [a?+y? +27] 


4 ° ° 2 2 2 2 $ Ww” 
+ sai S ZayV [a®? +y? +27] + (82?%y+y') log Vly be] 


yt la? +y? +27] 


+ (Baz? + a) log V la? +22] 


—22%tan-1( dy dz 


vere) 
2zV [a? +y?+2? | 


1 a 3 ‘ 3 
~~ 3604 9 |4a%y? 22 a4—2ayt+4y(2at-+y")? +r2y (a? +y")! 


—6y3,/ Ta? +472] — ,tayn—l Y ) 4 (0 ae) 
6y° 1% [a*?+y?] —20 a*tan Garten +4 y* tan a2 


ltan— lea) 5 3\71,..etV [2a? +y?] 
+4 a‘tan ( y +3a‘*log2 + 8(5a* y+3ay?) log V ta? $y" 


2 D) 2 yt+v [a> +y?] 4 2n,2 yty ee tel 
+ 2a? (8a? +4y?) log ay 2 +8 (3a1—a’y?) log * a2 dy 


= 71650 [286 —186 7+ 464)/ 2— 372)/3+768log(1+1/ 2) +1752log(1-+ 1/8) 
— 936log2]—=s2a, nearly. 


MISCELLANEOUS: 


166. Proposed by F. H. SAFFORD, Ph. D., The University of Pennsylvania. 


Several equal rectangular boxes are placed in a row with uniform 
intervals between the boxes and a passageway along one side of the row. 
Find the least width of the passageway permitting a box to be removed 
from the row without moving adjacent boxes. This problem arose during 
the construction of a room for storage batteries. 


Solution by the PROPOSER. 


Length of box=PQ=a; 2 DAY=¢=cos"1(b/c). Breadth of box=PS 
=b; ZRAY=@. Space between boxes=AB=c; OA=l=ccot¢. Passage in 
front of boxes=PW=h; OB=m=cesc ¢; AR=n=c esc 9—b cot 4. 

The complete solution of this problem leads to seven cases correspond- 
ing to the possible relations between a, b, c. The desired solution is h=PW, 
and unless otherwise stated; ¢~0. The general cases are l°, a>ccsc¢; 2°, 
ceseg>a>c; 3, c>a>csin $; 4, csin¢>a>0. 

In case 1°, Fig. 1, the box remains partly in the “‘space’’ when PW is 
amaximum. The axes and the auxiliary constant ¢ are determined by the 
position of the box when Q coincides with B, and the minimum value of y 
corresponds to the desired value of PW. The path of P is given by 
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g=c—asin§, y=l+(n—a) cos 9—b sin Y, (1) 


in which @ is an auxiliary parameter. The minimum value of y is given by 
the solution of the transcendental equation 


c=a sin’ 6+6 cos 9, (2) 


The instantaneous center of motion of PO is at V, the intersection of 
ba ah ae B the horizontal through 
| R | Q and the normal to 

PQ through A. When 

the box is moving out 

of the space, V moves 

toward the left and P 

toward the right, the 

minimum y occuring 
when FP crosses the 

vertical through V. 

This is the position 

shown in Fig. 1, from 

which equation (2) 

may be verified. 

The solution for 
case 1° is 


. _ - -_—- ———e ee ee ee 


el a ee ee ee 


h=Il— y=a cos 9+b ese —c cot 4, (3) 


in which @ is the solution of (2). 

Fig. 1 shows that h is less than a, so there would be no advantage in 
withdrawing the box without turning, and then moving it sidewise. 

Case 1° is particularly important because the critical point is not at the 
position BS,. The limiting case between 1° and 2° occurs when a=ccse ¢= 
OB, and the solution is then h=a cos ¢=ab/c. 

In case 2°, cese¢>a>c, the ordinate of P is still decreasing when Q 
reaches B, as may be shown by the derivative of the second equation in (1) 
VIZ. , 

Yh (ca sin? 6—b cos 9), (4) 
Hence the path of P must be studied when SR and QR have sliding contact 
with A and B, respectively. From Fig. 2, 


“x=b cos 9—a sin 9+ e sin? 4, (5) 
y=l—acos 9—b sin +c sin 4 cos 9, 
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dy/d°=a sin 9—e sin® 6+ecos? 9—bcos9=MA-—BN. (6) 


Thus when Q has passed B, the ordinate of P changes and b becomes an in- 
creasing one. When ais a little greater than c, P may be in the same ver- 
tical as V, the instantaneous center, as seen in Fig. 2, where it is evident 
that (6) vanishes. This fact does not lead to a solution because P is here at 
a maximum, so that the provisional solution comes when Q coincides with 
B, 1. e., PW, Fig. 2. 

On PQ let HQ=a be laid off so that 


c>a>csin ¢, (7) 
then from Fig. 8, 
Hk=ab/e, (8) 


and it is to be noticed that a further change of position, as shown in Fig. 4, 
gives by computation, the same value for HK. At the same time (6) shows 
that during this motion from Fig. 3 to Fig. 4, the ordinate of P increases 
and then decreases. Since the slope of PQ is less in the latter position, it 
follows that the ordinate of P is greater in Fig. 4. 

If instead of the restriction in (7), a be so chosen that 


cese¢>a>c, (9) 


it follows from (6), since MA does not vanish when R reaches B, that the 
ordinate of P is still decreasing, hence from (8), with a replacing a so as to 
apply to case 2°, | 


h=PW=ab/c. (10) 


Thus (10) is the solution for case 2° and gives a value greater than b. In the 
limiting case between 2° and 8°, 7. e., a=c, the value is precisely 0. 

For case 3°, c>a>csin¢, Fig. 4 is available if the left boundary is 
AH instead of SP, so that (8) gives 


h=HK=ab/c, 


a result less than 6. But a rotation about A must follow, making AA ver- 
tical, and now the solution is h=b. The limiting case between 3° and 4, 7. 
e., a=csin ¢, is that in which the box can just rotate in the space. This 
case may be considered with case 4, csin¢>a, and the joint solution is 
h=b, as complete rotation is possible. 

In the last and trivial case, where ¢=0, 0 is equal toc, and the solu- 
tion is h—=a, because the box cannot be rotated in the space, but must be 
withdrawn by translation. 
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PROBLEMS FOR SOLUTION. 


eee 


ALGEBRA. 


289. Proposed by S. A. COREY, Hiteman, Iowa. 

nt+1 1, nt3 1 n+ ) 
(nti)?—1 ** (m+3)i—1 ** tS) 1 
1 1 n—1 n—38 
+(8. wept teagathapet )= (n—1)?-1 +8. (n—3)?—1 


n—5 1 n—l 
+ §. (n—b)?—1 0°" +. (n—l?=1 nm being any odd integer greater than 1 


Prove that ( 


and [=n—2. 
290. Proposed by G. I. HOPKINS, M. A., Manchester, New Hampshire. 


A and B are 45 miles apart and travel towards each other. A goes 
one mile the first day, three miles the second day, five miles the third day, 
and soon. B goes two miles the first day, four the second, six the third, 
and soon. In how many days will they meet? What interpretation is to be 
placed upon the negative value of n? 


GEOMETRY. 


221. Proposed by J. O. MAHONEY, B. E., M. Sc., Central High School, Dallas, Texas. 


ABC is an isosceles triangle. Through any point P in its plane draw 

a line PSRT cutting the sides AC, CB, AB in the points S, R, and T, 

respectively (R between B and C), so that the segments CS and BT shall 
e equa 


222. Proposed by FRANK LOXLEY GRIFFIN, S. M., Ph. D., Instructor in Mathematics, Williams College. 


Find all surfaces such that the normal lengths intercepted by the three 
coordinate planes are in constant ratios for all points. 


223. Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 


S, S' are the foci of two co-vertical parabolas A and B, the axes of 
which are at right angles. Draw the circle K on SS’ as diameter. XK is cut 
in D and E by a straight line parallel to the axis of A such that S' lies mid- 
way between it and that axis. Show that the lines S’D, S’E are parallel to 
the two tangents to A which are normals to B. 


CALCULUS. 


ee 


245. Proposed by FRANCIS RUST, C. E., Allegheny, Pa. 


Prove or uisprove: 


J, V («?—1) Waray a 1) 2" (k) tv (—-1). FT [vy AF) 1, 


Legendre’s notation, 0<k<1. 
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246. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


Derive Taylor’s Series by the use of the formula for successive inte- 
gration by parts, and nothing else. 


MECHANICS. 


207. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


A portion of a parabola is bounded by the curve, the axis and an ordin- 
ate. A circle is inscribed to the figure which is regarded as a plane lamina. 
The area ot the inscribed circle is now punched out. Find the centroid of 
what is left. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


— 


148. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


Find all the multiply perfect numbers of n different prime factors and 
of multiplicity n—-1. 


AVERAGE AND PROBABILITY. 


191. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


Two random lines cut a given circle. What is the chance that they 
intersect within the circle? 


192. Proposed by A. H. HOLMES, Brunswick, Maine. 


In the game of baccarat the dealer and each side of the table have two 
or three cards. The object is to get as near nine as possible, and tens and 
court cards do not count. If the two first cards dealt do not together amount 
to five, the player asks for another. If above five he does not. When the 
two cards amount to exactly five would the chances of the hand be bettered 
or diminished by drawing a third card, and how much? 


eee 


MISCELLANEOUS. 


173. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


If n is odd, prove the following: +1=[(-1)”"+(—1)-“”][(-1)*” 
+ ( —1)—-@/")] [(—1)3” + ( —1)-8/)] oe [(—1) (n ~1)/2n 1 ( — 1)-@-D) on] 
+ Y/n(—1)@-D4= [(—-1)’"— (—1)- 87] [- (-1)?"—- (- 1) -&7] [(- 1)?" 
(—1)-8/] _ [(—1) (n- 1)/2n _ (—1)-@-D2n], 


174. Proposed by L. E. DICKSON, Ph. D., Associate Professor of Mathematics, The University of Chicago. 


By a linear transformation with integral coefficients modulo 2, reduce 
Su;2° + 3a; (4, j7=1, ..., 2m; i<j) to a canonical form in which the variables 
are separated into pairs. 
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NOTES AND NEWS. 


A regular meeting of the Southwestern Section of the American Math- 
ematical Society will be held in the buildings of Washington University, St. 
Louis, on Saturday, November 30, 1907. S. 


The next annual meeting of the American Association for the 
Advancement of Science will be held in Chicago during the Christmas Holi- 
days. Two joint sessions of Sections A and O, Mathematics and Engineer- 
ing, with the Chicago Section of the American Mathematical Society will be 
held on Monday afternoon and Tuesday morning, December 30 and 31. The 
subject for discussion is: ““The Teaching of Mathematics to Students of En- 
gineering.’’ Prominent engineers and mathematicians will take part in the 
program. S. 


The sixth annual meeting of the Central Association of Science and 
Mathematics ‘Teachers will be held in the building of the McKinley High 
School at St. Louis, Mo., November 29 and 30, 1907. The Mathematics Sec- 
tion will hold sessions Friday afternoon and Saturday morning, at which the 
reports of two important committees will be presented, one on the teaching 
of algebra, and the other on the teaching of geometry. The leading speak- 
ers in the discussion of these reports will be Professor Florian Cajori, Colo- 
rado College; Professor E. R. Hedrick, University of Missouri; Professor G. 
B. Halsted, Greeley, Colo.; Professor G. C. Shutts, Whitewater, Wis.; W. 
W. Hart, Shortridge High School, Indianapolis; and C. W. Newhall, Shat- 
tuck School, Faribault, Minn. S. 


Daniel A. Murray, Ph. D., has recently accepted the chair of Mathe- 
matics -in McGill University. The title of the latest of his many popular 
college text books has been changed from ‘‘Practical Mathematics’’ to 
‘Essentials of Trigonometry. ”’ OLIPHANT. 


Readers of the MONTHLY may secure a year’s subscription to the 
Technical World Magazine (regular price, $1.50) and Finkel’s Mathematical 
Solution Book (regular price, $2.00), for $2.25 for the magazine and book. 
For $4.00, one year’s subscription to the MONTHLY will be included. The 
Cosmopolitan and the MONTHLY for one year for $2.70. 


BOOKS. 


A First Course in the Differential and Integral Calculus. By William 
F. Osgood, Ph. D., Professor of Mathematics in Harvard University. 12mo. 
Cloth, xv-+423 pages. Price, $2.00, net. New York: The Macmillan Co. 


Important features, among others, in the treatment of the Calculus as carried out in 
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this work are, the simplicity, the clearness, and the directness with which the principles 
underlying the Calculus are set forth and the splendid applications and illustrations of these 
principles in the solution of problems in physics and mechanics. Since the ideas underlying 
the Calculus are nowhere brought out more clearly than in the application of its principles to 
the study of curves and surfaces, in Mechanics, and in definite integrals with their applications 
to Geometry, Physics, and Astronomy, these subjects are taken up at an earlier stage than 
is usually customary. Thus, for example, curvature is taken up in chapter VII, p. 134; 
definite integrals, Chapter IX, p. 153, and mechanics, Chapter X, p. 190. Chapter XVIII 
deals with double integrals, and Chapter XIX with triple integrals. Here the author uses 
a notation which should be followed by all writers on the subject, viz., for example, for 


SS SH(x, y, 2) da dy dz, 
Sida fdy Sf x, y, 2) dz 


is used. By this notation there is no ambiguity as to the order of integration. The book 
contains many valuable features too numerous to mention in the brief space at our disposal. 
It is very attractively printed and bound, and the selection of problems is most 
commendable. F. 


High School Algebra. HKlementary Course. By H. E. Slaught, Ph. D., 
Assistant Professor of Mathematics in the University of Chicago, and N. J. 
Lennes, M. S., Instructor in Mathematics in the Wendell Philips High 


School. S8vo. Cloth, xiit+297 pages. Chicago: Allyn and Bacon. 

As stated in the preface, the important features of this text-book are: (1) Algebra 
is here vitally and persistently connected with arithmetic; (2) the enunciation of the prin- 
ciples of algebra in eighteen short sentences; (3) the solution of problems rather than the 
construction of purely theoretical doctrine as an end in itself; and (4) the determination of 
the order of the topics and the inclusion of the order of the topics, and the inclusion and 
exclusion of subject matter by the main purpose of the course itself. 

The book is based on true scientific and pedagogical principles. Great care is taken 
in laying the foundation of the subject. The problems are drawn, for the most part, from 
the experiences of every-day life and are of a nature easily within the comprehension of 
the beginner. From a pedagogical point of view the book is all that can be desired. It 
seems that all pedagogical requirements have been satisfied not only in this work but per- 
haps in several of its predecessors, and that the attention of teachers of mathematics in the 
higher institutions of learning be now directed to, what seems to me, tobe the true cause of the 
lamentable state of elementary mathematical teaching in this country. The cause of poor 
teaching is not so much the lack of teachable text-books in the hands of the pupils as the 
lack of teachable teachers into whose hands the pupils are committed. Is it not a fact that 
the teaching of Algebra and Geometry in the great majority of high schools and academies 
is intrusted to the merest arithmetical tyros, teachers whose thoughts in regard to mathe- 
matics are as dark and confused as are those of a savage respecting the laws of the uni- 
verse. The most noteworthy progress in the teaching of elementary mathematics will be 
obtained when teachers who have no more interest in mathematics than to make the per- 
functory teaching of it a means to gain a livelihood are crowded to the rear and their places 
taken by the real, earnest, enthusiastic, and enlightened teacher of mathematics. F, 


the notation 


Plane and Solid Geometry. By Isaac Newton Failor, Principal of the 
Richmond Hill High School, New York City. 12mo., 420 pages. $1.25, net. 
New York: The Century Co. 


The author has aimed to present to the educational public a work on Geometry that 
should be both teachable and practicable. In the earlier parts of the book. most corollaries 


192 


are proved and references and postulates are quoted in full. This is necessary in order to 
give the beginner a notion of what is required to be done. The demonstrations are 
so arranged that no page needs be turned to read them. A change which, to my mind, does 
not add to the attractiveness of the book, is that the theorems are set in ordinary long 
primer type instead of in italics or black-faced type. The book contains a very large col- 
lection of exercises well suited to call out the powers of the student. 

The publishers have done all that is possible to make the mechanical features of the 
book first class. F, 


Text-book of Mechanics. By Louis A. Martin, M. E. (Stevens), A. M. 
(Columbia), Assistant Professor of Mathematics and Mechanics in Stevens 
Institute of Technology. Vol. II, Kinematics and Kinetics. 12mo. Cloth. 
xiv-+214 pages. 91 figures. Price, $1.50, net. New York: John Wiley 
and Sons. 

This volume completes the author’s elementary course in Mechanics, the intention of 
which course is to prepare the student for courses in Applied Mechanics, and to lay a solid 
foundation for the study of more difficult works. The study of this volnme requires a 
knowledge of Analytical Geometry and the Calculus. There are many exercises, the solu- 
tion of which will enable the student to gauge his own knowledge of the subject as he pur- 
sues his course. ‘The book is neatly printed and bound. F. 


The Elements of Plane and Spherical Trigonometry. By Edwin 8S. 
Crawley, Ph: D., Thomas Scott Professor of Mathematics in the University 
of Pennsylvania. New and Revised Edition. Entirely rewritten. 8vo. 
Cloth, v +186 pages. Price, $1.25. Philadelphia: Published by the Author. 


In this new edition, important changes and additions have been made. Of these, we 
note the addition of trigonometric equations and elimination, trigonometric series, and 
hyperbolic functions. Also some additions have been made in the discussions of lines and 
circles. Thus, some properties of the nine-points circle have been introduced and the deter- 
mination of the Brocard points. The book concludes with a prief application of trigonom- 
etry to Astronomy. The typography of the book is first class and the binding and paper 
are excellent. F. 


Computation and Mensuration. By P. A. Lambert, M. A., Professor 
of Mathematics in Lehigh University. 8vo. Cloth, ix+92 pages. Price, 
$0.80. New York: The Macmillan Co. 

This work is divided into ten chapters, the first of which deals with Approximate 
Computation; the second, with Graphic Computation; the third, with the Method of Coor- 
dinates; the fourth, with Volumes of Solids Bounded by Planes; the fifth, Computation and 
Use of Trigonometric Functions; the sixth, with Computation and Use of Logarithms; the 
seventh, with Limits; the eighth, with Graphic Algebra; the ninth, with Areas Bounded by 
Curves; and the tenth, with Volumes of Solids. 

The aim of the work is to give the student a training in the application of the knowl- 
edge gained in the secondary school mathematics, and is intended to come at the close of 
the secondary school course or at the beginning of the college course. 

The work is well conceived and will, if properly used, serve to increase the student’s 
power and enable him to carry on his work in the college with interest and pleasure. F. 
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LIBRARY AIDS TO MATHEMATICAL STUDY. 


By DR. G. A. MILLER, University of Illinois. 


Herr Valentin of Berlin who has been working on a general mathe- 
matical bibliography for more than twenty years estimates that the total 
number of different mathematical works is about 35,000 and that about 
95,000 mathematical articles have appeared in the various periodicals. * 
Morever, the amount of this literature is growing at an increasing rate of 
speed so that it appears likely that during the next forty years there will be 
a larger addition to the mathematical literature than the total amount which 
has appeared up to the present time. In fact, this is a very conservative 
estimate, since such a work as the Jahrbuch der Fortschritte der Mathematik 
chronicles annually about 2000 books and articles in pure mathematics 
in addition to a large number in closely allied subjects. 

One of the first questions which confronts the student is the relative 
importance of periodic and non-periodic publications. In general it must be 
said that these supplement each other and that the advanced student needs 
both. As the books generally co-ordinate the results obtained by many dif- 
ferent writers, broad views can usually be more easily obtained from books 
than from the separate articles, but these broad views are tinged by the 
peculiar bent of the author’s mind and they naturally do not exhibit the 
clearness in detail which the student would have obtained by studying the 
authorities himself. This is especially true of the newer subjects where the 
number of books is comparatively small and where progress is generally so 
rapid that the books are deplorably behind the times. 

The history of mathematics furnishes a good illustration of the point 
in question. When the first edition of the first three volumes of Cantor’s 
Vorlesungen tiber Geschichte der Mathematik appeared, it was commonly re- 
garded as authoritative even in nearly all of the details. It was to a large 
extent instrumental in arousing a more general interest in the history of 
mathematics and marked the beginning of an unusually active period in his- 
torical investigations, so that itis becoming much more difficult for one man 


*Felix Mueller, Bibliotheca Mathematica, Vol. 7 (1907), p. 416. 
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to make use of all the available knowledge for a general history. Hencewe 
find that the first volume of the third edition of this great work, which has 
appeared recently, and contains a large number of improvements over the 
preceding editions, has met with severe criticism,* and it appears that the 
student of mathematical history is compelled to get his knowledge largely 
from the journals if he wants to feel certain that he is not holding views 
which have been proved to be incorrect in well known literature. 

Ever since mathematics has had a considerable literature both the 
investigator and the student have felt the need of better facilities to learn 
just what has been done. A very interesting discussion of this need is 
found among the earliest publications of the Royal Society of London. In 
the. volume for 1681-2 Dr. Pell suggests ‘‘that the three following works be 
composed and published: 1. Mathematical Pandects, containing, as clearly, 
methodically, concisely, and ingeniously, as can be done, whatever may be 
collected, or deduced by way of corollary, from mathematical books and dis- 
coveries made before our time; quoting the most ancient authors in which 
they are found, and noting in all following authors where they have pilfered 
from others without acknowledgment; or, what is worse, have arrogated to 
themselves the inventions of others. By this means, that large library 
would be contracted into a narrower compass, to the great saving of labour, 
time, and expence, for those that come after. 2. A Mathematical Compen- 
dium, containing, in a concise manual, all the most useful tables, with pre- 
cepts to show their application to the solution of problems, either of pure 
mathematics, or applied to other subjects. Finally, that we may not always 
be confined to books in this kind of learning, there should be contrived, 8. 
The Self-sufficient Mathematician, or an instruction to show how any math- 
ematician, not averse to labour, may acquire so much skill, that without the 
aid of books or instruments he may accomplish the solution of any mathe- 
matical problem, and that as easily as another by only turning over books.’’ 

In answering some suggestions by the noted French mathematician, 
Mersenne, Dr. Pell makes the following interesting remarks in the same 
volume:} ‘‘Now the less Iam pleased with these minute mathematicians, 
the more I should wish for a library of this kind, as being the only method 
of curing that licentious itch of scribbling. For these prating pretenders, 
ever trifling in a childish manner, while they would seem to accommodate 
themselves to the capacity of youth, may see that there are already too many 
who have compiled rudiments of this kind. And those who fondly aim at 
advancing the mathematical sciences by an infinity of new discoveries, when 
they see so many empty paradoxes, which have been condemned and 
ridiculed by the public, may take warning by the miscarriage of others. But 
especially the plagiaries, those pests of all true literature, will not have the 


*Ref. G. Enestroem, Bibliotheca Mathematica, Vol. 7 (1907), p. 398. 
tThese extracts are interesting on account of the style and are illustrations of some of the earliest periodic 
mathematical literature. 
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impudence to vend, as their own, any old books, or any parts of them, which 
perhaps have not been printed more than once.’’ 

While these statements, coming to us through more than two centur- 
les, do not fit to present conditions yet they exhibit the same yearning for 
convenient means to learn the known along some lines. Fortunately, an in- 
creasing number of mathematicians have been willing to devote their best 
energies to the work of making it easier for others to find out what is known 
about a particular subject. Although our best bibliographical works are far 
from perfect yet they are of an incalculable value for the advancement of 
knowledge. Some of these, like the Juhrbuch der Fortschritte der Mathe- 
matik, have been conducted by one or two men with such assistance as they 
could get from their colleagues; others, like the Revue semestrielle des pub- 
ications mathématiques and the Royal Society Catalogue, are conducted 
by bodies of learned men; still others, like the International catalogue of 
scientific literature, are directed by international councils and supported by 
a large number of different countries. 

One of the greatest advantages of such bibliographical works is that 
they enable the student to find quickly what has been done along a particu- 
lar line. A classification which has been very extensively adopted is due to 
the international congress of mathematical bibliography held at Paris in 
1889. It aims to give a very detailed classification of mathematical subjects 
but does not consider the different methods employed in treating these subjects. 
This classification is explained in a small volume entitled Index du répertoire 
bibliographique des sciences mathématiques published by Gauthier-Villars et 
Fils of Paris. Among many other places it has been adopted by the Revue 
semestrielle and by the Bulletin of the American Mathematical Society. The 
largest divisions of the entire subject of mathematics are denoted by capital 
letters of the Roman alphabet, subdivisions when necessary being denoted 
by exponents. Further successive subdivisions are indicated by number 
symbols, small Roman letters and small Greek letters. Hence this scheme 
provides for an almost endless division and even at the present time it some- 
times enables one to obtain all the classified literature on a particular sub- 
ject by looking over less than one thousandth part of the entire mathe- 
matical literature of the period. 

From the above it is evident that the books on books are almost as 
Important to the student as the original works themselves. In fact, most 
advanced students will probably use these books on books more frequently 
than any other equal number of volumes. In addition to the four great 
bibliographical works which have been mentioned the great encyclopedias 
(German and French) which are now in the process of publication, and the 
Encyklopaedie der Klementar-Mathematik by Weber and others, which was 
completed recently, are especially helpful to the student. Hagen’s Synopsis 
der hoeheren Mathematik and Carr’s Synopsis of elementary results of pure 
mathematics are also frequently very convenient. It is however not our 
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purpose to give a long list of bibliographical aids to the mathematical stud- 
ent. Such alist may be found in Jahresbericht der Deutschen Mathematiker- 
Vereinigung, volume 12 (1908), pp. 408-426. Our main object has been to 
convey an accurate idea in reference to the magnitude of the total mathe- 
matical literature and some of the aids to use this literature wisely in the 
better libraries. 


THREE THEOREMS ON THE TRISECTION OF AN ACUTE ANGLE. 


By J. SAMSONOFF, New York City. 


THEOREM I. The line DE (Fig. 1), which passes through the vertex 
A of one of the equal angles of an isosceles triangle ACB and intercepts on the 
line BC a part DC equal to the chord EC subtending the arc EC, which ‘1s 
drawn with radius AC from point A as a center, is the trisectorial line for 
the angle ABC. 

We have given the isosceles triangle ACB and the circumference 
FEC, which is drawn from the point A as a center and with AC as a radius, 
also the line DE which passes through A and inter- 
cepts on BC a part DC equal to the chord EC. 

We are to prove that the line DE is the tri- 
sectorial line for £ ABC, that is, ZDAD=“4P". 

PRooF. Prolong the line CE until it inter- 
sects the line BA at the point H, and from H draw 
a parallel to HD, which will intersect the line DC 
at the point J. 

eo Now, ZCAB, the exterior of triangle HCA, 
Fig. 1. is equal to 2 ACH+ ZCHA; Z ABC, the exterior 
angle of triangle JHB, is equal to 7 BIH+ Z JHB; but triangle EDC is isos- 
celes (by hypothesis), triangle HCI is isosceles (by construction, as HJ is 
parallel to HD); and triangle CAE is isosceles (because AC=ALF). 

Therefore, ZACH=Z/BIH, and ZJHB=/CHA. But /ZIJHB= 
Z HAE (lines JH and DE are parallel by construction). 

Therefore triangle AHH is an isosceles triangle and AH=HH. 
Hence, 2 ABC=/ZDAB+ 2 ADB=3(ZDAB), or line DE is the trisectorial 
line for Z ABC. 

THEOREM II. The bisector CF of the angle at the vertex of an isosceles 
triangle ACB (Fig. 2), prolonged to the intersection with the trisectorial line 
DE, forms an isosceles triangle FEC. 
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We have given the line CF bisecting Z ACB, the vertical angle of an 
isosceles triangle ACB, and the trisectorial line DE, which is drawn through 
the vertex A of one of the equal angles of the same isosceles triangle ACB. 
Weare to prove that FEC is an isosceles triangle. 

ProoF. Prom the point A as a center and 
with AC as a radius describe a semicircle KJEC. 
As the line DE is the trisectorial line (by hypothe- 
sis), then EC=DC (according to Theorem I); 
therefore DCE is an isosceles triangle. 

But CAE is also an isosceles triangle (AC= 
AE). 

Hence as DCE and CAE have a common 

Fig. 2. angle AEC, we have ZACH=ZEDC. 

Then Z/EFC=ZEDC+ ZFCD (ZEFC is the exterior angle of tri- 
angle DFC); and ZECF=ZECA+ZACF. But ZECA=ZEDC (by con- 
struction), and ZACF=ZFCD (by hypothesis), hence the triangle FEC is 
isosceles. 

THEOREM III. The chord DE (Fig. 3), which intersects the bisector 
AC of the angle at the vertex of an isosceles triangle DAB, forming the seg- 
ment FE=BA, equal to the radius of the circumference, is the trisectorial 
line for the angle BDA. 

We have given the isosceles triangle DAB. From 
the point A as a center a semicircumference DCBE is 
drawn with theradius AB. Theline AC bisects 2 BAD, 
that is, ZBAC==-ZCAD. The chord DE, which inter- 
sects AC at F, cuts off a segment FE=AB. 

We are to prove that DE is the trisectorial line 
for Z BDA, that is, / BDE-=-£2* BDA . — 

3 Fig. 3. 

Proor. Join points A and #. Since AE=AD (the radii of the same 
circumference), the triangle DAE isisosceles. Therefore, 7EDA=ZDEA. 
But triangle FHA is also isosceles (FE=BA=EA by hypothesis). Hence 
LEAF=2ZEFA. 

But ZEFA=ZADF+ ZFAD, and ZEAF=ZEAO+ZOAF. And 
as ZOAF=ZFAD (by hypothesis), we have 2 HAO=ZFDA=ZOEA. 

Hence, triangle AOE is also isosceles. Now, as the measure of 
ZOAE is are BE, and the measure of 2 BDE is ane ee therefore ZOAE 
or ZODA=2(ZBDE). That is, DE is the trisectorial line for 2 BDA. 

PROBLEM. To divide an acute angle into three egual parts by means 
of a graduated ruler and a compass. 

SoLuTion. Let Z BAC, an acute angle (Fig. 4), be divided by line 
AD into three equal parts. Take C as a center and with AC as a radius 
circumscribe a semicircle ABD, intersecting AB and AD at points B and D. 


198 


Connect points B and D with the center C. Let BC intersect AD at point O. 

Triangle ACD is isosceles (AC=CD). Therefore 2DAC=ZADC= 
2(Z BAD). 

But triangle COD is also isosceles since the meas- 
ure of Z BCD is arc BD; and the measure of 2 BAD is 
one half of are BD, making BCD=2BAD= ZDAC. 
Therefore ZOCD= ZODC. 

Bisect 2 BCA, and let the bisector EC intersect 
AD at F. Now, triangle FDC is isosceles, for DF-C= 
LDAC+ZFCA; ZDCF=ZDCO+Z0CF, ZDAC= 
ZDCO as just proved, and ZOCF=ZFCA by con- 
struction (we assumed EC is the bisector of 2 BCA). 

Therefore 2 DFC= Z DCF, and line DF =DC equals the radius of the 
circle. From this analysis we come to the construction of the trisectorial line. 

Assuming that the acute angle BAC (Fig. 5), is one of the equal an- 
gles of an isosceles triangle, we construct the 
isosceles triangle ACB, which will include the 
given angle BAC as an angle at the base of the 
isosceles triangle. Circumscribe circumference 
ABC’, from point C as a center and with ACas 
aradius. Bisect 2 BCA. 

Then take the ruler and lay off on it 
a segment A’C’ equal to the radius AC. Bring 
the edge of the ruler to point A and draw line 
AC’ in such a ‘way that A’ shall be on the a | 
bisector HC and C’ on the circumference. The Fig. 5. 
line AC’ is the trisectorial line for Z BAC. 

Proor. . Join C’ and C; triangle A’C’ C is isosceles, because A’ C’= 
C’C (by construction); triangle ACC’ is also isosceles (AC=CC' ). 

Now, ZC’A'C=ZC'AC+ZA’'CA; ZC'’CA'’=2ZC'CB+2ZBCA’. 
But 2 BCA'’=ZA'CA (by construction). Hence 2C’CB=ZC'AC. But 
Z BCC’ =2(ZBAC’) since the measure of ZBCC’ is are BC’, and the 
measure of Z BAC’ is one half of are BC’. 

Hence, ZC’ AC is also equal to 2(Z BAC’), and therefore 2 BAC= 
8(Z BAC’), which makes the line AC’ the trisectorial line, 
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A SIMPLE EXAMPLE OF A CENTRAL ORBIT WITH MORE THAN 
TWO APSIDAL DISTANCES.* 


By DR. F. L. GRIFFIN, Williams College, Williamstown, Mass. 


If a central, force be a single-valued function of the distance, every 
orbit is symmetrical with respect to each apsidal line where the radius vector 
is a maximum or minimum, the apsidal angle is constant, and the orbit has 
not more than two apsidal distances.t These conclusions do not extend to 
forces which are multiple-valued. The purpose of this note is to call atten- 
tion to an example of an orbit not having the properties mentioned above: 
it seems sufficiently simple to serve for class-room illustration. 

Let ABCD be an ellipse, and O be the point of intersection of two 
normals which make angles of 45° with the major axis. If this ellipse be 
described as a central orbit under a force directed to O, there will be four 
apsidal lines, OA, OB, OC, and OD, three of the apsidal distances being 
distinct. There are two distinct apsidal angles, 47 and 4x. A similar state 
of affairs exists, if O be any point of the major axis, 
within the evolute of the ellipse (except the center). 

The general case may be treated as follows. Let 
O be selected as the origin of co-ordinates; and let the 
center of the ellipse be at (—d, 0), where 0<d<ae?. 
The equation of the ellipse is then: 


1 (a+d)’ y” _ 
o) a ta ae) 


Or, using polar co-ordinates, and denoting by 6 the longitude measured from 
OB, and by u the reciprocal of the radius vector, [7], the equation becomes 


(2) (1—e*) (cos 9-+du)? +sin®? =a? (1—e?) u?, 
or 
(3) 7 cos 9=au+ty (fu?+7), 


where y=e?, «-==d(1—e?), &-=(d? —a’e?) (1—e?), and the sign of the radical 
is to be determined. 
At 9=0, wa, and, therefore, 
a—d 


(a—d)e®=d (1- e?) +1 [(d? —a’e?) (1—e”) +e? (a—d)?], 
or (a—d)e?=d(1—e?) + (ae?—d). 


*Read before the American Mathematical Society, April 27, 1907. 
TE. J. Routh, Dynamics of a Particle, pp. 270-272. 
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Evidently the positive sign must be taken. At 9=7, however, the reverse 


and 


. —_ 1 
is true, for Usa Ta? 


—(a+d)e?=d(1—e)? + (ae? +d), 


which requires the negative sign. Since cos? is obviously a continuous 
function of w in the ellipse, the sign of the radical in (3) can change only 
for a value of w which makes the radical vanish. There must be such a 
value taken somewhere in the orbit. 

Now the apsidal values of wu are given by du/d=0. 


. de Bu 
inee —7sin 6—=—= «4 +—_.-_,--- ~, or 
S r du VY (bu? +7)’ 


(4) du_ —rsin®9 V/ (4u*+7) 
do a,/(Bur+r) thu’ 


the values of w for which du/do=0 are given by ’u?+r7=0 and sin ?=0. 


The values for which sin @ vanishes are evidently ay and ty. The values 


_, fz _ e 
for which the radical vanishes are u 21% or U; Vy T(ate®—d®) 1 —e*)]’ 


the negative value of u having no meaning. That this value of u (which is 
real, since d<ae? <ae) is actually taken in the orbit, is seen from the value 
obtained for 9, corresponding to this value of wu. Thus 


au, di (1—e”) 


(5) COS Oy (ate dd)’ 


which is real and less than unity; for d?<a’e*, and hence d?(1—e’) 
<e*® (a®e? —d?). 

There are, then, four apsidal lines, 9=0, 6=+0,, 0==7, as in the spec- 
ial case first mentioned, where 9,37. The apsidal angles are ?, and7—4,, 
which are equal only for 9,=47; 7. e., except for d=0, (when the center of 
force is at the center of the ellipse), there are two distinct apsidal angles. 
Evidently the sign of the radical in equation (3) must be positive from 
6—=—96, to 0=+4,, and negative from =0, to 6=27—94,, 

It remains to ascertain whether the radius vector is a maximum 

wi . 1 1 
or minimum at each apse. It is easily seen that Us > oe 7 > td" For, 


from (d—ae’)*?>0, follows e? (a—d)?> (a?e?—d*) (1—e?’), or 
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MV [ae —d*) (=e) ad” 


Since the radius vector can have maxima and minima only at 6=0, 0>=+6,, 
and 9=7, and since 7; [=1/u1]<(a—d) <a-+d, the radius vector is a maxi- 
mum at 9=0 and 6=z, and is a minimum at 6=+0,. 

Since the ellipse is asymmetrical with respect to the lines 0=+49,, it 
follows from the statement made at the outset that the force is a multiple- 
valued function of the distance. This conclusion may be verified by deriv- 
ing the law of force. Thus, - 


du h?7? (Br +a2— 86) uy? 
Jy 29,2 = are CG 
(6) Poh ( +a) [Puta y/ (Bu? +r) ]” 


where h is the constant of areas, and the positive and negative signs are to 
be given as in (3). Thus, for values of r between 7; and (a—d), 
the required force is a multiple-valued function. 

The force has one striking peculiarity. For w>wu,;, &u?+7<0, so that 
the force is imaginary. From this fact it easily follows that the force is such 
as not to permit a real orbit anywhere within a circle of radius r; about the 
center of force. 


DEPARTMENTS. 


nd 


SOLUTIONS OF PROBLEMS. 


a 


ALGEBRA. 


Fmd 


NOTE ON PROBLEM 266. While in Washington, D. C., during the lat- 
ter part of last August, I called on Mr. Theodore L. DeLand of the United 
States Treasury Department. While there, he called my attention to the 
usage among practical computers and actuaries in England regarding the 
finite series. He showed me a number of books in which infinite series were 
used and in which it was assumed that the series is determined by the terms 
that are given. 

Thus, in the series 1+7+12+21, it is assumed that the series has for 
its first differences, 5, 9, ete.; for the second differences, 4, 4, 4, ete. If 
only three terms were given, it would be assumed that the first differences 
are 5, 5, 5, ete. The series 1+8+7-+17+... of which the sum of » terms 
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were required becomes, with the understanding that its third differences are 
2, 2, 2, ete., a definite series. I doubt, however, whether this convention 
adopted among many actuaries in England, is generally agreed to among 
mathematicians. Mr. DeLand based: his solution of problem 266 on this 
assumption. Were this convention adopted, no ambiguity would arise 
in extending the series and finding its sum. ED. F. 


GEOMETRY. 


me 


319. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


*Given the radii and the distances apart of the centers of three circles, 
to find the radii of the eight circles touching the three given circles. 


Solution by the PROPOSER. 


Let AO=a, BP=b, CQ=c, AB=l, BC=m, CA=n, AD=q, BD=r, 
CD=p, LADB=9, LBDC=¢, ZADC=¢. Then cos =cos(¢+¢), and 


cos? 9+ cos? ¢-+e0s? 4 —2e0s 9 cos ¢ cos Y= 1. 


cog at vat _r +p?—m? p° +q?— n? 
gr 


Hence, 1? (p?—q’) (p? —r°) +m? (q?—1r?) (q? —p?) +n? (r? —p?) (7? —@*) 
+1? p?(12?—m? —n?) +m? ¢? (m?—n?—P?) +n?r? (n?—l? —m?) 
+1?m?n? =0... (1). 
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I. In (1), let p=+(c-—2), q=+=(a—2), r=+(b-2). 


*This problem, celebrated in the History of Mathematics, and also known as the “Tangency Problem,” was 
first proposed and solved by Appolonius of Pergae, 200 B. C. Although this solution was lost for 1800 years, it was 
finally restored in 1600 A. D. by Vieta who, by reducing ‘the original problem to a simpler form and thus solving 
simpler problems, gave an indirect solution. 

The first direct solutions were furnished by Gaultier, 1818, and by ‘Gergonne, 1814. The latter’s method of 
solution is recorded in Carr’s Synopsis of Pure Mathematics, page 224. 

The first solution, though indirect, of its analogue in Solid Geometry, ‘‘To find a sphere touching four given 
spheres,’’ was given by Fermat, 1665. 

During the past century, numerous and varied geometrical solutions of this problem have appeared in many 
of the mathematical journals of Europe and America. The special problem, “Given the radii of three tangent cir- 
cles to compute the radii of the two circles tangent to the three given circles,’’ has been solved in various ways. 
From the very ingenious solution by Professor Enoch Beery Seitz, School Visitor, Vol. II, page 117, Mr. D. H. Dav- 
idson invented a method, ibid, Vol. VI, pages 80-84, of easily filling out a series of circles, beginning with any three 
given tangent circles. 

The object of: ‘this ‘solution is to complete the investigation by computing the radii of the eight circles touching 
any three circles, having given their radii and the distances apart of their centers. ZERR. 

Two solutions of this problem are given in Vol. I, pages 220-222 of Leyborne’s Mathematical Questions, and in 
Vol. IV, pagés 259-275, are given Simson’s, Vieta’s, and Cauchy’s solutions, together with a solution by Binet, and a 
trigonometric solution which appears to be by Leyborne himself, and a solution by Poncelet. A number of refer- 
ences and historical notes are there given. Ep. F. 
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Then, x? [41? (e—a) (e—b) +4m? (a—d) (a—c) +4n? (b—a) (b—c) 
—(m+n+l) (m+n-—l) (m—-n-+1) (n+l—m)] 
—2x[1? (e—a) (e—b) (a+b+2¢) +m? (a—b) (a—c) (b-+e-+2a) 
+n? (b—a) (b—c) (a+e+2b) +l? (l? —m? —n?) +am? (m? —n? -1*) 
+bn? (n? —l? -—m’)] + [ce*l? +a*m? +b4n? +2 m? n? 
+ (a?b?+e7l?) (l?—m? — n*) + (b?e? +a?m’*) (m? —1? —n?) 
+(a?e?+b?n?) (n?—l? —m?) ]=0... (2). 


If, in (2), l==a+b, m=—b+e, n=a-+e, we get 
x? [4abe(at+b +e) — (ab+ac+be) 2] —2xabe(ab+ac+bc) —a?b’c? =0... (8). 


; a ' abe , 
From which, s= ab+ac+be+2/V [abe(at+b+e) |" (4). 


We have thus found the radii of the circles having centers D and D’, when 
the circles intersect, are tangent, or are non-tangent. 
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II. Let p=ctx, q=atewx, r=bFa. 


Then, «? [4l? (c--a) (e-+b) +4m? (a+b) (a--e) + 4n? (6+a) (b+ce) 
—(m+tnt) (m+n—l) (m—nF4 Il) (n—m+))] 
+2x[l? (e—a) (e+b) (a—b + 2c) +m? (a+b) (a—c) (2a+e—5) 
+n? (b+a) (b-+e) (a-+e—2b) +el? (1? —m? —n?) tam? (m?2—n? - 1’) 
—bn? (n?—I? —m*)] + [etl? +atm? +b4n? +l2m2n? 
+ (a?b? +e¢7l?) (? —m’? —n?) + (0?e? +a?m*) (m? —n?—-I) 
+ (a*e?+b?2n?) (n?—l? —m?) | =0... (5). 


Equation (5) gives the radii of circles having the centers # and £” for in- 
tersection or non-tangency. 
If, in (5), l=a+b, m=b+c, n=at+c, we have 


0? -+2ba-+b?=0, or x=—b... (6). 
Ill. Let p=—ctx, q=atau, r=b+n. 


Then, x? (41? (ce +a) (e—b) +4m? (a+b) (a+ce) +4n? (6+a) (b—c) 
—(m+ntl) (m+n—l) (m—nt+l) (n—m+))] 
+2[1? (e+a) (e—b) (b—a+2c) +m? (a-+b) (a-+c) (b+e—2a) 
+n? (b+a) (b—c) (c—a+2b) + cl? (1? —m? —n?) —am? (m?—n’? —2P) 
+ bn? (n? —1? —m?)]+[e*l? + a4*m? +040? + Pm? n? 
+ (a?b? +71?) (??—m? —n*?) + (b?e? +a? m?) (m2 —n? —1*) 
+ (a®c? +b?n") (n? —l? —m?)]=0... (7). 


Equation (7) gives the radii of the circles having the centers F', F" for in- 
tersection and non-tangency. 
If, in (7), =a+b, m=b-+c, n=a+c, we have 


g?-+2cx+e?=0, or w=—ce... (8). 
IV. Let p=cFu, q=atn, r=b+2. 


Then,. x? [412 (c+a) (e+) +4m? (a—b) (a-+c) +4n? (b—«a) (b+e) 
—(l+m-+n) (l+m—n) (l—m+n) (m—I+n)] 
+ 2x[1? (c-+a) (e+b) (b+a—2c) +m? (a—b) (a+e) (6—e+2a) 
-+n?* (b—a) (b-++e) (a—e+26) —cl? (1? —m? =n?) +ann? (m? —n? —1*) 
+-bn? (n? —m? —17)]+[e4l? +a4m2 +b4n? +1? m?n? 
+ (a?b?-+e7l?) (l?-—m?—n?) + (b?e2 +a?m*) (m?—n?—-1’) 
+ (a?0? +b?n*) (n? —l? —m’?) |] =0... (8). 


Equation (8) gives the radii of the cireles having H and HT for centers both 
for intersection and non-tangency. 
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If, in (8), l=a+b, m=b-+e, n=a-+c, we have 
0? +2ax+a?=0, or v=--a... (9). 


Consider the following special case. 
Let a=12, b=10, c=8, =15, m=11, n=18, and put the equations for 
the four cases in the general form, 


Ax* --2Bx+C=0... (10), 


or Pav lB acl 


Then, C=(a?b? + 71?) (? —m? —n*) + (b?e? +a?m?) (m?—n? 1?) 
+ (a?e?+6?n*) (n?—l? —m’) +¢41? +a*m? +64? +P mn? 
== — 3099808, the same for all cases. 
(d-+m+n) (l+m—n) (l—-m+n) (m—1+n) =77571; 
cl? (1? —m? —n?) =—117000; am? (m? —n? — 1?) =— 896396; 
bn? (n? — 1? —m*? )=— 299180. 


Then, for Case I, A=—69208, B=—'730510, and x =2.3929 or 18.7192. 

Case II, A=167917, B=—271610,. and x= +2.6775 or +5.9125. 

Case ITI, A=129183, B=— 346198, and «<=+2.9041 or +8.2659. 

Case IV, A=241458, B=—112702, and «= +3.1465 or +4.0801. 

As another example, let a, 6, c, be the same as before, but let /=80, 
m=-20, n=25. . Then we find 


C=118822500; (J-+m-+n) (I—m+n) (l+m—n) (m—l+ n) =984375; 
el? (l? —m? —n*) =—900000; am? (m*? —n? —1*) =— 5400000; 
bn? (n? —m? — I?) =— 4218750. 


Then, Case I, A=—1010875, B==—10757950, and x—— 4.3868, or 
25.6818. 

Case II, A=—112775, B=— 2473250, and x=+16.6718, or +60.53835. 

Case ITI, A=—314875, B=— 838750, and «=+16.5460, or 421.8820. 

Case IV, A=285625, B=— 6898750, «= +10.5564, and +87.7500. 


CALCULUS. 


243. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


The usual method for the solution of a differential equation in the 
form (see Cohen, Differential Equations, p. 22 
arys (my dut+nx dy) +x? y® (vy dxe+vx dy)= 
fails when (1) n=am, (2) v=aw, (3)s—e#a(r—p). Find the solution when 
the relations (1) and. (2) hold. (Note that the solution desired does not de- 
pend on (8).) 
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Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 
By making the substitution indicated, we get 


\ 


ma'y® (yde+aady) +u a? y* (ydx + axdy)=0. 


yde+axdy=0, and mxty’+r x? y? =0. 
.. oe + al =(), and, therefore, logr-+alogy=logC, or log (zy*)=logC 
or cy*=C, therefore, x=C/y*. . 


. m 
mC" /y"s + 2 Ce /ye-°=0, therefore, y%"—s—vt7= or “P, 
m m 
. yaur—P)— (se) = aor, and, therefore, y= ( _ ae r—p) 1/La(r—p)—(s—o) J 


and r=C( — m Cr-e) a/[(s-o)—a(r—p)] . 
xD 


244. Proposed by G. B. M. ZERR, Ph. D., Professor of Mathematics in Central Manual Training School, 
Philadelphia, Pa. 


Fine the volume common to the solids bounded by the surfaces 
“ety +2%=a and «z= (ax) (ay). 


Solution by the PROPOSER. 
° ° as — a3 2 a 3 a a 3 
The limits of z are z= [Pa (x? +y3 | to z=(a? — 23 — y )?. 


Eliminating z from the equations, the limits of y are y’=[a (a? — x )]? 
and 0; of x, 0 and a. 


yas (* (" liga — 18) (49 = (yt ,0))' 
Vas f" Sf (a ei — v3 ) € 7 (3 +y )) |e ay. 
Let s<=u'’, y=v?, a=b°. Then we get 


b V [u(b—2)] . — 
V=36f fai? ((b? =u 02)! —P—4 wt +0") du do 


0 


b ap /(h— 
_ tf lu’ (b2?—u?) 8sin- ; Tat us (bu—u?)? log (¥ (b wt v) 


+ bu? (b—u) * (bu-—b? —u*) // (bu) |du. 


In the first term let u=btan’??, in the second and third terms let 
u=bsin?9, Then 
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Ergot 


v=40 f Stan6(— tan®) "sect d0-+56"f sin'*é cos*6 log —.——-d 9 


Lor 
+909 f sin®# cos5@(cos?? sin’? ¢—1)d ¢ 
0 


2 98 9807466389905 | 12870" 
35 390329139200 ' 131072 


“log cots? d 


630746638900" , 288974" 
390329139200 ' 1310720 y. 


=s57 ae — 


MECHANICS. 


203. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


A train weighing T(=80) tons runs first eastward and then westward 
in latitude 4(=40°) at a velocity v(=45) miles an hour. Find the difference 
between the pressures on the ground in the two cases. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


In the figure, let P be the point of the train on the ‘th (=40th) par- 
allel, O the center of the earth, PB the normal at 
P, ZPOA=6, ZPBA=1, OA=a=20928586 feet, 
OP=r, CP=2,, e=the earth’s ellipticity, e?= 
.006920928, F=centrifugal force in direction OP, 
and f=centrifugal force in direction CP. 'Then 
p=Y1r COs 9=a son VY (1—e’sin?2] =16051229 feet. 

Vp = eae , where ¢=1 day, = OE 
1167.28 feet per second, the velocity of Pduetothe 
earth’s rotation. 

Vep—Ver, where Ve ~=train’s velocity in feet per second, —1167.28 
feet—66 feet=-1101.28 feet, train’s velocity in space going west. 

Ve + Vr =1167.28 feet+66 feet =12383.28 feet, train’s velocity in space 
going east. 

Sf=TV 2/ge=TV2/(greos 9), F=feos*=TV VY (1—e’sin?4) /ag, and 
g=G(1+ se?sin?4), where G=32.2015235, gravity at the equator. 

". g=82,2245411 feet per second; .. F=0.000000119V,? tons. 

F'w=0.1443253 tons, going west; F'z=0.15209796 tons, going east. 

Difference=0.00777266 tons=15.545 pounds. (See Vol. VI, No. 11, 
page 282, and Vol. IX, No. 2, page 32.) 


Also solved by G. W. Greenwood and J. Scheffer. These gentlemen omitted the earth’s ellipticity in their 
solutions and consequently their result differs from that of Dr. Zerr. 


208 


204. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


A set of particles have coplanar motion due to mutual attractions. 
Each particle is now affected with a velocity V parallel to a fixed direction. 
How will this affect the angular momentum of the set about their centroid? 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


The forces that produce the velocities would produce a velocity on the 
centroid in the same direction equal to the algebraic sum of all the velocities. 
As these forces (external) produce no moment about the centroid, or, in other 
words, the sum of all the momenta about the centroid is zero, the angular 
momenta of all the particles about the centroid is constant. (See Routh’s 
Dynamics of a Particle, Art. 260, page 159.) 


ed 


AVERAGE AND PROBABILITY. 


—ae 


189. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


(a) Lines are drawn from the vertices of a triangle through a random 
point within it. Find the average area of the triangle formed by joining 
the points of intersection of these lines with the opposite sides. (b) Lines 
are drawn from the vertices to points taken at random in the opposite sides 
of a triangle. Find the average area of the triangle formed by the intersec- 
tions of these lines. 


Solution by the PROPOSER. 


(a) Let P be the random point in the given triangle, sides a, 6, c. 
Draw AD, BE, CF, DE, EF, FD. Also draw PL parallel to AB. Let AL 
=y, PL=v. 


Co-ordinates of # are ( _ 0) ‘of F, 


by \. bcu - bcv 
(0, pa) of D, (ro cu-+ 5) 
_ beuv(be—bv —cu) sin A 
Area DEF = oy) (b—u) (cu+bv) 
=2AG, where A=area of ABC. , 
Limits of wu are 0 and 0b; of v, 0 and 


7 (>—u)=v,. Let A=average area. 


20f ['Gdud . 
ar a re oe SG du dv 
0 0 
4A? ( 2cu” 


1 Oe 
= “be J an eer log $)du=4e f° (a+ [_jiloen) de, where u=6a. 
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“A=A (10-22), 
(b) Let J, H, K be the random points in AC, BC, AB, respectively. 


Draw HM parallel to AB. Let Al=u, AM=z, AK=v. Then MH= 
(c/b) (b—z). 


Equation to AH is y =O ae 


(1). 
Equation to BI is y=c (u—x) /u... (2). 
Equation to CK is y=v(b—2) /b... (8). 


. . __bue _ cul(b—z) 
(1) and (2) intersect in 2 a Ty The Yi= Fash be" 
(1) and (8) intersect in «,= ve y - Cv(b—2) _ 
 be—cet+ 02? 77? be—cegt+ v2" 
; . bu (c—v) ev (b—u) 
(2) and (8) intersect in #,= benuy? Y= bexu” 


= . [u(vz-+be— cz) —v(bu—uz+bz) *) = 
Area OQR=3be sina ( (eee (bu —uz--bz) (be—uv)) G. 


The limits of u are 0 and 0; of z, 0 and 0; of v, 0 and c. 


0 


A (® (. u’ (v—c) u u 2uv 
=5J 0 J 0 (= (be—uv) (b—u)? PB )au dv 


be—uv 


Tbe aS J, (once ea ina? log ode du 


2a b (bmw) wu b-u_ ww 
=F Jo E iy 08 CT") panes 6 (— uy? 8G |e 


Let be=b— vu. 


1 1 — 1—x)? 
wAa2e J F —-T3 lor (==) 1-2 _iog n— ae log (1—2) |ax 


=A (10—2?), 
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PROBLEMS FOR SOLUTION. 


I 


ALGEBRA. 


— 


291. Proposed by L. E. NEWCOMB, Los Gatos, Cal. 


An empty water tank has two inflow pipes A, B, which begin to flow 
at the same moment. When B, the smaller pipe, has discharged s gallons, 
and the tank is 1/n filled, water from both pipes is turned off. After A, B, 
have been idle, each as many hours as would suffice it to perform 1/m the 
work done previously by the other pipe, the flow, which is of a uniform 
rate, is resumed and continued till the tank is filled; B during the second 
working period has discharged t gallons. (1) What is the capacity of the 
tank? (2) What would be the capacity if B were an outflow pipe? 


292. Proposed by REV. R. D. CARMICHAEL, Anniston, Ala. 


Find the sum of the series 1? +5? +142 +80?-++... + [4n(n +1) (2n-+1)]?. 


GEOMETRY. 


324. Proposed by FRANK LOXLEY GRIFFIN, S. M., Ph. D., Instructor in Mathematics, Williams College, 
Williamstown, Mass. 


Find all plane curves such that the normal lengths intercepted by the 
co-ordinate axes are in a constant ratio for all points. 


325. Proposed by A. H. HOLMES, Brunswick, Maine. 


An aeronaut, describing the earth’s appearance from a certain height, 
said it seemed like an immense bowl with the horizon for its rim. (1) At 
what height would the apparent deepness of the ‘‘bowl’’ be the greatest? 
(2) To what height would the earth’s surface again appear fiat? 


ey 


CALCULUS. 


247. Proposed by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 


ay , oy _ 
Integrate, wae 25, ey=0. 


248. Proposed by REV. R. D. CARMICHAEL, Anniston, Ala. 


br 
Evaluate f sin nx cotadx, where n is a positive integer. 
0 


249. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Ike, running with constant velocity v, is trying to catch Jim, running 
with constant velocity V, (V>v), by keeping Jim dead ahead of him. Find 
their paths. 
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MECHANICS. 


—— 


208. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, Eng. 


Hanging at rest over a smooth pulley are two equal scale. pans of the 
same mass. Two equal particles, the one inelastic and the other elastic, are 
simultaneously dropped from the same height one into each scale pan. 
Show that each impact after the first must occur when the pans have 
returned to the status quo ante, and find the total space described by either 
pan before motion ceases. 


209. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, Eng. 


_ Two particles are projected along planes at angles « and $7—< to the 
horizon, the horizontal lines on the two planes being inclined at an angle ¢. 
The initial relative velocity is parallel to a certain plane. Show the relative 
path is a parabola, and find the inclination of its axis to the vertical. 


Se 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


—— 


149. Proposed by REV. R. D. CARMICHAEL, Anniston, Ala. 


Prove that every prime of the form 4n+1 may be expressed as the 
sum of two parts r and s such that 7?-+7rs+s?-+1 is divisible by the prime. 


150. Proposed by H.S. VANDIVER, Bala, Pa. 


Show that for all positive integral values of n except unity, (2n)! is 
less than [n(n+1)]". Direct proof preferred. [Unsolved problem in Edu- 
cational Times. ] 


a 


AVERAGE AND PROBABILITY. 


——e 


192. Proposed by REV. R. D. CARMICHAEL, Anniston, Ala. 


_ A point is taken at random in a square whose side is 2a. With this 
point as center and radius—a a circumference is described. What is the 
mean area of that part of the circle which lies within the square? 


BOOKS. 


A Treatise on the Integral Calculus Founded on the Method of Rates. 
By William Woolsey Johnson, Professor of Mathematics at the United States 
Naval Academy, Annapolis, Md. Small 8vo. Cloth, xiv+440 pages, 71 fig- 
ures. Price, $3.00. New York: John Wiley and Sons. 


This volume is an enlargement and an extension of the author’s Elementary Treatise 
on the Integral Calculus, a revised edition of which appeared in 1898, and forms a compan- 
ion volume to his Treatise on the Differential Calculus, published in 1904. 
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The enlargement consists in a fuller treatment of formulae of reduction and of 
double and triple integrals and the extension, comprising about half of the volume, con- 
sists of a chapter (IV) on Mean Values and Probabilities; one (V) on Definite Integrals, 
including the Eulerian Integrals, Fourier’s Series, and Chapter VI on Functions of a Com- 
plex Variable. Each section is followed by a large collection of problems with their 
answers. 

This book, together with its companion volume, forms an admirable course for stud- 
ents of the Calculus. F. 


Geometric Exercises for Algebraic Solution. Second Year Mathematies 
for Secondary Schools. By George William Myers, Professor of the Teach- 
ing of Mathematics and Astronomy, College of Education of The University 
of Chicago, and William R. Wicks, Ernest A. Wreidt, and Ernest R. Bres- 
lech, Instructors in Mathematics in the University High School of The Uni- 
versity of Chicago. 8vo. Cloth, ix-+71 pages. Price, 75 cents. Chicago: 
The University of Chicago Press. 

The authors of this little volume felt the imperative need of enabling mathematical 
pupils, during the second year, at least ‘to hold the algebraic ground and fill the 
gap between the first year algebra and the second year when it is usually dropped to take 
up geometry, and to this end they prepared this book of exercises. The exercises are so 
chosen as to cover algebra to and through quadratics, and they will be found exceedingly 
useful to teachers of either algebra or geometry. F. 


First Year Mathematics for Secondary Schools. By George William 
Myers, Professor of the Teaching of Mathematics and Astronomy, College 
of Education of the University of Chicago, and William R. Wicks, Harris F. 
MacMeish, Ernest R. Breslich, Ernest A. Wreidt, Instructors in the Univer- 
sity High School of The University of Chicago. 8vo. Cloth, xv-+189 pages. 
Price, $1.00. Chicago: The University of Chicago Press. 

First Year Mathematics is a stage of study of the practical educational problem of 
inducting beginners in secondary school mathematics into the diversified field of this science, 
through the agency of a body of unified mathematical material, drawn from algebra, arith- 
metic, geometry, and from the rudiments of quantitative science. The backbone of the 
year’s work is algebra, into which the material drawn from kindred fields articulates. The 
book is not a finished text but a distinct step toward a text that shall be adapted to first- 
year maturity, and in conformity: with the modern trend of educational thought. 


A Text-Book in Physics for Secondary Schools. By William N. Mum- 
per, Ph. D., Professor of Physics in the State Normal and Model Schools of 
Trenton, New Jersey. 8vo. Cloth, 41l.pages. Price, $1.20. New-York and 
Chicago: American Book Co. . 

This book takes up the study of physical laws where the pupil’s knowledge respect- 
ing them begins; that is, it begins with the level of the pupil’s knowledge. It treats the 
subjects in a systematic and concise manner. The illustrations are very good and the book 
is gotten up in splendid form. F. 
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ALGEBRA (see Solutions of Problems in Algebra). 
AVERAGE AND PROBABILITY (see Solutions of Problenis). 
BOOK REVIEWS— 

ALGEBRA. Slaught and Lennes’ High School Algebra, p 191. 

ARITHMETIC. Fisk’s Foundations of Higher Arithmetic, p. 40; Wentworth’s 
New Elementary Arithmetic, p. 114. 

CALCULUS. Chandler’s Elements of the Infimitestmal Calculus, p. 113; John- 
son’s Treatise on the Integral Calculus, p. 211; Osgood’s First Course 
in the Differential and Integral Calculus, p. 190. 

GEOMETRY. Bush and Clarke’s Hlements of Geometry, p. 40; Robbin’s Plane 
Geometry, p. 114; Failor’s Plane and Solid Gevmetry, p. 191; Meyers, 
Wicks, etc., Geometric Exercises for Algebraic Solution, p. 212. 

MECHANICS. Jeans’ Theoretical Mechanics, p. 114; Martin’s Text-Book of 
Mechanics, p. 192. 

Puysics. Mellor’s Higher Mathematics for Students of Chemistry and 
Physics, p. 118; D’Albe’s The Electron Theory, p. 118; Mann and 
Twiss’ Physics, p. 114; Mumper’s Text-Book in Physics for Secondary 
Schools, p. 212. 

TRIGONOMETRY. Crawley’s Elements of Plane and Spherical Trigonometry, 
p. 192. 

MISCELLANEOUS. Young’s Teaching of Elementary Mathematics, p. 39; Ho- 
man’s Self-Propelled Vehicles, p. 40; Wellcome’s Photographic Expo- 
sure Record and Diary, p. 114.; Lambert’s Computation and Mensura- 
tion, p. 192; Myers, Wicks, etc.’ Furst Year’s Mathematics for Second- 
ary Schools, p. 212. 

CALCULUS (see Solutions of Problems in Calculus). 

GEOMETRY (see Solutions of Problems in Geometry). 
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MECHANICS (see Solutions of Problems in Mechanics). 

MISCELLANEOUS (see Solutions of Problems in this department). 


MATHEMATICAL PAPERS. 
BLIss, GILBERT AMES. A Note Concerning Maxima and Minima of Functions of 


Several Variables.___-__.____. ---..-------------L---------- eee - AT—49 
BROWN, J. 8S. The Trisection Problem______._____..-___----__-_-__-___-_- a __- 98-100 
CARMICHAEL, R. D. Note on a Recent Problem in the MONTHLY_-___._-__________- 8-9 
On a Certain Quartic Curve which may Degenerate into an Ellipse____-____- 52-54 
On Dividing an Angle into Parts having the Ratios of Any Given Straight 
Lines __,-- oe e+ ++ +--+ eee +--+ 115-117 
On Constructing a Cube having a Given Ratio to a Given Cube_____________- 174-176 
Corey, S. A. Ona Set of Four Linear Associative Algebraic Units._...___.__--- 19-22 
DicKkoNn, L. E. Note on the Volume of a Tetrahedron in Terms of the Coordinates 
of the Vertices ___-.._-_.-__--._---------_--..------.---------------- 117-118 
DRESDEN, ARNOLD. An Enample of the Indicatrix in the Calculus of Varia- 
tions.____..-___-__---_.-_------------------------------------ 119-126, 143-150 
GALLATLY, WILLIAM. Notes on the Radical Axis and the Quadrilateral .__._____. 218-222 
GLENN, O. E. Notes on the Representation of the Ratio of Equations___.______ 163-170 
GREENSTREET, J. W. Summation of Certain Infinite Series.________._____. 24-26, 41-46 


GRIFFIN, F. L. A Simple Example of aCentral Orbit with More Than Two Apsidal 
Distances ______----.------.~--------------------------------------+-- 199-201 
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GROVE, C. C. The Complete Pappus Hexagon_____.---_--------------.----------- 87-98 
HALSED, GEORGE BRUCE. Remarks on the Report on Geometry of the Committee 
of the Central Association .___.....___-------------------------------- 67-68 
HAWKSWORTH, REV. ALLEN S. Co-Planar and Co-Axial Triangles in Conics___ 63-67 
KEMMERLING, HENRY. Note on a Formula for the Summation of Certain Power 
Series _.___-.__-______-__---.--__---_--_--- eee ee + 215-217 
MACINNES, C. R. Finite Planes with Less Than Hight Points on a Line____-____- 171-174 
McKINNEY, T. E. Conditions in Terms of the Invariants of the Quartic that its 
Four Distinct Root-Points be.Concyclic________._.-__-_---_-.--------- 23-24 
MILLER, G. A. Several Historic Problems which have not yet been solved_____-.. 6-8 
Dividing by Zero_____-.._-----------.---------.---------------------------- 49-51 
Note on the Postulate that a Part is Equivalent to the Whole-_-.___---------- 100-101 
Library Aids to Mathematical Study_.___.---------------------------------- 193-196 
Note on the Definitions of a Variable____________--_.-__----_--------.------ 213-215 
Moritz, ROBERT E. On the Symbolic Representation of Quotiential Coefficients of 
the Second Order______.____-----------.----------------------------- 1-5 
SAMSONOFF, J. . Three Theorems on the Trisection of an Acute Angle__---------- 196-198 
STEPHENS, R. P. Note on the Quartic_._-__.-------.---------------------------- 65-67 
Wuitse, E. E. On the Trisection of an Angle______.--__-..----------------------- 151-152 


SOLUTIONS OF PROBLEMS.—ALGEBRA. 


Bonds, U. S. Panama Canal, ete. 279__-_-_.------------ .---------------+-------- 70-73 
Equations, given two simultaneous, etc. 275_.-_._.------.----------------------- 27 
If 21, Xo, ..-, Xn, be unequal and f(x) a rational integral function, etc. 
276______.-_---.--------------------------------------------------------- 54, 103 
If «, 2, 7, 8, be the roots of the general quartic, etc.  277_______--_____- 54-57 
Ingots of Precious Metal, ete. 278_-.----.---------..--- ween eee ee eee ee ene nee enn aee 9-10 
Inequality, to prove acertain. 278.___..__--------------------------------------- 70 
Find value of 2? x 2? X... Xt, 282 128 
Find value of x, y, 2, u, from four certain symmetric equations. 283__.----------- 152 
Find value of x, y, 2, u, from four certain symmetric equations. 279_-____-,------ 73-74 
Note on Problem 266___---_.----------------------------------------------------- 201 
Note on Problems 267 and 268.____._---------------~------ Wee eee eee eee 222-226 
Remarks on solution of x’ +y=7, wty?=11.  89______ 2-8. eee 68-70 
Remarks on Problem 179, a certain solvable quintic____-__.-_----..-----------_--- 102-103 
Sum the series 1°+2"+...0™, 281__._._.. .. -2--.----2-------------------- 127 
GEOMETRY. 
Brocard’s Ellipse, find equations of, etc. 309-__--..--.-------------------------- 74-75 
Circle, through point within, draw any two chords, ete. 302__---..--------------- 10-11 
Circle, a variable, passes through a fixed point, ete. 312__.----------------- 129, 152-153 
Circle of given radius, given area of segment of, to find length of chord. 315___-_- 177 
Circles, given radii and distances between centers of three, etc. 317__--- 202-2038, 226-227 
Construct mean proportional to two given sects without the use of acircle, etc. 318 226 


Curve, Algebraic, of odd degree, symmetrical with respect to center, ete. 313, 129, 153-154 
Locus, find, of point such that differences of squares of tangents from it to circles 


A, B, C, ete. 808.-_....---------- ---------------------------------------- . 74 
Pedal line of a triangle’s circumcirecle, ete. 808 .-______--__-------_-_------------ 27-28 
Perpendicular from point in space, find length of. 306_____-----.----------------- 57-58 


Planes, family of, containing a common line, etc. 307__-_..-.-------------------- 58-59 
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Parabolas, described by particles thrown from revolving wheel, to find locus of ver- 


tices of. 3816__.-__2_______-_________-- eee e+ ee tee ee eee 177-178 
Radii, R.and #, revolving uniformly in ratio of 2:3, ete. 305___..._.-_-_-____-__- 29 
Tangents at certain points of a certain locus, ete. 304__-__..-__.______-____-____- 28 
Triangle, to construct, having given base, vertical angle, and bisector of vertical 

angle. 310________________-_-_____._-___-_-______-___------ ei _e 75-96 
Triangle, obtuse-angled at C; x, y, z are squares on its three sides, ete. 311_____- 103-105 


Triangle, bounded by lines expressed in trilinear coordinates, find area_309, 129-130, 176-177 


CALCULUS. 
Catinary, osculating conic of, etc. 240___________-____.__.__-__ ee eee 155-156 
Cone, right circular, standing on elliptic base, ete. 234___________________.-____- 77 
Prove or disprove certain problem, Legendre’s notation. 245_._.__..___--.________ 227-288 
Differentiate a certain continued fraction. 241___.__._._-_-_--__-_--_----__----- _ 179 
Expression for remainder after n terms of a development of f(x+a). 

287 ____._-______.--_._----_-_----_----- ee e-e-e-e 131-135 
Integrals, to evaluate certain. 2838_.._-__---______--_---------_-- penn nen nnee eee 76 
Latitude of place, and two parallel circles being given, ete. 285.__....___..____- 78-719 
Pedal, first negative, of an ellipse, ete. 284.____________-___.__-__-_-_-__-__-_--- 77 
Rectangle, greatest scribed in anellipse, ete. 280._-___.1---_-.-.__---_-------- 12 

Vf 
“ a+ at poe. 81______.--- eee --e =e tonne nen e eee _ 59 
yo, on ou 

Solve oe 2 ae Yay dy dy ~~ On * 286______--__-_-_--_----_.---- ee - 105-106 
Solve (a) (x+y?) de+ (a? +y)dy=0, 

| (b) (e+tay+y?) da—(a*? +ay—y?)dy=0. 288__________.__________. 185 
Solve, x"y*° (mydx-+nady) +a y? (vyda+vady) =0. 248 ____-..__..-. 205-206 
Sphere, to be formed into two cones of equal bases, ete. 242______.______________ 180 
Taylor’s Series, derive, by use of formula for successive integration by parts. 246 228 
Triangles, of all, inscribed in circle, to find which has greatest perimeter. 239___ 154-155 
Volume common to two solids bounded by certain surfaces, find. 244._____________ 206-207 


AVERAGE AND PROBABILITY. 


Average length of random hole through (a) sphere, (b) cube. 188________________ 183-185 
Circle, through every point of circumference of, lines are drawn at random, etc. 179 108 
Excursion, at a sea-side, for x men there are boats enough, for g men, etc. 181__ 109 
Lines, out of ” straight, whose lengths are 1, 2, _____- n, ete. 182____.-__________ 109 
Line divided into ” parts by n——1 points taken at random, ete. 185_____._._______ 157-158 
Line drawn at random across regular n-gon; what is chance crosses, etc. 190____ 230 
Numbers, ~ in a box, ete. 180___-__----.--_-_._--____------ eee ee 108 
Random lines cut given circle; what is chance they intersect within circle? 191___ 231 
Sphere, cut by two random planes, to find chance that the planes intersect within 

sphere. 178___--__-----------_-----_-------------------- eee 61-62 
Triangle, two points taken at random in, and line through them divide triangle, 

ete. 160___-_-__-_---- (eee eee eee eee eee 33-84 
Triangle formed by taking three vertices of regular n-gon at random, ete. 163___ 13-16 
Triangle formed by drawing random lines through each of three random points in 

triangle, to find average area. 170__._______-_..__-___-________-_____________e 34-86 


Triangle, point within, joined to each of the vertices, ete. 183____.______________ 137-1389 
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Square, through every point of sides straight lines are drawn across square, 


ete. 184________________- ue eee eee e-------------------- 189-140 
Triangle, lines drawn from vertices of through a random point, ete. 189.-_.-_--_- 208-209 
Square, through every point of, straight lines are drawn terminating in side, 

ete. 187______________-___-___________.--_------------------------------ 159, 181-183 


Urn, contains 100 balls; a==-25 are stamped, at random, with the letter A, etc. 186, 158-159 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


Determine whether (2v—1)/3=«?+y?"has any positive integer solu- 


tions. 140________--_____-_-_----_---_---------------------------- ---- ---- 61 
Qr-1(2”—-1) is a multiply perfect number, etc. 139._------------------ 60 
Highest factor of a prime p contained in m! is p™~*, etc. 141---_------ 107 
n an integer>1 and set p=n(n—1)+1. Required integers, etc. 142 107-108 

MECHANICS. 

Cone, from a uniform circular, two planes cut off a portion, etc. 196_____.___-__- 80-83 
Particles slide from rest at the focus of a parabola, etc. 195 ~ oo eae e eee 32-38 
Planet, primary, and its satellite, revolve with uniform angular velocity, ete. 197, 106-107 
Plane, perfectly rough inclined; time of sphere to roll down, etc. 201_-_----------- 157 
Particles, a set of, have coplanar motion due to mutual attractions, etc. 204_~__- 208 
Points, two, not in same plane or line, to find path of particle, ete. 205__-__----- 229 
Rigid square made of smooth wire; two small beads slide, ete. 206_..------------ 229-230 
Rods, three equal uniform, pointed at B and C, are hung from a point, etc. 202_- 181 
Rods, three smoothly jointed, stand like’a tripod, ete. 1938__.-.._----------------- 12-138 
Spheres, three, of same material, rest upon a horizontal plane, ete. 198___------- 136 
Sphere of water is brought together by mutual attraction from an infirm state of 

_ diffusion, ete.” 199___.-_--------------------------------------------------- 136-137 
String, an elastic, is laid over top of an inclined plane, so as to remain at rest, 

ete. 200______________--___----------- Woe een eee ee eee 156-157 
Spherical bubbles of air are rising in water; find relation between radius and 

velocity. 188___________..---------------------------------- ---------------- 180-181 
Train, weight 7, runs first eastward then westward in latitute j, ete. 203______- 207 
Wedge on rough inclined plane, etc. 194_.----.---------------------------------- 31-82 

MISCELLANEOUS. 
Boxes, several rectangular, placed in rows with uniform intervals between them, 

ete. 166_________________._-__-__-_---_--_------------- wa ee eee eee ee eee 83-86 
Prove tan—!7/(n+1) +tan—“1/(2n+1) =". 165_________----.------------ 83 
Roots, find number of real, of equation 100sinv==a, etc. 164_____-_---- 16-17 
Sum to n terms, sinz sin?+sin(¢—/) sin (2+7) +sin (4—2) sin (4+27) + 

ete, 168___________._-___---_ ee ee eee +--+ --- +--+ - --- 140-141 
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NOTE ON THE DEFINITIONS OF A VARIABLE. 


By DR. G. A. MILLER. 


Some mathematical definitions which present no logical difficulties 
seem at first so unnatural as to cause considerable comment. Among these 
are the definitions for ‘variable number’ and for the ‘symbol which is a var- 
iable’. The natural numbers furnish examples of ideal invariants. Not 
only are they the same in every country but we think of them as the same 
throughout the universe. They are certainly included in Sir Oliver Lodge’s 
interesting observation, ‘Real living arithmetic is the same in any country; 
and the most important of all is that which must necessarily be the same on 
any planet.’’* 

Even when the concept of numbers has been extended so as to include 
all real and complex numbers we are in the habit of thinking of them as 
constants and finite.t One of the important uses of numbers is to express a 
ratio between two quantities of the same kind. Oneof these quantities may 
be supposed fixed while the other varies.. If we represent this ratio by 7 it 
is convenient to speak of 7 as a variable. No mathematician would hesitate 
to do this but some would not like to call a variable number while others do 
not see any.objections to such a usage. 

The concept of variable number is analogous to that of variable point. 
Just as we conceive of some curves as generated by a moving point so we 
may conceive of the numbers represented by the points of the curve as gen- 
erated by a number whose elements are the coordinates of the point. In 
fact, the term point is frequently defined as an aggregate of numbers. The 
term variable point is so convenient that it is commonly used in all civilized 
countries,{ and some authors who define a variable as a symbol to which we 
may assign successively different numbers do not hesitate to speak of a 
variable point. § 

*Hasy Mathematics, Chiefly Arithmetic; By Sir Oliver Lodge, 1905, p. 64. 

tIn der Tat haben die Worte unendliche Zahl keinen Sinn, da die Zahl an und feur sich wesentlich endlich ist. 
Cesaro-Kowalewski, Elementares Lehrbuch der Algebraischen Analysis und der Infinitesimalrechnung, 1904, p. 1838. 

Cf. G. Peano, Applicazioni Geometriche de Calcolo Infinitesimale, 1887, p. 146; Picard et Simart, Theorie des 


Fonctions algebriques de deux variables independentes, 1906, p. 21. 
§Weber and Wellstein, Encyklopaedie der Elementar-Mathematik, Vol. 2, 1905, page 477. 
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Before the days of Weierstrass writers generally defined the real var- 
iable x as a quantity or magnitude which is not constant. All are familiar 
with such variable magnitudes, for instance, the height of a growing tree. 
Hence such a definition may at first appear to be a very natural one and it is 
still employed by a good many writers. From a logical standpoint it seems 
to present serious difficulties* since the variable x is subjected to the ordinary 
laws of operation without any inquiry as to the meaning of these operations 
when applied to the different possible quantities. When the movement to- 
wards arithmetizing mathematics began it seemed best to many to replace 
the term quantity or magnitude by the more definite term number. 

While the variable usually stands for any one of a series of numbers 
yet it is not always desirable to think of it in this way. For instance, inthe 
theory of algebraic numbers the symbols for the variables stand simply for 
things with which we may operate and have no independent meaning.t In 
view of this fact many modern writers prefer to define the variable 
as a Symbol to which we may assign various meanings according to the sub- 
ject under consideration. For instance, in the infinitesimal calculus and 
function theory the real variable may be defined as a symbol to which we 
may assign successively different numbers.t Whether these numbers con- 
stitute all the possible numbers in a given interval or only some of them, 
such as the integers or multiples of a given number, does not affect 
the definition. 

If it is granted that the real variable may be defined in analytic geom- 
etry and calculus as a symbol to which different fixed numbers may 
be assigned successively, it does not follow directly that this is the most 
suitable definition for the majority of the students who pursue these courses. 
The initial concept of symbol carries with it the idea of constancy almost as 
fully as the initial concept of number does and it is doubtful whether the 
term variable number offers greater difficulty to the student than the expres- 
sion the symbol x is a variable. The former is used by such careful writers 
as Peano, Genocchi-Peano, Differentialrechnung und Grundzuge der Integral- 
rechnung, translated into German by Bohlmann and Schepp, 1899, p. 3; and 
Jordan, Cours d’ Analyse, Vol. 1, 1893, p. 172.§ 

It is not to be inferred that those who define the variable as a symbol 
necessarily imply that the term variable number would be objectionable. In 
many cases the desire to avoid expressions which may present difficulties 
er se in order to fix the attention upon more important things has doubtless 
been a more potent motive. The expression the symbol x is a variable 
is somewhat shorter than the symbol « represents a variable number, and it 


*Cf. Pierpont, Bulletin of the American Mathematical Society, Vol. 5, 1899, p. 896. 

tIn particular cases it is desirable to replace these variables successively by fixed numbers. Cf. Weber, Lehr- 
buch der Algebra, Vol. 2, 1899, p. 568. 

{This definition is adopted by a large number of authors; Cf. Pringsheim, H’ncyklopaedie der Mathematischen 
Wissenschaften, Vol. 2, p. 8. 

§In his Lecons sur les fonctions de variables reelles, 1905, Borel frequently speaks of nombre fixe, which im- 
plies the existence of others; e. g. p. 89. 
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is more convenient to speak of the variable « than the variable number rep- 
resented by « Hence the symbol definition of a variable has a slight advan- 
tage with respect to brevity and it makes it easier for those whose desire to 
avoid the term variable number. 

The main object of the preceding remarks is to call attention to the 
principal elements involved in the different definitions of the term variable, 
and to give some reasons for the existence of these differences. The 
teacher is frequently called on to justify his views on points where different 
usages exist and it is desirable to be able to give references as well as reas- 
ons even if the difference appears somewhat trivial. If all numbers were 
essentially constants I presume most of us would agree with the foot-note 
quoted from Cesaro to the effect that there is no such thing as an infinite 
number, for we cannot conceive of any constant number which has such a 
distinctive character; but it is not so difficult to conceive of a variable which 
increases without limit and it is convenient to express this concept by saying 
that the variable is infinite. The ideas of infinite number and variable 
number are therefore closely related. The existence of the number zero, on 
the contrary, does not necessarily involve the concept of variability. 


NOTE ON A FORMULA FOR THE SUMMATION OF CERTAIN 
POWER SERIES. 


By HENRY KEMMERLING, Scranton, Pa. 


Weierstrass’s factor-theorem” is 


fu=eG al (1 — =| ex/ant3(a/an)? +[1/(n—1)] (w/an)y"—t 


n=1. An 


where fx has zeros at the points a1, Q., Qs, ... 
Taking logarithms and differentiating, 


£2 G@n+3 ( L 4iy - beat). 


Su n=1\0—An An An” An” 1 


Then if (a _ Ge ) is Px, we have 
fa 


*Harkness and Morley’s Introduction to Analytic Functions, p, 199 
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= 1 1 xX n—2 c) nl apn 
— = ~~ —_ == eee = > crenmnenaenl —— 
Pa n=1 (+ ant An? ° =—) 3( An” + eat), (1) 


Maclauren’s formula is 
Pu=P0+P 04+... pro toe (2) 
Comparing the general terms of (1) and (2), we have 


a” = gn 2 I 
P= 2 or P*0O=—n! & nit (8) 


n n=1 On 


As an application of (8) take fv=«'? —6z22+1la—6, whose zeros a,, 
de, a3, are l, 2, 3. 
fF x=3e* —124+11. 


11—12%¢+382’ 


_ fe 
Pa= fe —6+11lxe—6x? +2?’ 


which by division, 


—._11_ 49, 2512 _ 
= —"B BEN — BLEU” —~ aeee 


Using (8), and reducing, we have, 


di tition, 
Qa; Qe Qs °? 
1 1,14 
a, Qa, ae ? 
LiL lig, 
ae a2 a;> ? 


Again let fe-=1—sin5-, which has two zeros at each of the points 


+1, —8, +5, —7%, .... 


f’ T ra 
u—= —-p COS-3z- 
2 2” 


_f'"__ —(*/2) cos(= #/2) 
Pax", sina)” 
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,,__— (#*/4) 
PET sin (e7/2)’ 
»_. — (8/8) ecos(* 2/2) 
P= [1—sin (= 2/2) ]? ’ 
pig — 7/16) sin (z #/2) [1—sin(« 2/2) ]—(**/8) cos? (x 4/2) 


[1—sin(za/2) ]° 
P0=—7/2, P0=—7?/4, P”’0=—7°/8, PP’ 0=—71/8. 


Applying (3), 


1 1 1 1 
TT +t apt] 


M—-y(t4-1_,1,_1_ 
3s 12( jit (=3)<* pat ait.) 


Reducing above we get the familiar series, 


mel, i,t 
go pt get pat pte 
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NOTES ON THE RADICAL AXIS AND THE QUADRILATERAL. 


By WILLIAM GALLATLY, Boscombe, England. 


I. THe RADICAL AXIS. 


1. If d be the distance of a point P from the center of a circle X of 
radius x, then + (d?—z2”) is called the power of P with respect to X. ABC 
being the triangle of reference, let »,’, 9.2, e3 be the powers of A, B, C, 
and let the circle X have the equation 


afby-+-bye+cai+k(ae+be-+cr) (le+me-+ny) =0. 


Now if S=0 be any conic, and if S’ be the value of S when the coordinates of 
P, Cartesian or trilinear, are substituted for the general coordinates, it is 
known that S' is proportional to the power of P. Hence, for the point A, 
Ao P=kh.24.1.24/a; for A is (24 /a, 0,0). Hence kl=2/4A 2. ae. 

The radical axis of the circles X and ABC is thus 


ap 2.4-+ bp,” .2+ce2.7=0. 


And the circle X takes the form 
A 
ay +by4+ C48-+a—. (a¢+b8+c7) (ae,?.4+be.?.2+ep2.7) =0. 


2. We now proceed to find the radical axis of the circle ABC, and (1) 
the in-circle; (2) the nine point circle; (8) the polar circle; (4) the circle on 
Hb (H being the orthocenter). 

For (1), e:°=(s—a)’; so that the radical axis is a(s—a)?.¢+....=0. 

For (2), N being the nine point center, 


p?=AN’ —Nd?=Ad? +2. Ad.dN.cos(B—C) 
=R*cosA[cosA+cos(B—C)]=2R?cosA sinB sinC. 
Hence ap,’ varies as cosA. The radical axis is cosA.2+....=0. 
For (3). The polar circle has center H, and 7? =—4R*cosA cosB cosC. 
Therefore, p?—AH?—k’=4R’*cos?A+4R’cosA cosB cosC=4R? cosA sinB 


xsinC. Hence ap,’ varies as cosA, and the radical axis is cosA.«+.... ==0. 
For (4). Let » be the mid-point of GH. 


2 2 =2(Av*® —oH’) =2(Av?+o0H?) —Hb?=Ab?+AH? — HG? 
=2AG. AH.cosGAH=2AH. Ag=2.AH.3. AD’ 
=4R cosA.%.2R sinB sin. 
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Hence ap,’ varies as cosA, and the radical axis is cosA.¢+....==0. 

3. To determine the radical axis of the nine point circle, and (1) cir- 
cum-circle, (2) in-circle. 

It is now convenient to take the mid-point triangle DEF as triangle 
of reference. - 

If (#'6'7') and (47) be the old and new coordinates of a point, then 
a’ +a=h, A D'=2A/a; all symbols now referring to DEF, so that ac’=b% + cv; 
and la+-m& + nv=0 becomes 


Hence cosA.¢-+....=0, becomes a*¢+....=0. 
For (1), x=2R; d=OD=2R cosa. 
Hence p,?>=4R? (1—cos?A). Therefore 

ap,’ varies as a*, so that the radical axis is 

a?,a+,....=0, agreeing with Art. 2 (1). 

For (2), ¢,2=(b—c)?; so that the radical axis is a(b—-c) ?.4+b(c—a)?.8 
+c(a--b)*.7=0. But this is the tangent to a/az+....=0 (the nine point 


circle) at 
(4. i +) 
b—c’ c--a a-—b/ 
Hence (Feuerbach’s Theorem), the nine point and in-circles touch; the point 
of contact being 
(523 i ot 
b—c’ c-a a—b/’ 


II. THE QUADRILATERAL. 
1. Let the triangle ABC be cut by the straight line 


Me 
Tt mat a 


in the points A’, B’, C’. Bisect AA’, BB’, CC’ in A,, Bi, Ci. 
b 
For A, fp =0, and b8-+cr=a-4. 


b8 ¢ qa A 
oe Fe ———_- 7? With similar expressions for B’. Hence 
m—-n mn mM 


A'B’ is (m+n—l)ae+ (n+l—m) b+ l-+m—n)cr=0, 


22() 


the symmetry of the equation showing that C’ is also on this line. 

2. If BCBC is circumscriptible to a circle, then the mid-point line 
passes through the center. The in-circle of ABC is 1 [a(s—a).¢+....=0. 

If A’B'C’ is a tangent, then AIO 0, or (mt+n—lat....=0. 
Hence the centre (1, 1, 1) lies on the mid-point line. 

3. The orthocenters of the four triangles ABC, AB’C’, BC’A’, CA'B’, 
are collinear. 

The perpendiculars from B’ on AB, and 
C" on AC, are found to be 


na.cosA.z+ (le—na cosB)&+le cosA.7=0. 
ma.cosA.2+1b cosA.2+ (lb—ma cosc)7y=0. 


By subtraction we obtain the symmetrical 
equation 


(m—n)cosA.4+ (n—l) cosB.2 + (lL—m) cosC.7=0, 


which proves the proposition. 
4. To find the equations of the circles AB'C’, BC'A’, CA’B’. Let the 
equation of AB’C’ be 


afy+bre+cafB=k(ae4 bf ter). (m'2+n7) (U obviously zero). 
ae 
— _ 


AtB,, +7 —09; 6=0, . Hence, @ fe 8, and bra=h.2A n'y. 


Hence, kn'=2-,—! -so km 7 
a'n—l a 


Hence, the equation of AB’C’ is 
asy + bra-+-cab=——-(qa-+b3-Ler) (2 e——_ 7 ); 
a l-m* n-l’ /? 


so that, if the circle AB’C’ cuts the circle ABC in D, the equation to AD is 


C b _ ». O ., ©¢ 
i—m se Hel or 3 re he ae 


It follows that the circles AB’C’, BC’A’, CA’B cut the circle ABC in the 


. . a b C 
same point D, whose coordinates are ( , =, = 
\nm—v n-l’ l-m 
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5. The condition that BCB’C’ may be cyclic, or that B’C’ may be anti- 


parallel to BC. In this case it can be at once proved geometrically that D 
hes on AA’ or me or 


(. Hence the required condition is 
b? 
mim—n) * nll—m) © 


6. The Simson Line of D. 
The Simson line of (2’/’7') is known to be 


a ee, 
*B’cosC—y'cosB Fae =O. 
So that the Simson line of D is 


"8 


Se 200 ( a+ =0 
la—mbeosC— necosB “ ~* 


The equation to Simson line which makes angles 9,, 9,., 9, with the 
sides of ABC is a cot6,.¢+....=0. 


Hence, for the Simson line of D, 


acot@, varies as nn 
' la—mb cosC— ne cosB’ 


7. To determine the radical axis of the circle on AA’ as diameter, and 
the circle ABC. 


Applying the ‘power’ method to the circle AA’, 


20%=2(BAY—-AA/Y)=2(BA?+AA7)—AA” 
=AB’+A'B?—AA"”=2.AB.A’B.cosB. 


nN 
Hence, bp. =abe cosB.- So ¢P5 


abe cosC. —“-. So that the radi- 
nm 
cal axis is ncosB.2—mcosCy=0. And the circle on AA’ is 


R _ 
aby + brat cap +e (as +b3+cr) (Bees. meas \_o 


n—-™mM 


Draw AL perpendicular to BC, then # lies on the circle AA’. Its co- 
ordinates are (0, bsinC cosC, csinBcosB). Hence the circle AA’ is 
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afy + bra+ea8 — (a+ 62+ ¢7) (7 Cos aco r) =(), 


It follows that the radical axis of AA’, BB’, is 


neosB.f—meosC.r _ ncosA.e—I losC.7 _ 9 
n—mM n—l 


or (m—n)cosA.e+ (n—1) cosB.2+ (l—m) cosC.7=0, 


the symmetry of the equation showing that it is the radical axis of all three 
circles AA’, BB’, CC’. This radical axis is also the line of the four orthocen- 
ters (Art. 3). 

8. The radical axis of the diagonal circles is parallel to the Simson 
Line of D. 

If 4¢+48+77=0 makes an angle 8 with BC, then 


A—p cosC—v cosB 
cot =, 
vy sinB—vsinC 
so that for the radical axis, 


(m—n) 


a cot 6 varies as =. -—_>--—_—_.. 
la—mb cosC—nc cosB 


Hence, the radical axis is parallel to the Simson Line (Art. 3). 


DEPARTMENTS. 


ee 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


Note on Problems 267 and 268, by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


In the Messenger of Mathematics, 1874, Vol. ITI, page 187, Mr. Glaisher 
drew attention to the formula: 


nsing (1°—n?*) sin*s (2? -n?) sin®a (3? —n?) sin?a (1) 
cos 7+ 3COSH-+ 5eosx-+ Tcos“-+.... 


tanny—= 


¢ being <4, and nv unrestricted. 
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_4. mz n 1°—n?2?—7°3?—n? 
For w=a7, tan TP 3; B+ 74... 


7 tt 
—i ee 
Put n=3, tan 3957 97-547 


Put nk. tan ween 8 6:12 15.21 24.30 
By 12) (OOF OTF «645+ 684... 


+-] 


_ ett 
Put n=n1, tanh" = i+ 3h 


and as e=—1+ this gives a continued fraction for e?””. 


2 
1—tanhw’ 


On page 65 of Vol. IV, 1875, Mr. Glaisher states that the value for 
tannx was not, as he had thought, original. Vorsselmann and Heer of 
Utrecht quoted it in 1883 from Euler (Mém. de l’ Acad. de Pétersbourg, 1818) 
in the form 


ntanx (n? —1) tan? (n*? —2?) tan’? « (n? —3?) tan? ae 
tanna= 7 3 5 7... (2) 


Kuler had derived it thus: 


(i+z)"+ (1—z)™ 


ne n® —1)2? (n? —2?)z? (n?—8* a? 
(1-+z)"— (1—z) 


( 
=1lt sy 34 B+... (3) 
Vorsellmann derived it from a transformation of 


F(é+y, @+1, 7+1, x) 
F(@+y, 67, %) ° 


Glaisher got it from the differential equation corresponding to y=cos (ncos—1z) 
1. e., from (1—2x”) y,—ay, +n? y=0 differentiated m times, 7. ¢, (1-2?) ym+e 
— (2m 41) Ymire+ (n? —m?)yn=0. Then replacing « by cosz, (1) follows at 
once. Vorsellmann also gave as his own: 


tanne— nt (n®? —4)t? (n?—16) 0? 
"Tt — 38(01—#?) —5 (1-22) — 


(4), terminating when n is even, 


z 2 2 2 
mt (ni — It? (n?—9)t* (5), terminating when v is odd, 2t—tanx. 


~L— 8-#— 5-3e— 
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Glaisher points out that (4) is gotten from (2) by substituting 2x 
2tanx 
1— tan’ 
In the same way Glaisher gets 


for x and for tan2x, and $n for n. 


tanngtA-—#)_ (n* —16) t* (1—t*)* (n? — 64)? (1—t?)* 
“1-6 +t4*— 81842 +4#-— 5 — B0t® +5t4#— 


terminating when vn is a multiple of 4. 
Putting n=0 in (2), (4), (5), we get 


2 2 
tan—ly =T¢ 34 a, (6) well known. 
Ay® 16a" 
tan "le 7p Py Bde) F Bad —a)t.. 
which is (6) with 73 5 for x. 
2 
tan—1ly =T ad _ er (8) due to Euler (1779). 


ira —e?-+ 5—w?-+.... 


Since tannz only changes sign if nz be substituted for n and x7 for x, 

(2) gives us 
2 2 2m 
anna —Nianhe, (n + tanh’ a(n Ot tanh’? 


+a] ne (n?-+1) 2? (n?+4) x? 
or tan|n log loz JF rr a ar 
a formula also obtainable by replacing ” by ni in (8). 

Hence, by giving special values to w in (2), (4), and (5), and replac- 
ing n by x, we get 


tan ~@ ~~. w—le*—-4_ ww’ —-1e*—9 
1— 3— 5-... ={= 2— 2-.. 


tan Te ae #8. O° BH7—12_ 2 dw*—B4e*—12__ Yor dev? —3 dar? — 27 
3/3 1—- 38—- 5-... 3- 9— Ib-.... 3- 8-— 12-.... 
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™e «© w*-1 4?—4 
6 73- 3/38-5Y5—- 


tan 


For «=0 a SRT BP 3.3? 61/33.1? 3.2? 3.3°_ 
7 T+ 84+ 54-74... 84 OF 154 214... 


6/33.12 33? 357 6 1 2 8 
8+ 8+ 12+ 16+... /843/3+5/38t 7/8... 


which may also be deduced from (6), (7), and (8). 

Glaisher points out the specific advantage of getting a continued frac- 
tion from a differential equation, for not only is the result obtained ab initio 
but the remainder at any stage is exhibited in a finite form. He takes 
y=cos(sin—//z) and its differential equation 4(z—z?) yz +2(1—2z) y, +n? y=0. 
Differentiate m times and we have 


A(Z—2")Ym+e +2 (2m +1) (1-22) ymirt (n? —4m? )ym=0. 


Put z*=sin’4e and 2n for n and we deduce (4). 
a 


From y=cos;/x we get tana 3— 


In Vol. VII (1878), page 67, the same e author gives further interest- 
ing forms: 


. 2 
ee wo toes — OO eT 


¢ 1.2% 8.40? 5.62? 1 1.2 


— 


~ T+ 3-99? + 5—4e® + 7—6x2 +... x4 8u-1_ Det... 


sintty 0 a4, , 2.4.6 
(Lom) Pte +3 Re +3 5.7 


1 hn 


% L.2x° 3.4%” 5.60" 1 1.2 


ee nee 
— 


{a 20? +3— 4e?+5— 62? +7—... w-1—244+38e-1-.... 


Here, putting 2/12, we get 


2 ogltv8_ 1 1 6 15 _28_ 
V3 2 V/2 14248444 5-4.. 


1, 6, 15, 28 being the alternate triangular numbers. 
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V2, 1+v8__1 12 34 
V3 8 7/72 2+ 22+ By 2t.. 


2 1-4—7—-10—18-... 


= 1 12 3.4 5.6 
2V2 Y2—-— 4/¥2-— T/2-— 10V/2-.. 


For « 2 poo itVo_ 11234 5.6 
* V5 2  24+5+ 8+ i+ 
zx 11.2 34 5.6 
8Y38 2- 7-12- 17- 
=1 j ion of egletv +e") ] 
For v=1 in the expansion of (U4) 
Oe Phe i pos 2, and he compares this with 
= 4112 28 84 56 
2 ~~ 14+14+ 14 14 14.. 


eee 


GEOMETRY. 


318. Proposed by G. W. GREENWOOD, M. A., Dunbar, Pa. 


Is it possible by a straight edge and sect carrier, 7. e., without the use 
of a circle, to construct a mean proportional to two given sects? 


Remark by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


The value of the length of the mean proportional can be approximate- 
ly measured without the application of the circle, but it cannot be 
constructed by pure geometry without such application. 


318. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 
Given three radii and the distances apart of the centers of three cir- 
cles, to find the radii of the eight circles touching the three given circles. 
II. Solution by G. W. GREENWOOD, Dunbar, Pa. 


Consider first the problem of describing a circle touching two given 
circles and passing through a given point. Invert with respect to the point; 
the circles in general invert into circles; draw any common tangent to them 
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and re-invert into the original circles. The common tangent inverts into a 
circle through the point and tangent to the given circles. There are, in 
general, four solutions. 

Next, let A, B, C be the centers, and a, 0, ¢ the radii, of three given 
circles. Suppose a is not greater than 6 or c. Describe circles with radii 
b—a and c—a, and centers B, C, respectively. Let X be the center and x 
the radius of a circle through A and tangent externally to these two circles. 
Then a circle, center X and radius x--a will be tangent to the three given 
circles. By obvious modifications we can, in general, get seven more circles 
touching the given circles. 

We can get the numerical values of the radii and the positions of the 
centers by means of the linear relations connecting inverse figures. 

It would be interesting to consider all the possible cases arising in 
making these constructions. For example, in the case of the escribed cir- 
cles of a triangle the sides of the triangle are the limits of three pairs of cir- 
cles and the nine-point circle is one of the remaining two circles. 


—— 


CALCULUS. 


——— 


245. Proposed by FRANCIS RUST, C. E., Allegheny, Pa. 


Prove or disprove: 
° dx 
0 V (#1) (k?x?—1) 
Legendre’s notation, 0<A<1. 


=2F! (k) +1/(—-1).F" [vy (1-k?)], 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


ff} da 
Ls =f; VL? ay ar <p=J, V[(Q—a?) 1-k?2’*) | 


am ° dx 
+S, V Le? = (ea? Dp)" UH) +S, V Le? —1) (k?a* -1))° 
1 ° dx 
Let wT Then S Vi@—) (e—D] 


1/k dy _ 1/k dy 
=J, Vids) (ey) +S, Vid—y) (=F y*)] 


_ 7 Vike dy 
L=2Pk) +S pay) Ev) 


_ 1. _ _ be 
Let I= Ake) (i— kz)’ where k'=// (1—k?). 
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ady= hk’? 2dz mi Vv (—1) (1-k’*2?) 
(l—k? 2*)?? v[d—y*) Gk y®)]) kz —2*) * 


a ne So pase 

1 Vid=y) GeV DY J, moh eraray 
=p (—1)F' (k’). 

L=2F" (hk) 4 (-1) F* [/(1—k?)]. 


Also solved by the Proposer. 


246. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


_ Derive Taylor’s Series by the use of the formula for successive inte- 
gration by parts, and nothing else. 


Solution by the PROPOSER. 


ath 
Assume the identity, F(a +h) —F'(a)= f F’ (a) dx, which on integrat- 
ing the right hand member by parts, 


ath ath 
| (ath—a) Fo) | +f" a+h—a) Fe) de 
=hF (a)— | 5 (ath—2)* (0) [Pa ft hn)" (ade 
hr 1 ath 
NF (a) +P" (a) tent EF” (a) +4 f° a-th—a)F*4 (@)der 
Hence, F(a+h) — | F(a) +h F (a) +547 F" (a) tie. +Fm(a) | 


(=R) = JS. (ath—2) F(x) dx. 


We have assumed here that F(x), F’(x), F’ (a), ..., F(x), F(x), 
are all finite and continuous between the limits a and (a+h) of x; now, if we 
put A=F'"*1(a+4h), a mean value of F'"+1(x) between the limits a and 
(a+h), we have 


Arti 


nt +1 (a+6h). 


. ath 
=S 7 a-th—2)"Ade= 


Also solved by Francis Rust. 
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MECHANICS, 


——ee 


205. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Given two points A and B not in the same horizontal nor in the same 
-vertical line; to find the path from A to B along which a particle will slide 
from rest under the force of gravity alone so that the average velocity along 
the curve shall be a maximum. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let the particle start from rest at the point (71, y,), where the axis 
of x is vertical and the axis of y horizontal. Then 


v= F=/ [2g (0-2,)] = hi +(4). 


Since v=a maximum, t=a minimum. 


rr (2 V [1+ (dy/dx)?] das. 
t=U=f" yy [g(a—a,)1 =minimum. 

By Calculus of Variations, since the expression in the right hand 
member does not contain y explicitly, the differential of this expression is 
equal to a constant. 


dy/dx 
~~ Y [29(a@—a1)] [1+ (dy/dx)*] 


(4) ofa + (EY | (2g@—a,)1. 


_ dy, Cv [2g (a~ #1) 
"* dx V [1—2g C? (a—%,)]’ 


=C. 


the differential equation of a cycloid. This is Bernoulli’s famous problem 
and is solved in almost every work on the Calculus of Variations as well as 
Dynamics. 


206. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


A rigid square ABDC made by smooth wires is fixed with A vertical- 
ly above D. Two small equal spherical elastic beads slide down BD, CD, 
starting simultaneously from Band C. Find the ratio of their velocities of 
approach and separation at D, and how far they will separate after impact. 
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Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


The particles are sliding down inclined planes, inclined at an angle 
&-=47 to the horizon, starting from rest. Let a==side of square, x=-distance 
each particle has moved after a time ¢. Then the velocity of each is 


v=/ (2gsingt.2) =V (guy 2)=V (gay 2) at D. 


Each particle is moving toward the diagonal at a velocity =vsint7= 
su 2=/V [2V (2) gv] =47v [2V (2) ga] at D. Hence, the particles at D ap- 
proach each other with a velocity =2 41 [2yV (2) ga]=v [2V (2) ga]. 

Let e=the coefficient of restitution. Then, since the particles impinge 
at right angles, they will separate with a velocity v,=ey [27 (2)ga], and 
will ascend DB, DA, respectively, with a velocity v,=e)/(gay2). Each 
will ascend a distance=v,2/2gsini7=v."/gyV 2=e7 a. 

Therefore, they separate, after impact, a distance=2e?asiniz=e?a)/ 2. 

If e=1, they return to their starting points. 


AVERAGE AND PROBABILITY. 


190. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


A line is drawn at random across a regular 2n-gon; what is the chance 
that it crosses parallel sides? 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let AB, CD be two parallel sides. Through the center of the poly- 
gon O draw PQ to represent the direction. of the random line. 

Let AO=r, ZAOB=7/n=6, Z AOP=8, 

For all possible positions PQ may be regarded as lying in one quad- 
rant. The actual line parallel to PQ may hold any position within breadth 
of plane HF’ (H being the most remote vertex from QP, and F' foot of per- 
pendicular from H on QP) for all positions, and AEF (A being the nearest 
vertex to QP and FE foot of perpendicular from A to QP) for all favorable 
positions. 

-. The chance is p=AE/HF; AH=rsin 6, HF=vrcos ¢ for n even; HF 
—reos (4 8—0) for n odd. For 7 even, 


0 = a=" “tan 6d d= 2 og (sec 4/7), spat log (see), 
2n(3" sin? 
For v odd, p= ey cos (400! = (8 sin43-+2cos$F log coss/). 


ey met ty aa 7 
p= |= sins + 2e0s loz ( cos) | 


te 
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191. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


Two random lines cut a given circle. What is the chance that they 
intersect within the circle? 


Solution by HENRY HEATON, Belfield, N. D., and the PROPOSER. 


Let «==the distance of one of the lines from the center of the circle, 
and 9=the angle between the lines. The length of the part of the first line 
lying within the circle is 2)/(a?—w7). For given values of x and 9 the 
chance of intersection is 


2sin 4 /(a?—x*) sin? 
a 


Da V (a? —2x”), 


and the required chance is 


P=’ Sf sn (a?—x*)du dé +f" fae d 0 ==’ V (a? —2?) de= 


Also solved by G. B. M. Zerr, who gets % for the result. His solution will be published in the next issue of 
the MONTHLY. 


PROBLEMS FOR SOLUTION. 


ee 


ALGEBRA. 


—— 


293. Proposed by C. E. WHITE, Vanderbilt University, Nashville, Tenn. 


(w—-a)”? 
(m—2)! 


+... 50 a)” AUTO (a) + (e— a) (a) +f(a) will be the remainder when f(a) is 
divided ne (e—a)™, 


m—1 
Prove by mathematical induction that le atyT ft" (a) + 


294. Proposed by 0. L. CALLECOT, Gettysburg, S. Dak. 


, . 4, hee 2(n?+38n+8) 
Find the limit of 2 antD n+2) (nt3 ED (n-+2) (n-$3)" 


GEOMETRY. 


326. Proposed by L. E. NEWCOMB, Los Gatos, Calif. 


The circle C of radius pR encloses the circles A,B, of radii R and 
(p—1)R, respectively; the circle B, is tangent to A,B, C,: the circle Bz is 
tangent to AB,C; the circle B, to AB, C, ..., Brto AB, iC. Find the radius 
of the circle B,. 
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327. Proposed by J. C. CORBIN, Pine Bluff, Ark. 


In triangle ABC, the triangle DEF is formed by joining the feet of 
the medians and four parallelograms are also formed, viz., AH}DF, BFED, 
and CEFD. Leta, b, c, d, e, frepresent the three medians of ABC, and 
the three sides of DEF. Then the sum of the squares of the six diagonals 
équals the sum of the squares of the twelve sides of the parallelograms, 
which are equal i in sets of four. That is, a2+6?+c’?+d? +e?+/f' =4(d* +e? 
+f), or a2+6?-+c?=3(d’? +e?+/")- =3/4(AB? +BC? +CA?”). 


328, Proposed by CHARLES GILPIN, JR., Philadelphia, Pa. 


A sphere with the radius R is divided into two segments by a plane 
passed through it half way between the center and circumference. The 
smaller segment is divided into two parts by a plane passed through it at 
right angles to the base and cutting it half way between its center and cir- 
cumference. Required the contents of the two parts of the segment. 


CALCULUS. 
250. Proposed by V. M. SPUNAR, East Pittsburg, Pa. 
Differentiate (log”x). 
251. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Find in terms of « the functions c,x and c.x defined, respectively, by 
the relations (a) clog (c,x) =c,xlogz, 
(b) xloga~=c,vlog (c.x). 


MECHANICS. 


a 


210. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


A rigid triangle is formed of three weightless, smoothly jointed, rigid 
rods BC, CA, AB. At their mid points D, E, F, respectively, are small, 
smooth rings, through which passes an endless, stretched, elastic string, 
forming the triangle DEF. Find by graphical construction the reaction’ at 
the joints. 


211. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


A smooth elliptic wire, axis vertical, has a small ring sliding on it, 
connected by elastic strings with each focus. ‘Hither string is just 
unstretched when the ring is nearest the corresponding focus. The modulus 
of elasticity is W/n, where W oz. is the weight of the ring. Find the distance 
of the ring from the upper focus in the different positions of equilibrium, 
and in each case discuss the nature of the equilibrium. 


MISCELLANEOUS. 


175. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 
If « and z are connected by the relation z=zf(x) +24 (z), find the value 


of f(z) in the form of a power series in x with constant coefficients. In par- 
ticular, give such a value of z when z=z sin «+2 cosz. 


